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PREFACE 


In this book the analysis has been developed chiefly ‘with the aim of 
obtaining exact analytical expressions for the solution of th.© boundary 
problems of mathematical physios. 

In many oases, however, this is impracticable, and in recent years much 
attention has been devoted to methods of approximation. Since these are 
not described in the text with the fullness which they now deserve, a brief 
introduction has been written in which some of these methods are sketched 
and indications are given of portions of the text which will be particularly 
useful to a student who is preparing to use these methods. 

No discussion has been given of the partial differential equations which 
occur in the new quantum theory of radiation because these have been well 
treated in several recent books, and an adequate discussion in a book of 
this type would have greatly increased its size. It is thought, however, that 
some of the analysis may prove useful to students of the new quantum 
theory. 

Some abbreviations and slight departures from the notation used in 
recent books have been adopted. Since the L-notation for the generalised 
Laguerre polynomial has been used recently by different writers with 
slightly different meanings, the original T-notation of Sonine has been 
retained as in th© author’s Electrical and Optical Wave Motion, It is 
thought, however, that a standardised i-notation will eventually be 
adopted by most writers in honour of the work of Lagrange and Laguerre. 

Th© abbreviations “eit” and “eif ” used in th© text might be used with 
advantage in th© new quantum theory, together with some other abbrevia- 
tions, such as ‘‘eil” for eigenlevel and “eiv” for eigenvector. 

Tlio Heaviside Calculus and the theory of integral equations are only 
briefly mentioned in the text; they belong rather to a separate subject 
which might be called the Integral Equations of Mathematical Physics. 
Accounts of the existence theorems of potential theory, Sturm-Liouville 
expansions and ellipsoidal harmonics have also been omitted. Many 
excellent books have however appeared recently in which these subjects 

are adequately treated. , 

I feel indeed grateful to the Cambridge University Press for their ve^ 
accurate work and intelligent assistance during the printing of this book. 

H. BATEMA15 


November 1931 
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INTRODUCTION 


The difierential equations of mathematical physics are now so numerous 
and varied in character that it is advisable to make a choice of equations 
when attempting a discussion. 

The equations considered in this hook are, I believe, all included in some 
set of the form 

fiU' ?iH' 

0 , 


^=0 ^-0 


8j/m 


where the quantities on the left-hand sides of these equations are the 
variational derivatives* of a quantity F, which is a function of I independent 
variables Xi, ot m dependent variables t/i, ... 2/tn and of the deriva- 
tives up to order n of the y's with respect to the cc’s. The meaning of a 
variational derivative will be gradually explained. 

The first property to be noted is that the variational derivatives of a 
function F all vanish identically when the function can be expressed in the 
form 

p d(^ ^ dQi 

dx^ 

where each of the functions Og is a function of the x*fl and y’s and of the 
derivatives up to order w — 1 of the y's with respect to the x’s. The notation 
djdxg is used here for a complete diflEerentiation with respect to Xg when 
consideration is taken of the fact that F is not only an explicit function of 
Xg but also an explicit function of quantities which are themselves functions 
of Xg, 


Another statement of the property just mentioned is that the varia- 
tional derivatives of F vanish identically when the expression 

F dxi dx^ ... dxi 

is an exact differential. 

«• 

In the case when there is only one independent variable x and only one 
dependent variable y, whose derivatives up to order n are respectively 
y\ y"', ... y^^\ the condition that Fdx may be an exact differential is 
readily found to be 


dF 

_ ^ /d. 

F\ 

/dF\ 

. / d” 

( \ 

dy 

dx VSj 


W') 




Now the quantity on the left-hand side of this equation is indeed the 
variational derivative of F with respect to y and will be denoted by the 
symbol SF/Sy. 

* For a systematio disousslon of variational derivativos reference may be made to the papers 
of Th. de Donder in BuUelin de VAcaddmie Royalz dz Belgique, CloMe dea Beiencea (5), t. xv 
(1929-30). In some oases a set of equations must be supplemented by another to give all the 
ea nations in a set of the variational form. 



Introd/uction 

Iq the case when ia of the form 

yNa (a) - (y), 

where a is a function of x and {y), Na (z) are linear differential expres- 
sions involving derivatives up to order n and coefficients of these deriva- 
tives which are functions of x with a suitable number of continuous 
derivatives, we can say that the differential expressions Ma (y), (z) are 

adjoint when iFjhy s 0 for aU forms of the function z. When z is chosen 
to be a solution of the differential equation N„ (z) = 0 the expression 
(y) dz is an exact differential and so z is an integrating factor of the 
differential equation adjoint to (z) = 0. The relation between two 
adjoint differential equations is, moreover, a reciprocal one. 

The idea of adjoint differential expressions was introduced by Lagrange 
fHid extended by Riemann to the case when there is more than one inde- 
pendent variable. Further extensions have been made by various writers 
for the case when there are several dependent variables*. Adjoint 
differential expressions and adjoint differential equations are now of great 
importance in mathematical analysis. 

A second important property of the variational derivatives may bo 
introduced by first considering a Himpln integral 

/= (!c,y,y',y", ... d®, 

J a 

and its first variation 




Integrating the (s + l)th term a times by parts, making use of the 
equations 

it is readily seen that the portion of SI which still remains under the sign of 
mtegration is ° 

[nF 


('8-8's V 

J.K «!'*'■ 


.. 8y 

It IS readily undiasto^ now wky tin n»mn “ vamtlonal derlTativo •’ is 

Calonlm^Vv^ S”*" fondnmsntal importonce in tlu. 

aiaerentuie, nation for » 

equating the vanational derivative to zero. ^ 

vaH^if extension, and rules for writing down the 

Timatonal denvativos of a fanotion J in tie genial care wli. 

■« »• »• lierl-. iv,„. 



Introduction 

I independent variables and m dependent variables can be deri 
from the rules of § 2-42 for the derivation of the Eulerian equa 

Since our differential equations are always associated with 

problems, direct methods of solving these problems are of great interest. 

The important method of approximation invented by Lord Rayleigh* 
and developed by W. Ritzf is only briefly mentioned in the text, though it 
has been used by Ritzf, Timoshenko§ and many other writers|l to obtain 
approximate solutions of many important problems. An adequate dis- 
cussion by means of convergence theorems is rather long and difficult, and 
has been omitted from the text largely for this reason and partly because 
important modifications of the method have recently been suggested which 
lead more rapidly to the goal and furnish means of estimating the error of 
an approximation. 

In Ritz’s method a boundary problem for a differential equation 
D (w) = 0 is replaced by a variation problem in which a certain integral I 
is to be made a minimum, the unknown function u being subject to certain 
supplementary conditions which are usually linear boundary conditions 
and conditions of continuity. The function used by Ritz as an approxi- 
mation for w, is not generally a solution of the differential equation, but it 
does satisfy the boundary conditions for all values of the arbitrary con- 
stants which it contains. The result is that when an integral /q is calculated 
from in the way that I is to be calculated from u, the integral is 
greater than the minimum value of 7, even when the arbitrary con- 
stants in Ua are chosen so as to make 7^ tis small as possible. This means 
that Ijn is approached from above by integrals of the type 7^ . 

Now it was pointed out by R. Courant^ that can often be approached 
from below by integrals 7^ calculated from approximation functions u^ 
which satisfy the differential equation but are subject to less restrictive 
supplementary conditions. If, for instance, u is required to be zero on the 
boundary, the boundary condition may be loosened by merely requiring 
Ui, to give a zero integral over the boundary in each of the cases in which it 
is first multiplicid by a function belonging to a certain finite set. This idea 
has been developed by Trefftz** wlio uses the arithmetical mean of 7^ and 7^ 

* Phtl. Trana. A, vol. ci.xr, p. 77 (1870); Papera, vol. i, p. 67. 

t W. Hibz, Crdlv, Hd. (JXXxv, H. 1 (1008); (ICuvrea, pp. 102-316 (Gautbior-VillarB, Paris, 1911). 

t W. Kitz, Ami. (hr Pki/a. (4), Bd. xxvni, H. 737 (1909). 

§ S. TinioHhonko, Phil. Ma/j. (6), vol. xlvii, p. 1003 (1024); Proc. London Math. Soc. (2), 
vol. XX, p. 308 (1021); Tram. Ami't. Soc. Civil Engineers, vol. Lxxxvii, p. 1247 (1924); VihraUon 
PrdikniH in Engineering (D. Van Nostrand, Now York, 1028). 

[I Soe oapocially M. iUaiiohorol, Hull. iIm Sciences Math. t. xLVii, pp. 376, 397 (1923), t. XLvm, 
pp, 12, 68, 03 (1024); Vomptes [iemias, t. OLxix, p. 1162 (1910); R. Courant, Ada Math. t. xlix, 
p. 1 (1026); K. FriodrioliB, Math. Ann. Bd. xgviii, S. 206 (1927-8). 

R. Courant, Math. A?in. Bd. xavii, S. 711 (1927). 

E. Trefftz, Ini. Congriiss oj Applied Mechanics, Zurich (1920), p. 136; Maih. Ann. Bd. o, 
S. 603 (1928). 



xviii IfOrodfucHon 

ae a dose approziinaHaoiii for , and uses the difieremoe of amc 
upper bound for the error in this method of approzimatioiii. This i 
simplified by a ohoioe of functions v, which will mahe it possib 
suuple solutions of the difierential equation for the loosened 1 
oonditioQS. Sometimes it is not ihe boundary conditions but the o 
of oontinuiiy which should be loosened, and this makes it advisal 
lose interest in a simple solution of a difierential equation becaui 
not satisfy the requirements of continuity suggested by phys 
ditions. 

In order that Bitz’s method may be used we must have a se< 
functions which satisfy the boxmdary conditions and condition 
tinoity peculiar to the problem in hand. It is advantageous alsi 
functions can be chosen so that they form an orthogonal set. 
what is meant by this we consider for aimplioity the oase of 
independent variable x. Gllie funotions defin 

interval a<x<,b, are then said to form a normalised orthogonal 
the orthogonal relations 

= 1, in=-n 

are satisfied for each pair of functions of the set. This definition 
extended to the oase of severe independent variables and : 
defined in a domain B of these variables; the only difference is 
simple integrals are replaced by integrals over the domaia of defini 
definition may be extended also to complex functions ifi„ (x) of 
eE„ (x) + {jS, (a;), where 0 . (x) and /3„ (x) are real. The orthogonal 
are then of type 

r (») 0n(«) das? [a^ (x) + (x)] [a, (x) - »j3,*(x)] dx = 0. 

Ja Ja 

= 1. 

Many types of orthogoiud funotions are studied in this b< 
trigonomeirioal funotions sin i^na), cos (nx) with suitable factors 
orthogonal set for the interval (0, 27r), the Legendre functions JP^ 
suitable normalising factors, form an orthogonal set for the 
( — 1, 1), while in Chapter ix sets of funotions are obtained w 
orthogonal in an infinite interval. The funotioDB of Laplace, which 
oomplete system of spherioal harmonics considered in Chapter vi 
orthogonal set of fuuotians for the surface of a sphere of unit radii 
is easy to construct functions which are orthogonal in the whole 
In Chapter iv methods are explained by which sets of normaliBed or 
funotions may be assooiated with a given curve or with a given 
many oases funotions suitable for'iine in 'R.itw’o 
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a^re furnished by the Lam6 products defined in Chapters m-xi. These pr 
ducts are important, then, for both the exact and the approximate solutic 
of problems. It was shown by Ritz, moreover, that sometimes the functioi 
occurring in the exact solution of one problem may be used m the a; 
proximate solution of another; the functions giving the deflection of 
clamped bar were in fact used in the form of products to represent tl 
approximate deflection of a clamped rectangular plate. 

Early writers* using Ritz’s method were content to indicate the degr< 
of approximation obtainable by applying the method to problems whic 
could be solved exactly and comparing the approximate solution with tl 
exact solution. This plan is somewhat unsatisfactory because the exampl 
chosen may happen to be particularly favourable ones. Attempts hav 
however, been mode by Krylofft and others to estimate the error when a 
approximating function of order n, say 

Ua = lAo + Cl'Al {*) + Ca'/'a (») + ••• + Cn*l>n (»). 
ia substituted in the integral to be minimised and the coefficients ai 
chosen so as to make the resulting algebraic expression a mioimun 
Attempts have boon made also to determine the order n needed to mat 
the error less than a prescribed quantity e. 

In Ritz's method a boundary problem for a given differential equatio 
must first of all be replaced by a variation problem. There are, howeve 
modifications of Hitz’s method in wliich tliis ste^p is avoided. If, for ii 
stance, the differential equation is a variatioiuil equation 8FI8u = 0, tl 
saimo set of equations for the determination of the constants is obtaine 
by substituting the expression for u directly in the equation 

[ 8u . (8P/Sw) dx = {), 

J (t 

a>rid equating t.o zero tlie eoelTicuerits of t he variations SCg. 

This method has Ix^en recommended by HenckyJ and Goldsbrough§; i 
ha>s the a(lvaiitag(^ of indicating a n^'ison wliy in the limit the function ^ 
should satisfy the dilh^ential <^<|uation. 

Another metliod, proposed by Boussinesq || many years ago, has bee 
called th(^ method of least squan^s. If the differential equation is 

^■> 0 , («') - / (•*;), 

and a •'" x <” b is Mu' rangt^ in wliieli it is to be satisfied with boundar 

* Soo, for iiiHOuioc, M. l'/mohou<l, iSur rappliaUwn dv. Unm^iiiade dc, I'K. : Th^;BO (Gauihie 

VillarH, PariH, H)M). 

t N. KrylofT, (Umiptva Hviuius^ t. fa.xxx, p. IIUO (IDSfi), t. ULXXXVI, p. 208 (1928); AnmU 
tie. Tmiloiiae (iJ), fc, xix, p. 1(37 (1927). 

J H. Honcky, Zeits, Jllr angew. Math. u. Mct:h, lid. vii, S. 80 (1027). 

§ 0. K. GoldHbruu|j;h, Phil. Mag. (7), vol. vri, p. 3,13 (1920). 

J| J. iioiiHsinutiq, Thdoric dc la chtdcuTf 1. 1, p. 310. 
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has an assigned value. This is accomplished by replacing by a finite Series 
in both integrals and reducing the problem to an algebraic problem. It was 
noted by Rayleigh that very often a single term in the series will give a 
good approximation to the frequency of the fundamental frequency of 
vibration. To obtain approximate values of the frequencies of overtones it 
is necessary, however, to use a series of several terms and then the work 
becomes laborious as it is necessary to solve an algebraic equation of high 
order. Many other methods of approximating to the frequencies of over- 
tones are now available. 

Trefftz has recently introduced a new method of approximating to the 
solution of a differential equation, in which the original variation problem 
87 = 0 is replaced by a modified variation problem 87 (c) = 0 in such a way 
that the desired solution u can be expressed in the form 

= {7 (€)}niln {7 (— 

This method, combined with Trefftz’s method of estimating the error of 
approximation to an integral such as 7 (c), can lead to an estimate of the 
error involved in a computation of u. In the problem of the deflection of 
a clamped plate under a given distribution of load, the function 7 (c) 
represents the potential energy when a concentrated load € is placed at the 
point where the deflection u is required. 

Courant ha»s shown that the rapidity of convergence of a method of 
approximation can often be improved by modifying the variational 
problem, introducing higher derivatives in such a way that the Eulerian 
equation of the problem is satisfied whenever the original differential 
equation is satisfied. This device is useful also in applications of Trefftz’s 
method. 

An entirely different method of approximation is based on the use of 
difference equations which in the limit reduce to the differential equation 
of a problem. The early writers were content to adopt the principle, usually 
-- called Rayleigh’s principle, that it is immaterial whether the limiting pro- 

is applied to the difference equations or their solutions. Some attempts 
have been made recently to justify this principle* and also to justify the 
use of a similar principle in the treatment of problems of the Calculus of 
Variations by a direct method, due to Euler, in which an integral is replaced 
by a finite sum. An example indicating the use of partial difference 
equations and finite sums is discussed in § 2-33. 

* See the paper by N, Bogoliouboff and N. Kryloff, Annals of Math. vol. xxix, p. 266 (1928). 
Many references to the literature are contained in this paper. In particular the method is discussed 
by R. B. Robbins, Amer. Journ. vol. xxxvn, p. 367 (1915). 



CHAPTER I 

THE CLASSICAL EQUATIONS 


§ 1*11. Uniform motion. It seems natural to commence a study of the 
differential equations of mathematioal physios with a discussion of the 
equation 


d^x 

dt^ 


= 0 , 


which is the equation governing the motion of a particle which moves along 
a straight line with uniform velocity. It may be thought at jSrst that this 
equation needs no discussion because the general solution is simply 

x = At + B, 

where A and B are arbitrary constants, but in mathematical physios a 
differential equation is almost always associated with certain supple- 
mentary conditions, and it is this association which presents the most 
iuteresting problems. 

A similar differential equation 

dx^ ^ 


describes an essential property of a straight line, when x and y are inter- 
preted as rectangular co-ordinates, and its solution 


y = mx -i- c 

is the familiar equation of a straight line : the property in question is that 
the line has a constant direction, the direction or slope of the line being 
specified by the constant m. For some purposes it is convenient to regard 
the line as a ray of light, especially as the conditions for the refliection and 
refraction of rays of light introduce interesting supplementary or boundary 
conditions, and there is the associated problem of geometrical foci of a 
system of lenses or reflecting surfaces. 

If a ray starts from a point Q on the axis of the system and is reflected 
or refracted at the different surfaces of the optical system it will, after 
completely traversing the system, be transformed into a second ray which 
meets the axis of the system in a point Q, which is called the geometrical 
focus of Q. The problem is to find the condition that a given point Q may 
be the geometrical focus of another given point Q. 

This problem is generally treated by an approximate method which 
illustrates very clearly the mathematical advantages gained by means of 
simplifying assumptions. It is assumed that the angle between the ray 
and the axis is at all times small, so that it can be represented at any time 
by dyjdx. 
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The Classical Equations 

Let ~ 4aa? give an approximate representation of a refracting surface 
in the immediate neighbourhood of the point (0, 0) on the axis. If y is a 
small quantity of the first order the value of x given by this equation can 
be regarded as a flTna.H quantity of the second order if a is of order unity. 
Neglecting quantities of the second order we may regard x as zero and may 
denote the slope of the normal at (x, y) by 

y 

dy 2a * 

Now let sujBixes 1 and 2 refer to quantities relating to the two sides of 
the refracting surface. Since the angle between a ray and the normal to 
the refracting surface is approximately dyjdx +' y/2a, the law of refraction 
is represented by the equations 



2/2 = 2 ^ 1 - 

Denoting by [u] the discontinuity in a quantity u, we have the 

boundary conditions 

[2/] = 0. 

Dropping the suffixes we see that these boundary conditions are of type 


(^li y\ 
\dx ^ 2a 


'^1 = 
_dx\ 




[y] = 0, 

where A and B are constants which may be either positive or negative. 

In the case of a moving particle, which for the moment we shall regard 
as a biUiard ball, a supplementary condition is needed when the ball strikes 
another ball, which for simplicity is supposed to be moving along the same 
line. If , ^^2 are the velocities of the first ball before and after collision, 
U 2 those of the second ball before and after collision, the laws of 
impact give 

-{■ MU i = mu^ MU 

where e is the coefficient of restitution and m, M are the masses of the two 
balls. Regarding as known and eliminating we have 

{M m)ii^= {m — eM) Wj + ilf (1 + e) f/j. 

Replacing % — itj by [dxjdil we have the boundary conditions for the 
collision 


[a:] = 0, (M -t- m) 


dt 


= Mil + e)[u,-^). 
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These hold for Ahe place x ^ where the collision occurs, x being the co- 
ordinate of the centre of the colliding ball. 

The boundary conditions considered so far may be included in the 
general conditions 

[y] = o, 

where A, B and G are constants associated with the particular boundary 
under consideration. 




§ 1*12. Other types of boundary condition occur in the theory of uni- 
form fields of force. 

A field of force is said to be uniform when the vector E which specifies 
the field strength is the same in magnitude and direction for each point 
of a certain domain D. Taking the direction to be that of the axis of x the 
field strength E may be derived from a potential V of type V — Ex hj 
means of the equation 


V being an arbitrary constant. This potential V satisfies the differential 
equation 


dx^ 


-0 


throughout the domain D. 

Boundary conditions of various types are suggested by physical con- 
siderations. At the surface of a conductor V may have an assigned value. 

At a charged surface ^ 

be a surface at which [V' 
potential). 

With boundary conditions of the types that have already been con- 
sidered many interesting problems may be formulated. We shall consider 
only two. 


may have an assigned value, while there may 
has an assigned value (contact difference of 


§ 1*13. Problem 1. To find a solution of d^jdx^ = 0 which satisfies the 
conditions 

y = 0 when x = 0 and when a; = 1 ; [dyjdx] = - 1 when x= 

[y]=o. 

The first condition is satisfied by writing 

y ^ Ax x< ^ 

= B (I x) x> 

The condition [y'\ = 0 gives 

= J5 (1 - ^), 
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and the condition [dyidx] = — 1 gives 

4 + J5 = 1. 

y = ? (», f) = « (1 - ^) (a: < f) 

“ caUed the Green’s function for the differential expression 

It may b« i^ked in the Smt place Hiat a eolation ot type P + «t 
b^t 'Sf 1'*“ ^ 0. y - b .ben a i. 

— (IL-KIl.- 

and®?’Jn‘!!fh''* ^ ® symmetrical function of a: 

ana S , m other words g (x, ^) = g (^, x). 

A third property is obtained by considering a solution of d^ldx^ = 0 

iS^m^e ^ combination of a number of such Green’s functions, for 

y= s/.p («,!,), 


a-1 


where /i, /a, are arbitrary constants. The derivative dyjdx drops bv 
an amount at by an amount /a at fa, and so on. 

^t us now see what happens when we increase the number of points 
Si » fa , fs ,• . . . and proceed to a liimt so that the sum is replaced by an integral 

y-/,V(..f)/(o« ,A, 

We find on differentiating that 

^ = - fjf / (f) +f\l- f)/(f) di. 

dhj 

^a = - «/(*) - (1 - x)f(x) = -f(x), 

the function /(«) being supposed to be continuous in the interval (0 1) 
It thiM appears that the integral is no longer a solution of the differential 
equation d^jdx 0, but is a solution of the non-homogeneous equation 


^2+/(»)-0. 

Conversely, if the fur.<’tion / (a:) is continuous in the interval (0, 1) a 
solution of this differential equation and the boundary conditions, y = 0 
when a: = 0 and when a; = 1, is given by the formula (A); this formula, 
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moreover, represents a function which is continuous in the interval and 
has continuous first and second derivatives in the interval. Such a function 
will be said to be continuous (D, 2), or of class C (Bolza’s notation). 

§ 1-14. Problem 2. To find a solution of d^yjdx^ = 0 and the supple- 
mentary conditions , , 

= ® lata; = sM 

y = 0 when x = 0 and when a; = 1 ; n [dy/dr] + = 0] ' ’ 

where a = 1, 2, 3, ... m — 1. 

Let y — A,x -f s — I < nx < a, 

then the supplementary conditions give = d, A„ + Bn = 0, 

(.dj - Ai) 1^ + B^ - Bi = 0, n {A^ - Ai) -f {A^jn + Bj) = 0, 

iV 

(^3 -Ai)- + B^-B^ = 0, n (A^ - A^) + P {2AJn -|- B^) = 0, 

7h 

[A^ — — ^3 = 0, n {A^ — .^43) + = 0, 

7b 


7tB2 ~ Ai — A^j ^B^ — A^ ■[“ A 2 2 ^ 3 , ••• 
nBg = (Ai -f- -42 -h ••• A^ ~ ^Ag, 

71® (^,+1 — (-4i -f ilg + ... Ag) == 0, 

71 ? (- 4,^1 - 2Ag + . 4 ,_,) + k^Ag = 0 , ^ > 1 . 


This difference equation may be solved by writing A® = 27i® (1 - cos 6). 
Ag = A^ cos (5 - l)d ^ K sin {a - 1) 
where if is a constant to be determined. Now 


therefore 
and so 


4(2 = 4i + 24i (cos 0 - 1) = 4[i (2 cos 9 - 1), 
if sin 0 == 4, (cos 9 — 1), 


Ag^A, 


sin 89 -- sin a — 16 


Bin i 


^ A A 4 sixisd 

4i 4- ^2 + ... Ag — Ai Q , 
n {Ar, + Bn) = 4i + ... An == Ai - . . 


The condition 0 = 4^ -f J5„ is satisfied if n9 = Trr, where r is an integer. 
In the limit when 71 = 00 this condition becomes 
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and this is exactly the condition which must bte satisfied in order that the 

j • . 

(B) 


. 9/ 

differential equation 


^+*V=o 


may possess a non-trivial solution which satisfies the bo\indary conditions 

y = 0 when x = 0 and when x= 1. The general solution of this equation is 
in fact, 

y = P cos kx + Q aia kx, 

where P and Q are arbitrary constants. To make y=0 when a: = 0 we 
choose P = 0. The condition y = 0 when a: = 1 is then satisfied with Q^O 
only if sin A; = 0, i.e. if k = rv. 

The exceptional values of P of type (rw)* are called by the Germans 
Eigpnwerte” of the differential equation (B) and the prescribed boundary 
conditions. A non-trivial solution Q am (kx) which satisfies the boundary 
conditions is called an “ Eigenfunktion.” These words are now being used 
in the English language and will be needed frequently in this book. To 
save printing we shall make use of the abbreviation eit for Eigenwert and 
eif for Eigenfunktion. The conventional English equivalent for Eigenwert 
is characteristic or proper value and for Eigenfunktion proper function. 

The theorem which has just been discussed tells us that the differential 
equation (B) and the prescribed boimdary conditions have an infinite 
nuniber of real eits which are all simple inasmuch as there is only one type 
of eif for each eit. The eits are, moreover, all positive. 

The quantities A:,® = ^2n sin 

may be regarded as eits of the differential equation = 0 nnH the 

precedi^ set of boundary conditions. These eits are also positive, and in 
the limit n -*co they tend towards eits of the differential equation (B) and 
the associated boundary conditions. The solution y corresponding to k is, 
for s — \ <'nx< a. 


and it is interesting to study the behaviour of this function as n 
if the function tends to the limit 


....( 0 ) 

00 to see 


A 

rrt 


sin (rnx). 


Let us write A* = A-^ coseo , 

■^0 (*) = sin (rTTx), (x) = sin (pnx), 

and let us use F (a:) to denote the function (C) which represents a polygon 
with straight sides inscribed in the curve y = P. (*)• 
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The closeness of the approximation of F (x) to ^*1 (*) can be inferred 
from the tmiform continmty of (x). 

Given any small quantity e we can find a number n (e) such that for 
any number n greater than n (e) we have the inequahty 

for any point x in the interval 5 — 1 < rw; < 5 and for any value of sm the 
set 1, 2, 3, ... n. In particular 


(5 - 1< na; < s). 


Now F w - F, Q + (»-«) [f. (i-;-') - F. (i; 

Therefore | J" (a;) — J'# (a;) | < e + e. 

On the other hand 


I F, (X) - 2^1 (a;) I = I F,(x) 1 [1 - ^sin(^) 


Therefore 


<Ai 


rn 

— cosec 
n 


--il 

n j 


F (x) - Fi (x) I < 2€ + 


Ttt Ttt 

— cosec — 
n n 




But when e is given we can also choose a number m (e) such that for 
n>m{e.) we have the inequality 


A, 


rTT Ttt 

- - oosec 1 

n n 


< €. 


Consequently, by choosing n greater than the greater of the two 
quantities n {e) and m (c), if they are not equal, we shall have 

I J’ (a;) — Fi (a;) | < Se. 

This inequality shows that as n 00 , jP (x) tends uniformly to the limit 
F 1 (x). 

This method of obtaining a solution of the equation 

d^y 


dx^ 


-h k^y = 0 


from a solution of the simpler equation d^jdx^ = 0 by a limiting process, 
can be extended so as to give solutions of other differential equations and 
specified boundary conditions, but the question of convergence must always 
be carefully considered. 

§ 1-16. Fourier's theorem. It seems very natural to try to find a solution 
of the equation 

^+/W-o. 

and a prescribed set of sunnlementarv cnndit.innn Kir AvnoTn^inrr / o 
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series of scdutions of <= 0 and the prescribed supplementary con- 
ditions. because if S sin ^ 

the differential equation is formally satisfied by the series 


and if the original series is uniformly convergent the two differentiations 
tenh by term of the last series can be justified. When the function f {x) 
is contmuous it is not necessary to postulate uniform convergence because 
Lusin has proved that if the series (A) converge at all points of an interval 
I to tiie values of a contmuous function/ {x) then the series (A) is integrable 
teocm by term in the interval I. Unfortunately it has not been proved that 
an arbitrary continuous function can be expanded in a trigonometrical 
series. Indeed, we are f aoed witibi the question of the possibility of expanding 
a given function / (re) in a trigonometncal series of type (A). This question 
is usually made more definite by stipulating the range of values of x for 
which the representation of / (x) is required and the type of function/ (x) 
to which the discussion will be limited. A mathematician who starts out 
to find an expansion theorem for a perfectly arbitrary function will find 
after mature consideration that the programme is too ambitious*’, as there 
are functions with very peculiar properties which make trouble for the 
noLathematioian who seeks complete generality. It is astonishing, however, 
that a function represented by a trigonometrical series is not of an exceed- 
ingly restricted type but has a wide degree of generality, and after the 
discussions of the subject by the great mathematicians of the eighteenth 
century it came as a great surprise when Fourier pointed out that a 
trigonometrical series could represent a function with a discontinuous 
derivative, and even a discontinuous function if a certain convention were 
adopted with regard to the value at a point of discontinuity. In Fourier’s 
work the coefGicients were derived by a certain rule now called Fourier’s 
rule, though indications of it are to be found in the writings of Glairaut, 
Fuler and d’Alembert. In the case of the sine-series the rule is that 

2 f*' 

6ft «=- f{x)Bmnxdx, 

V Jo 

and the range in which the representation is required is that of the interval 
(0 < a; < 7r). When the range is (0 < a; < 27r) and the complete trigono- 
mefccioal series m 

/ (») = Joo + S o„ cos «« 

n-1 

oo 

+ 'L bn ^nx 

n— 1 

* Vox the histozy of the Bubject see Hobson’s Theory ofFuncUotu of a Beal Variable and Burk- 
haidt’s Beport, JobreeberieJa der DenUeoken MtUh. Verein, yoL x 
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is to be vised for the representation, Fourier’s rule takes the form 

1 f*’’ 

a„ = -\ / (re) cos vxdx, 
w Jo 

6„ = -f / (re) sin wre dre, (B) 

irJo 

and the coefficients a„ , b„ are called the Fourier constants of the function 
/(*)• 

Unless otherwise stated the symbol/ (re) will be used to denote a function 
which is single-valued and bounded in the interval (0, 27r) and defined out- 
side this interval by the equation / (re -f- 27r) = / (rc). 

For some purposes it is more convenient to use the range (— 7t<u< m) 
and the variable u= 2 tt — x. If / (x) = F (m) the coefficients in the ex- 
pansion of F (u) in a trigonometrical series of Fourier’s type are given by 
formulae exactly analogous to (B) except that the limits are — v and n 
instead of 0 and 2w. 

The advantage of using the interval (— v, it) instead of the interval 
(0, 27 r) is that if F (u) is an odd function of u, i.e. if F (—«)-= — F («), the 
coefficients a„ are all zero, and if F (u) is an even function of u, i.e. if 
j? (_ u) = F (u), the coefficients b„ are all zero. In one case the series 
becomes a sine-series and in the other case a cosine-series. 

The possibility of the expansion of / (x) in a Fourier series is usually 
established for a function of limited variation*, that is a function such that 
the sum 

is bounded and < N, say, for all sets of points of subdivision rKi, rc,, ... x„_i 
dividing the interval (0, 2tt) up into n parts and for all finite integral values 
of n. Such a function is also called a function of limited total fluctuation 
and a function of bounded variation. 

In addition to this restriction on / (x) it is also siipposed that the 
integrals in the e.xpressions for the coefficients exist in the ordinary sensef. 
In the case when the inh'gral representing a„ is an improper integral it is 
assumed that the integral 

( \f(x)\(lx (C) 

Jo 

is convergent. If x is any interior point of the interval (0, 27r) it can be 
shown that when the foregoing conditions are satisfied the series is con- 
vergent and its sum is 

lim i [/(* + «)+/(* “ 

f ^0 

* Whittaker and Watefin’o Mwlfm Aruilysis^ 3rd ed. p. 175. 

t That ia, in the Riomann eanae. There are oontssponding theorems for the oases in which other 
definitions of integral (such as those of Stieltjoe and Lebeegue) are used. 
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when the limits of / (* ± e) exist, i.e. with a convenient notation 
i [/(*+ 0) +/ (a: - 0)] =/(»), say. 

f “ continuous in an interval (a< x< B) con- 
thft f ^ interval (0, 2ir), is of limited variation in the last interval and 

the “ 0* ^ ^ 

Whanlll independent o( *. 

and +h« continuity and limited variation are dropped 

existence orf\hT conditions relating to the 

existence of the integrals in the formulae for the coefficients and th^ 

rrr“ <“'• 

/(«) = lim - (Aa + Si (x) + Si (x) + ... S„_i {x)}, 


where .Aa = 


7M<— ► 00 Ub 

■^n (®) = ffn COS nx + d„ sin nx, 


S„ 


(x)= ^ A„{x). 

n- 0 


n 0 ' / 

mAtS “ summable in the Ces^ro sense by the simnle 

t (G’ !)• 

t generality which can be used in annlied 

^•Wfoe tn pU^a „t Pan„afs «.e„„,n. It i. eeantned, of 


existj. 


,^0 /(* + e) =/ (a; + 0), jimj{x _ e) =/ (* - 0) 


§ 1'16. Cesdro’s m^hod of sumTnation^. Let 

+ IIj + ... -f 

JnS„ = aj + 5^+... + 5^^ 

then, if fS as TO ^ 00, the infinite series 


S M„ 

n=l 


■(1) 


is said to be summable {C, 1) with a Cesiro sum S 
a positive integer to, such that ° 


^ '^n ( < C. 


t p- 

t ), iiv, p. U4 (1890). See also Bromwich’s InfiniU Series 


( 3 ) 
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Now let V be an integer greater than n and let be defined by the 

equation „ 

vCm+i = v-m,, (4) 

then Sy = -f- -I- ... H- c^Uy, ,...,.(5) 


But Cj > Cj > ... > Cj > 0, hence it follows frona (2) that 

I ^n+l^n+l ”1' Cn+2^tt+2 “I" ••• "1“ CyHy | < 
i-®- I Sy - (CiUi + CjjWa + ... + c„u„) I < ec„+i. 

Making v -»■ oo we see that if S be any limit of Sy 

1 ^ I < e. (6) 

Combining (3) and (6) we find that 

I /S' — 5 I < 2g. 

Since e is an arbitrary small positive quantity it follows that S = s and 
so the sequence Sy has only one limit s. 


§ 1'17. Fejir’s theorem. Let us now write = A^, = An (x), then, 

by using the expressions for the cosines as suras of exponentials, it is readily 
found that* , . , o 

w 

where 26 = \ x — t \ . Now the integrand is a periodic function of t of 
period 277, consequently we may also write 

1 p+’^sin^m^ 




I / (0 dt 


7n sin^ 6 ' 


Furthermore, since 


sinVt^ 
sin'-*^ 

it is readily seen that 


= m + 2 (m - 1) cos 2^ + 2 {rn - 2) cos id + ... + 2 cos 2 (m - 1) ^ 

sin^ , 

.0 msin'-^fl 

Writing <l>, (6) - / (X + 2«) -f / (a: - 26) ~ 2/ {x\ 
and making use of the last equation, we find that 

1 

0 msin2 0^®' ^ 

where <f>j, (9) 0 as S -»■ 0. 

Now if € is any small positive quantity we can choose a number S 
so that 


Sm (^) - 7 (^) = ^ f* 

TT Jo 


<!>. m\<^ 


TWie details of the analysis are given in Whittaker and Watson’s Modern Analysis. 
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whenever 0 < < 8, and if e is independent of m the number 8 may be 

regarded as independent of m. 

Writing for brevity 

sin® md = m sin* dP (0), v = 2a 
and noting that P (ff) is never negative, we have 

I J“p (0) (0) de 1 < £ p {6) I (d) I + |] p (0) I (0) I d0 

Let us now suppose that j 1 / (0 I ^ exists, then 

JO 

also exists, and by choosing a sujQSciently large value of m we can make 

aem sin* S > f \ (f> (6) \d6, 

JO 

This makes the second integral on the right of (B) less than ae, which 
is also the value of the first integral. Therefore 

I (ic) - 7 (^) I < 

consequently 8^, -► / (a?) as m oo. 

When / (a;) is continuous throughout the interval (— tt < a? < tt) all the 
foregoing requirements are satisfied and in addition J (x) = f (a;) ; conse- 
quently, in this case, (cc) -► / (a), and this is true for each point cc of 

the interval. 

This celebrated theorem was discovered by Pejir*. The conditions of 
the theorem are certainly satisfied when the range (— tt < a: < tt) can be 
divided up into a finite number of parts in each of which / (x) is bounded 
and continuous. Such a function is said to be continuous bit by bit 
(Stiickweise stetig); the Cesiro sum for the Fourier series is then / (a;) at 
any point of the range, /(a:) andf(x) being the same except at the points 
of subdivision. 

§1-18. ParsevaV 8 theorem. Let the function / (x) be continuous bit by 
bit in the interval (— tt, tt) and let its Fourier constants be it will 

then be shown that 

if (*)]* [ioo* + J^(o„* + 6„*)] . 

* Math. Ann» Bd. Lym, S. 61 (1904). 


(A) 


ParsevaVs Theorem 


13 


We shall find it convenient to sum the series (A) by the Cesiiro method*. 
This will give the correct value for the sum because the inequality 


r [f{x)]*dx-TT iV 

J —IT L 


m 

+ S (a„^ 4* b. 

n-l 


. 


m 

■ S A„ {X) 

n-1 


dx > 0 


indicates that the series is convergent. 

To find the sum (C, 1 ) we have to find the limit of S,n where, by a simple 
extension of M 7 (A), 

■*" - -& L *"*■ 

2d being equal to \ x 

Since the region of integration can be divided up into a finite number 
of parts in each of which the integrand is a continuous function of x and 
the double integral exists and can be transformed into a repeated integral 
in which x and 6 are the new independent variables. The region for which 
6 lies between and 6^ -f d.d, while x lies between x^ and Xq-\- dx consists 
of two equal partsf; sometimes two, sometimes one and sometimes none 
of these parts lie within the region of integration. When this is taken 
into consideration the correct formula for the transformation of the 
integral is found to be 

ir — 




* f" 

2v Jo 


P {B) (W 


f ' / (^)/ {^ + 20) + [ / {z)f(x - 2d) dx 

j — ir J 

(B) 


In the derivation of this result .Fig. 1 will 
be found to he helpful. The lines 

are those on whicdi d has an avssigned 
value, while J'^re linos on which d 

has a different assigmul value. It will he 
noticed that a line parallel to the* axis of t 
meets ilf, A/., A/^ (*ither once or twi<ie, while 
it meets iV, N.^ A\ (dther one<* or not at all. 

Applying tlu' theorem of § 1*17 to (H) we 
get 

JH *■ ‘fJ J — IT 

and wluui / (r) is <lt^fin(Mi to he /(.r) this res\ilt gives (A). 


t 

-TT 

ir-20 



/Na 




Ma/ 

/ "4 

X 


20-11 


T 


Fig. 1. 


* Thin iH Uip plan a<l(>ptp<i in Whittaker and Wat.Hon’H Modern Analysis, p. 181. Tho present 
proof, howovor, differs from that given in Motlern Analysts, which is for the case in which / {x) is 
hounde<l and iiiU^grahh*. 

t It will l>e n()t<Mi that the daeohian of tho transfurmatitm has a moduhift 



The ClcbssicdL EquaUona 

The theorem (A) was first proved by liapoimofi*; the present investi- 
gation is a modification of that given by Hurwitzf . 

Now let J?* (a;) be a second function which is continuous bit by bit in 
the interval — -n- < a < tt and let be its Fourier constants. Applying 

the foregoing theorem to F(x)+f (x) and F{x)--f {x), we obtain 

(«) + / {*)]“ (fe = ^ + a,)» + {(A, + oj* + (5, + 6„)»}] , 

(*) - / (SB)]* (fo = „ _ a,)* + _ ya + (5^ _ ftjajj . 

Subtracting, we obtain the important formula 

(a;) F {x)dx = IT j^i-4oao + (4,a„ + , 

which is usually called Parseval’s theorem, though Parseval’s derivation 
of the formula was to some extent unsatisfactory. 

In the modem theory, when Lebesgue integrals are used, the theorem 
is usually established for the case in which the functions f (x), F {x)^ 
[fmBJid[F{x)]^ are integrable in the sense of Lebesgue. There is also 
a converse theorem which states that when the series (A) converges there 
is a function f (a;) with and as Fourier constants which is such that 

[/ (a?)]» is integrable and equal to the sum of the series. This theorem was 

&st proved by Riesz and Fischer. Several proofs of the theorem are given 
in a paper by W. H. Yoimg and Grace Chisholm YoungJ. The theorem has 
also been extended by W. H. Young§, the complete theorem being also 
an extension of Parseval’s theorem. A general form of Parseval’s theorem 
has been used to justify the integration term by term of the product of a 
function and a Fourier series. 

ADDITIONAL RESULTS 

1. If the funotionfl / (ic), F (a) are integrabl© in the Bense of Lebesgue, and [/(a;)]*, 
[jP (a;)]‘ axe also integrable in the ftftTnft sense, then|| 

+ S (<*„-<l„ + 6„5,)oo8na!- I - 6,^) sm «». 

2, Tif (») is a penodio function of period 27r which is integrable in the sense of Lebesgue, 
and if p (a;) is a function of bounded variation which is such that the integral 

j^\g(x)\ix 

* Oomplet Seadut, t. cxzn, p. 1024 (1808). 

t McUh. Ann, Bd. Lvn, S. 429 (1903). 

t Quarterly Journal, voL xixv, p. 49 (1913). 

§ Com^ptea Fendua, t. olv, pp. 30, 472 (1912); Proc. Boy, Soc, London, A, vol. Lzxxvic, p 331 
(1912); Proe. London Mt^ Soc. (2), voL.xn, p. 71 (1912). See also P. Hausdorff. Math. Zeita 
Bd. XVI, S. 163 (1923). 

t. otv, p. 30 (1012); Proe. Boy. Boo. London, A, voL 

Lxxxvn, p. 331 (1912). 
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\ convergent, then the value of the integral 


1 f(x)g{x)dx 

J 0 

lay be calculated by replacing / (a;) by its Fourier series and integrating formally term by 
jrm. In particular, the theorem is true for a positive function g {x) which decreases steadily 
5 X increases and is such that the first integral is convergent. 

[W. H. Young, Proc. London Math. Soc. (2), vol. ix, pp. 449, 463 (1910); vol. xiii, p. 109 
.913); Proc. Boy?lSoc. A, vol. xxxv, p. 14 (1911). G. H. Hardy, Mess, of Math. vol. li, 
186(1922).] 

§ 1-19. The exixinsion of the integral of a bouyided function which is 
mtinuous hit by bit. If in Parseval’s theorem we put 

F {X) — TT < X < Z, F (X) == 0, Z< X < TT, 


e have 


F (x) clx - [■ (lx = 


1 X . 

A.. “ - cos nx.dx — [sin nz'], 

^ 1 sin nx.dx - ^ [cos nir — cos nz], 

“ ttJ-, riTT^ 

(i \vi‘ have tlK‘ n^sult that. 

/- I 

f (.r) dx - {z -1- n) -f i] * fa„ sin nz -|* b^ (cos rm - cos nz)]. 

J -■ rr ■ “ tl -i 


Now th(' function ia,,;: can be expanded in the Fourier series 

CO I 


— (h 2) <‘.os nr sin nz, 


ic<‘ (he integral, on (h<‘ left of (A) can be expanded in a convergent 
^ononndrical series. To show that this is the Fourier series of the 
iction \vt* must calculate tht‘ Fourier constants. 


^ f sin nz(h 


i)s ttzd'^ 


fr 1 fir 

f (x) dx - - (‘OH htt f (.r) dx 

J -n J-ir' 

1 f" dz .. , a, 

1 f (z) cos nz - - 

TT n ^ ' n n 

J - If" 

/ (r) dx dz sin nz f (z) 

nrrj^n 


7T J -n J -n 


/ (x) dx 


zj{z)dz 


a, J 

niii + Z 6« COM htt, 
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by Parseval s theorem. Hence the coefficients are precisely the Fourier 
constants and so the integral of a function which is continuous bit by bit 
can be exp^ded in a Fourier series. This means that a continuous periodic 
function with a derivative continuous bit by bit can be expanded in a 

this theorem differing from that in the text are given by 

V ^ McahemoHsehm Physik, Bd. i (1924) and 

by M. G. Carman, Bull. Amer. Math. Soe. vol. xxx, p. 410 (lok) 

It should be noticed that equation (A) shows that when f(x) can be 
expanded m a Founer series this series can be integrated term by term. 
A more gneral theorem of this type is proved by E. W. Hobson, Joum. 
Jjondon Math. Soc. vol. n, p. 164 (1927). 

Founer’s theorem may be extended to functions which become infinite 

“““t>er of singularities is 

hmited the sm^anties may be removed one by one by subtracting from 
/(«) a simple function h, (x) with a singularity of the same type. This 
process is continued until we arrive at a function 

!/(*)=/(»)- i K{x) 

wWoh d^ not become infinite in the interval (0, 2,r). The problem then 

uoes to the discussion of the Fourier series associated with each of tlie 
lunctions (x). 

r... consider some boundary 

problems for the differential equation d^y/dx* = 0, which is the natural one 

to consider ^ter = 0 from the historical standpoint and on account 

of the variety of boundary conditions suggested by mechanical problems. 

The quantity y will be regarded here as the deflection from the equi- 
librium imsition of the central axis of a long beam at a point Q whose 
distance from one end is *. The beam will be assumed to have the same 
cross-section at all points of its length and to be of uniform material, also 
the deflection at each point wiU be regarded as small. The physical pro- 
perties of the beam needed for the simple theory of flexure are then 
represented simply by the value of a certain quantity B which is called 
the flexural rigidity and which may be calculated when the form of the 
cross-section and the elasticity of the material of the beam are known 
We are not interested at this stage in the calculation of B and shall conse- 
quently assume that the value of B for a given beam is known. The funda- 
mental hypothesis on which the theory is based is that when the beam is 
bent by external forces there is at each point x of the central axis a resisting 
couple proportional to the curvature of the beam which just balances the 
bending moment introduced by the external forces. When the flexure 
takes place in the plane of xy this resisting couple has a moment which 



S^dS 



Fig. 2. 


Bending of a Beam 17 

can be set equal to Bd^jdx^ and the fundamental equation for the bending 
moment is M ^ Bd^jdxK 

The origin of the bending moment will 
be better understood when it is remarked 
that the bending moment M is associated 
with a transverse shearing force 8 by the 
equation 

^8= dMIdx. 

When the beam is so light that its 
weight may be disregarded, this shearing force 8 is constant along any 
portion of the beam that does not contain a point of support or point of 
attachment of a weight. If we have a simple cantilever OA built into a 
wall at 0 and carrying a weight W at the point B the shearing force 8 is 
zero from A to B and is W from B to 0, 
while M is zero from A to B and equal 
to Wx between B and 0. At the point 
0 the fact that the beam is built in or 

clamped implies that ?/= 0 and dyidx —0, T jy 

consequently the equation ^ ^ 

BdHjjdx^ = — Wx H- Wb 
gives y = — Wx^/6B + Wbx'y2B. 

This holds for x < b. For x > b the differential equation for y is 

Bdhfjdx'^ 0, 

and so y == mx -h c. 

The quantities y and dyjdx are supposed to be continuous at B and so 
we have the equations 

////> -f r ---■ Wb^jlW, 7)1 = Wfy^l2B 

which give c ~ Wb^/i\B. The deflection of B is Wb^jlW and is seen to be 
proportional to the force H'. The defh^ction of A is also proportional to W, 


O 


B 


ii — 

Fig- ;*• 


§ 1-22. Let us ne.xt c()riHider the (k‘H(‘eti(>n of a beam of length I which 
is clamped at both (uids .r - 0, ;r - I and which carries a concentrated 
load W at tlu' point .r - 
We have the (‘(inations 

J- < ^ .r > ^ 

S = T -f ir, A’ = T, say, 

- (7' I W').r I A' Bdhil<U\ ~ M ... Tx + U'f -|- N =■ - BdHjjde-, 

\{T + I Nx - - IJdi/ldx, i,Tx^- 

+ N){x - 1) - Bdyjdx, 

i {T + U') . - By, {x^ - B) - {x - 1) 

+ i ( -t- N) (X -/)*=- Bv. 
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where T and N are constants to be determined. M has been made con- 
tinuous at x=‘i, but we have etUl to make y and dyjAx continuous. This 
gives the equations 

j - Ti^) ^wii+ m, 
i (PFf» -)- rz*) = i{-w + T) + im {2i -i)+ 

Therefore TZ* = Wp (2i - 31), m = W$ (2fZ - Z» -- ^), 

Sy=--^»Wx^{l-i)nx{l+2i)-3m x<$ 

This solution will be written in the form By = — Wg {x, and the 
function g {x, i) will be called a Green’s function for the differential ex- 
pression d^yjdas^ and the prescribed boundary conditions. 

If By = -[‘g(x,i)w(i)di 

J 0 

it is f oimd on differentiation that y is a solution of the differential equation 

the function w (x) being supposed to be continuous in the range (0, Z). 
This solution corresponds to the case of a distributed load of amount wdx 
for a length dx. When w is independent of x the expression found for y is 

By (?-*)*. 

It should be noticed that the Green’s function g {x, $)iBa symmetrical 
function of x and y, its first two derivatives are continuous at a; = ^ , but 
the third derivative is discontinuous, in fact 

The reactions at the ends of the clamped beam with concentrated load 
are found by calculating the shear S. When a: < ^ we have 

and this is equal in magnitude to the reaction at a: = 0. The reaction at 
a: = Z is similajrly B = IF (3Z - 2|) ^*/Z*. 

The deflection of the point w = f is 

Vt = (Z - ^)V3Z»B, 
when i = Z/2 this amounts to Wt^fl92B. 

Tn the case of the unif onnly loaded beam the reactions at the ends are 
respectively ^TF and JTF as we should expect. The deflection of the middle 
point is Wl*f38iB. 
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§ 1-23 When the beam is pin-jointed at both ends, M is zero there and 
tue Dounaaiy oonditionfl are 

2/ = 0, (Pyldx^ = 0 for a; = 0 and ® = o. 

men there is a concentrated load IF at a; = f and the beam is of 
neghgible weight, the solution ia By = Wk (x, f), where 

* («. ^) = ® (a - f) (*« -F - 2o^)/6o x<i 

~ $ (a ~x) (a:« + - 2ax)/6a x> 

The reactions at the supports are 

iio = IF (1 - ^/a) at a: = 0, 

■®o “ W^ja at a; = a. 

As before, the deflection corresponding to a distributed load of density 
w {x) is 

By = j^k (X. a u, (i) d^, 

and when w is constant 

By = w {x* - 2oa:S -f- a«a:)/24. 

The reactions at the supports are in this case 

wa 


■Ro- 2 


at a; = 0, 


-«o — ^ at a; = a. 

In the case of a beam of length I clamped at the end a: = 0 and pin- 

jointed at the end x=l, the solution for the case of a concentrated load 
IF at a: = f is 

125Z3y = Wx^ (I - i) - 2^1 - 21*) {X - 31) - 61*] x<i, 

= Iff* (1 - a:) [(a:* - 2x1 - 2l«) (f - 31) - 6l»] x> I 

The deflection at x = f is now 

y - If ^8 (4^ _ 

when f = 1/2, and the reaction at x = 1 is 


R - Iff* (31 - f)/21®. 

If, on the other hand, we consider a beam which is clamped at the end 
a; = 0 but is free at the end x = 1 except for a concentrated load P which 
acts there, we have, at the point a: <= f , 


while at the point x ^ I 
Hence 


By^^Pe (3Z-f)/6, 
Py, =■ Pl*/3. 

B= Wyjyi. 


(I) 


If the original beam is acted on by a number of loads of type If we 
have, for the reaction at the end x = 1, 


y,P = SlffjTj. 
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On account of this relation the curve (I) is called the “influence line” 
of the original beam. Much use is made now of influence lines in the theory 
of structures*. 

There are three reciprocal theorems analogous to g (rr, — g (f , x) 
which are fundamental in the theory of influence lines. These theorems, 
which are due to Maxwell and Lord Rayleigh, may be stated as follows : 

Consider any elastic structure with ends fixed or hinged, or with one 
end fixed and the other hinged, to an immovable support, then 

(1) The displacement at any point A due to a load P applied at any 
point B is equal to the displacement at B due to the same load P placed 
at A instead of B. 

(2) If the displacement at any point A is prevented by a load P at 
A with displacement at B under a load Q, and alternatively if a load 
Qi at B prevents displacement at B with displacement yj, at A under a 
load P, then if = ys, P must equal 

(3) If a force Q acts at any point B producing displacements ys at 
B and y^i at any other point A, and if a second force P is caused to act at 
A but in the opposite direction to Q reducing the displacement at B to 
zero, then QjP = yAjyn. 

In these three relationships it is supposed that the displacements are 
in the directions of the acting forces. 

Proofs of these relations and some applications will be found in a paper 
by C. E, Larard, Enginemng, p, 287 (1923). 

§ 1*24. Let us next consider a continuous beam with supports at .4, 5 
and C, The bending moment M at any point in AB or BG is the sum of 
bending moment of a beam which is pin-jointed at ABC and of the 
moment M,^ caused by the fixing moments at the supports. Let us take B 
as origin and let L denotes the length BG. 

For a Ijeain wJiicli is pin-jointed at B and G we have 

- lit) - x^), 

while for a weightless beam with fixing moments Mb, Me at B and C 
respectively, we have 

31, Mb - {Me - Mb) xjl,. 

'Hence 31 B,dry/dx'^ = \w,l^x — — Mb — {Me — Mb) xfl,. 

Integrating, wo have 

B^dyjdx = — MbX — x^ {Me — Mb)I 21, — B^in, 

where ijt is the value of dyjdx at a; == 0. Integrating again, 

B,y = — w,x'^l24: — x^MbI 2 — x^ (Me — Mb)I^12 — B^iaX. 

Whem x^ I,, y= - y2, way 

■” 2JlfiiZa - Mck + 6l2~^y2‘ 

* StM- o«p(‘ciii]ly SpniTewfl, Theory of Struct ureM; D. B. yteinman. Engineering Bexord (1916); 
(1. E, I uivrnnlionnl Engineering, May (1922). 
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Similarly, by considering the span BA, taking B again as origin, but 
in this case taking x as positive when measured to the left, 

— 05iis = — 2MbIi —'Mjili + 

Elimin ating we obtain the equation 
B^l^ {Ma + 2Ms) + Bil^ {Me + J {wjlj^B^ + uj^l^^Bi) 

+ 0 (B^li-^yi + B^l^-^y^). 

This is the celebrated equation of three moments which was given in 
a simpler form by Clapeyron* and subsequently extended for the general 
case by Heppelf, WeyrauchJ, Webb§ and othorsH. 

The reaction at B is the sum of the shears on the two sides of B and is 


therefore 


P Mb — Me , Wj li Ml, — Ma 

rb--^- + - ^ -+ 2 ~zr • • 


Similarly for the other supports. 


§ 1-26. When a light beam or thin rod originally in a vertical position 
is acted upon by compressive forces P at its ends (Fig. 4) 
the equation for the bending moment is 
M = Bd^jdx^ ~ — Py, 
or (V^yjdj^ + khj = 0, 

where k^^PjB\ 

and if ?/ = 0 when a; = 0 and when x == a, the solution is 
y = ^ sin kx, where sin ka= {) ov A ^ 0. 

If ak< TTy the analysis indicates tliat A 0, A solution 
with A^O becomes possible when ak = n. The corrOsiionding 
load P = called Euler’s critical load for a rod pinned 

at its ends. When P is given there is a corresponding critical 
length a = P^jBK. 

To obtain these critical valiu's experimentally great care 
must be taken to eliminate initial curvature of tlie rod and 
bad centering of the loads. The formula of Euler has bcMui confirmed by 
the experiments of Robertson. In gfuieral y)ra(‘tic(\ however, the crippling 
load Pc is found to ho less than the critical load P,, given by Eu1(t'h formula, 
and many formulae for struts havc^ becui [)roposed. For tliese n'ferencjo 
must be made to books on Elasticity and tlu^ Strength of MaUTials, 

Tn the case of a strut clainp(‘d at both ends then^ is an unknown couple 
Mq acting at each end, '^Flu^ eej nation is now 

Bdhfjdx'^ I Py . M,,y 

* K. ClajM'yroii, ('amplv.>t HrnduAy i. \l.v, ji. 1(17(1 (lsri7), 
t J. M. yV(>r. /jM/. Tn'i/ JfJtj (/infers, vnl. xi\, j). (Jllfi (isr>9-(ie). 

t Woyruuch, Thctiriv (hr continuivTlickoi Tragrr, ])p, S-l). 

§ H. R. Wol)b, Proc. Camb. Phil. »St>r. vol. vi (IHKIJ). ((’luso /i, 1- /t^.) 

II M. U'vy, ^unique graphique, t.. ii (I'liriH. 188(1). ((Jiinn //, t 0. i/j 0.) 
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and the solution is of type 


a ooB ha; + Pemkx. 

The boandary oonditdons y >= 0, dy/dx * 0 at a: = o and a; = 0 give 
/8 => 0, a = — Jlfo, Mo sinha = 0, Jfo (1 — cos ka) = 0. 

Hence either Jfg = 0 or sin (ha/2) = 0. The oritioal load is now given by 
the eq,uation ka^ Ztt and is Pq ■= iBit'la*. 

When the load P reaches the critical value the rod begins to buckle, and 
for a discussion of the equilibrium for a load greater than Po s> theory of 
carved rods is needed. 

In the case of a heavy horizontal beam of weight tc per unit length and 
under the influence of longitudinal forces p at its ends, the equation 
satisfied by the bending moment M is 


da;* 


+ h»Jf 


w, 


where h* = PjB. 

If JIf =■ Ifo when 0 and M = M^ when a; => a, the solution of the 
difl^ntial equation is 

sinha = sin h (o - - iifi^ sin kx. 


Let us assume that M^ and are both positive and write 
JfB=^sin*^, Jfi=-^ain*^, kx = a, k{a — x) = ^, ha = a + )3. 


The equation which determines the points of zero bending moment 
(points of inflexion) is 

sin (a j3) » cos 2d . sin /9 + cos 296 . sin a. 

We shall show that if a and /3 are both positive this equation imphes that 
a + > 2 (d + ^) and so determines a certain TniniTtiniTi length which must 

not be exceeded if there are to be two real points of inflexion. 

Let us regard d and ^ as variable quantities connected by the last 
equation and ask when d + ^ is a maximum. Writing z = d + ^ we have 

+ 0 = Bin2dsm)3+.sm2^aino^, 


ad* od* smaem*2^L ^ddj 

When 2d^ = a, we have 2^ = jS, and these valuer of d and ^ give a zero 
value of ^ and a negative value of they therefore give us a maximum 

value of z, and so for ordinary values of d and <f> we have the inequality 

2 (d + ^) < a + j8. 



The position of the points of inflexion is of some praotios 
because, in the first place, A. R. Low* has pointed out that insi 
determined by the usual Eulerian formula for a pin-jointed strut oi » . 
equal to the distance between the points of inAmrion, if these He oi 
beam, and secondly, if any splicing is to be done, the fianges shoulu ne 
spliced at one of the points where the bending moment is zerof. 

When P is negative and so represents a pull we may put p® = — PjB, 
and the solution is 

-1- sinhpa = (^ + sinhp {I -x) + sinhpa:. 

If we write 

sinh^ e, ilfi = ^ Binh® jpo; = a, (a - a;) = j9, pa-a + p, 

a value of x for which JIf = 0 is determined by the equation 
sinh (a + j9) = cosh 20 sinh j8 + cosh 2<f> sinh a. 

This equation implies that 

a + ^ > 2 (5 + (f)). 

For a continuous beam acted on by longitudinal forces at the points of 
support there is an equation analogous to the equation of three moments 
which is obtained by a method similar to that used in obtaining the ordinary 
equation of three moments. We give only an outline of the analysis. 

Case 1. BC =6, 2j3 = bk, yA = ys = yo = 0, 

z=0, M=Mc, x = b. 


Therefore 




JS22/ = 


Mr — sin kz 

2 sin jS 

Mil — Mr Bin kz 
2k^ sin p 


Mn +J^B cos kz W 2 
2 cos j8 fc® 
Mr + Mo cos kz w 
2k^ cos P k^ 




p. 


dX Q 


M H - Me 
2A:j3 


(iScotjS- 1)- 


Mji + M(] 

2k' 


w. 


P + jfcs p-p) 


= - 2bMn 4> W) - W) + 


where 




3 2j9 cosec 2/5 — 1 
2 



I iR\ 

^(P)=3 Ja 

* AeronauticalJournal, vol. xvin, p. 144 (April, 1914). Soe also J. Perry, Phil Ma^. (Marob, 
1892); A. Morloy, ibid. (Juno, 1008); L. N. G. Filon, Aerontiuiicst p. 282 (Sept, 1919). 

I H. Booth, Aeronautical Journal, vol. xxiv, p. 603 (1920). 
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The Classical Equations 

There is a corresponding equation for the bay BA which is of length o, 
if A® = Pi/Bi, 2a = aA, the equation of three moments has the form 


Case 2. P < 0. The corresponding equations are 

h^^~PJBj_, 2a^dh, 2^ = bk, 

^ P (a) + ^F{p) + 2 Ms (a) + «D (i8)j 


_ M’i«V 4- 


§l-2aco8eoh2a 32aooth2a-l 


a — tanhe 


'F(a)=3 

U.' 

The functions / (a), p («), etc,, have been tabulated by Berry* who has 
0 ^vra a complete exposition of the analysis. These equations are muoh 
used m the design of airplanes built of wood, 

EXAMPLES 

1. Knd the crippling load for a rod which is damped at one end and pinned at the other . 
w !, i«,d 

lor . uolloro^y dl.. 

('*‘?+r>*v+^’^T+-)- 

3. JW tb. o, . p- i 

compieesional loads P. ^ ^ ^ eccentrically loaded at its ends with 

4. The Green’s function for the differential expressiont 

S[-c>S]. 

Trans. Roy. Ammautioal Soc. fl919) t>ia taWsao « 

A&rop]ane Structures, App. i (1919). ^ ^ Rppard and Pritchard’s 

t Examples 4-0 are taken from a naner bv A 

a paper by A. MyUer, Diss. GdtUngen (1906). 
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End Conditions 

and the end oonditions u (0) u (1) ■* v' (0) •• ti' (1) 0 ie 

+ ^ ^ - 4 (ay - ^ ^ (^) * (*W . 

Where ^ (*) - \x - 1 \ ^ (*) - |* - .| 

fi dt , fi tit fi M*(k 

jo »"(*)’ Jo Bin)- 

0. If in the loat example the boundaxyoonditioiM ere m( 0) - u'(0] — u"(l) •• u'" (1) « 0 
the Oreen’t function it 

«(». 0 - - J C ' ' "‘/ir ’ ' * - li« w + '*“>1 * *<♦ i'> * *«» 

6. When the end oonditiAna are « (0) (0) — « (1) «• u'' (1) 0, the Qreeu'i 

function ie 0 (*, f ), where 

t «(*) + .r4(f) K1 -20 «»(*)+ (1-3*) ^(« 

-(a -4^ + 4y)tf ~(/9-2y)(»+0-y. 


§1-31. undamped vibraiion^t. \Vh«'iinv(*r a pfirticlo i)erform8 free 
OBoillationfl in a Btraight lino uiiiIct tho influoiico cif n ro«toring force pro- 
portional to the diflianco from a fixi'd point on tho lino tho equation of 
motion is ^ 

where m is the maaa of tho particle aiui .rp in tlu^ n^wUiring force. Writing 
we have - ^ 

an equation whicli has already Ikm'h hrodly I’onHiderofl. The general 
solution is ^ ^ ^ H mv [kt) 


where A and li aro arbitrary (‘cjiiHtunts. Writing k - 2nn, A -- a sin 
5 — a COR d wo have 

X - n Ntn (2tr«/ i 0) 

The quantity a HjM'oiiios tho ainphtiido, n tho fmpu*uoy and 27rwf I 6 
the phaao of tho oRcillation, Tho anglo 0 givon thi' plnuw' at time i - 0. 
The period of vibration T may bo found from tht' oquations 

A-r - 27r. aT 1. 

This tyi>e of vil>ration in called siinplo hiirnujnio vibration hocauw' it is 
of fundamental imfxirtanco in tho th/M>ry of sound Tho vibrations of Holid 
bodies which ore almost perffK^tly rigi<l nft4'n fjf ihin typo, thus the 
end of a prong of a tuning fork which has b«H*n prti|MTly oxcitod moves in 
a manner which may be desori^XHi approximately by an equation of this 
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type. The harmotiio vibrationB of the toning fork produce oorrespondiitg 
Tihratioiis in the BnirotkJidizig sir which are of audible freQueuoy if 

24< n< 24000. 

The range of fcequeuoies Uised in musio is generally 

40 < » < 4000. 

The difEerential equation (I) may be replsioed by two simultaneous 
equations of the first order 

x + ky’^0, y — ifee«=0 (H) 

which imply that the point Q with rectangular co-ordinates (m, y) moves 
in a circle with uniform speed ka. We have, in fact, the equation 

*» -f- = 0, 

which signifies that a;* y* is a constant which may be denoted by a*. 
There is also an equation 

** + !/“'= (** + y*) = 

which indicates that the velocity has the constant magnitude ka. The 
solution of the aimultaaeous equations may be expressed in the form 

x=‘ a cos a, y a sin a, 


where 


a= Znnt + e-'^. 


Simultaneous equations of type (II) describe the motion of a particle 
which is under the iofluenoe of a defieoting force perpendicular to the 
direction of motion and proportional to the velocity of the particle. The 
equations of motion are really 

X + hy = 0, y — kx = 0, 


but an integration with respect to t and a suitable choice of the origin of 
co-ordinates reduces them to the form (11). The equations may also be 
written in the form . , , 


where (u, v) are the component velocities. 

If the deflecting force mentioned above is the deflecting force of the 
earth’s rotation the deflection is to the right of a horizontal path in the 
northern hemisphere and to the left in the southern hemisphere. If the 
angle <f> represents the latitude of the place and w the angular velocity of the 
earth’s rotation, the quantity k is given by the formula 

k — 2(0 tan 

When the resistance of the air can be neglected, the suspended mass M 
of a pendulum performs simple harmonio oscillations after it has been 
slightly displaced from its position of equilibrium. The vertical motion is 
now BO «iTnfl.ll that it may be neglected and the acceleration may, to a first 
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approximation, be regarded as horizontal and proportional to the horizontal 
component of the pull P of the string. We thus have the equation of motion 

Mix = — Px = - Mgx, 

where I is the length of the string and g the acceleration of 
gravity. The mass of the string is here neglected. With this q 
simplifying assumption the pendulum is called a simple pendu- 
lum. In dealing with connected systems of simple pendulums 
it is convenient to use the notation (I, M) for a simple pendu- 
lum whose string is of length I and whose bob is of mflaa M 
(Fig. 6). 

If the string and suspended mass are replaced by a rigid 
body free to swing about a horizontal axis through the point 
Of the equation of motion is approximately 

le^ - Mghdf 

where I is the moment of inertia of the body about the horizontal axis 
through 0 and h is the depth of the centre of mass below- the axis in the 
equilibrium position in which the centre of mass is in the vertical plane 
through 0. Writing Mhg = the equation of motion becomes 

e + 0, 

and the period of vibration is 27r/A, a quantity which is independent of 
the angle through which the pendulum oscillates. 

This law was confirmed experimentally by Galileo, who showed that 
the times of vibration of different pendulums were proportional to the 
square roots of their lengths. The isocfironism of the pendulum for small 
oscillations was also discovered by him but had been observed previously 
by others. When the pendulum swings through an angle which is not 
exceedingly small it is better to use the more accurate equation 

^ H- sin ^ 0, 

which may be derived by resolving along the tangent to the path of the 
centre of gravity G or by differentiating the energy equation 

= Mgh (cos 6 - cos a), 

which is written down on the supposition that the velocity of 0 is zero 
when 8 = a. With the aid of the substitution 

sin (1 8) = sin (Ja) sin 

this equation may be written in the form 

_ 811^2 gin2 

As 8 varies from — a to a, 0 varies from — ^ to and so the time of a 



6 . 
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The Classical Equations 


swing from one extreme position (0 = — a) to the next extreme position 
(^ = a) is 


h ^(1 — 8m*JaBin*^)”^<i^. 

* A 


When a is small the period T is given approximately by the formula 
*2" = 2ir (1 + i sin* Ja) 

and depends on a, so that there is not perfect isoohronism. 

• reoogmsed by Huygens who discovered that perfect 

moohronism could theoretically be secured by guiding the string (or other 
flexible suspension) with the aid of a pair of cycloidal cheeks so as to make 
6 centre of gravi'fy describe a cycloidal instead of a circular arc. This 
0 vioe has not, however, proved successful in practice as it introduces 
errora larger than those which it is supposed to remove *. More practicable 
securing isochronism with a pendulum have been described by 

§ 1'32. Simultaneous equations of type 

+ My + Lm^ = 0, 

Mx + JVy + Nn^ = 0, 

constants, occur in many mechanical and 
eboW pKbl^. TOen the ooeffloient Jlf is ^ero the Lordinstss * »,d 

X = p»MAe*»\ y = LA (m® - p®) 

gives the eijuation 

p« (1 - y») _ p2 (^a + ^a) ^ ^ Q 

y^=MyLN. 

This quantity y is called the coefficient of couplingt 
When mi=n we have 

y^4 


^2 _ 


pa - na» 




p* — m* = — — jfcaya aav 
m* - n* y 


t OompUa ^end\u, t. oin, p. 177 (1891). 
f See, for inatance, E. H. Barton and TT urawn. n « 

(1917). * Mary rownmg, Phil, 2iag^ xxxiv, p. 246 
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y-oo-ordinate with the same period but opposite phase. The amplitude of 
the p-oBoillation is proportional to y*. Now let pi be the greater of the two 
valuee of p. If m > » we have Pi > ♦» but if m < n we have < m. The 
effect of the coupling is thus to lower the frequency of the gravest mode of 
vibration and to raise the frequency of the other mode of simple hormonio 
vibration. If m n the equation for p* gives 

p* — »»• ± yp*. 

and the effect of the coupling is to make tiie periods of the two modes 
unequal. In the general case we can say that the effect of the coupling 
is to increase the difference between the periods. The periods may, in fact, 
be represented geometrically by the following construction : 

Let OA, OB represent the squares of the free periods, the points 0, A, B 
being on a straight line. Now draw a oirole T on as diameter and let 
a larger conoenMc circle out the line GAB in U and V ; the distances OU, 
OV then represent the squares of the periods when there is coupling. If a 
tangent from 0 to the oirole F touches this circle at T and meets the larger 
oirole in the points Jf and L the coefficient of coupling is represented by 
the ratio TLjTO (Fig- A)- 

So long as 0 lies outside the larger circle it is evident that the difference 
between the periods is increased by the coupling, but when y *> 1 the point 
0 lies within the larger circle and the difference hetwoen the periods de- 
creases to zero as the radius CU of this circle increases without limit. There 
is thus some particular value of the coupling for whioii the difference 
between the imriods has the original value, both {leritKls being greater than 
before. 

When y = 1 tlu' equations of motion may bo written in the forms 


Lr I My I- Ijm*x - <), LJf t Hfp t A/tt*y - 0, 

and imply that Lwi'x - Mn*y. Then* in 
now only one jx'ricKl of vil>ration. 'Fin* 
cases y 'r* 1 are not of much pliyHical 
interest as the values of t.h<* coiistantH 
are generally such that M* < LA', tliiM 
being the (tntxlition that the kinetic 
energy may be always positive. 

flquatioiiH of the prewmt tyiie oc<‘ur 
in electric circuit theory when resist 
anoos arc neglected. In tiie cose of a 
simple cirenit of mdf induction L and 
capacity (! furnished, say, i>y a Ijoy<len jar in the cinmit, tlie charge Q 
on the inside of the jar iluctnatt'S in accimlancc witli the equation 

LQ + ^^Q 



Km. A. 
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when the disdiarge ia taking place. The period of the oeunllationB is thus 

T ~ in l-s/iLO). 

This is the result obtained by Lord Kelvin in 1857 and confirmed by 
the experiments of Kedderson in 1857. The oscillatory character of the 
discharge had been suspected by Joseph Henry from observations on the 
magnetization of needles placed inside a coil in a discharging circuit. 

In the case of two coupled drcuits {Li, Oi), (L^, Of) the mutual induction 

needs to be taken into consideration and the equations for free oscil- 
lations are .. . n 

LiQi -f Miif ™ 

L»Q» + ^Qi "I* ^ ~ 

§ 1*88. The Lagrangicm eqaaHone of motion. Consider a mechanical 
system oonsistiiig of I material points of which a representative one has 
mass m and co-ordinates x, y, z at time t. Using square brackets to denote 
a summation over these material points, we may express d’Alembert’s 
principle in the Lagrangian form 

\m (*8* -I- j|8y + z8z)] = [ZSz + 78y -f Z8z], 

where 8a;, 8j^, 8z are arbitrary increments of the co-ordinates which are 
compatible with the geometrical conditions limiting the freedom of motion 
of the system. On account of these conditions, the number of degrees of 
freedom is a number N, which is less than 32, and it is advantageous to 
introduce a set of “generalised” co-ordinates q^, ... qu which are inde- 

pendent in the sense that any infinitesimal variation 8^, of q, is compatible 
with the geometrical conditions. These conditions may, indeed, be expressed 
in the form 

^ ^ f (?i » ft » • • • ffx » y ^ 9 (ft > ft » • • • z = h (q ^ , , ... qh,t)- 

Using the sign S to denote a summation from 1 to a prime to denote 
a partial differentiation with respect to t and a su£9x e to denote a partial 
differentiation of x,y ocz with respect to q„ we have the equations 

x = x' + Lx,ft, 8® = 

[K&r + ySy + Zhz] = S0'*>8g„ 

where the quantities may be called generalised force components 
associated with the co-ordinates q. The first of these equations shows that 
X, is also the partial derivative of x with respect to q, and so if the kinetic 
energy of the system is T, where 

2T = [m (X* + + z«)], 

we shall have 

= im {XX, -\-yy,+ iz,)'] = p„ 
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Lagrange's Eqmtions 

where p, is the generalised component of momentum. Since 
dx Bx' - . dxr . 


and 
we have 

[m {xhx + yhy + zSz)] = USq, 


dt 


d 

dt ' 


m {XX, + yy, + zz,) - m {xx, + yy, + zz,)J 

and so Lagrange’s principle may be written in the form 

On account of the arbitrariness of the increments Sj, this relation gives 
the Lagrangian equations of motion 

d(dTsJT_ 
dt \dqj dq, ^ 

If there is a potential energy function V, which can be expressed simply 
in terms of the generalised co-ordinates g, we may write 

Qis)^_V,^^dV/dq,, L^T^V, 
and the equations of motion take the simple form 

didL\ SL__ ... 

(It^dq) dq," ' ^ ^ 

The quantity L is called the Lagrangian function. 

Introducing the reciprocal function 

. \d (d'I\ BT) _ ^ _ dV 

Hence we have tlie encM-gy equation 

T -f- V == constant. 

When the functioiiH /, g and h do not contain the time explicitly we 
have on account of Euler’s theorem for homogeneous functions 

dT 

iT-I.q,y.^, T^T. 

The Lagrangian equations of motion may be replaced by another set of 
equations for the quantities p and q. For this purpose we introduce the 
Hamiltonian function II defined by 

H {qi,q^, - L + Sp,g,. 
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1£ we always oonaider ZT as a funotion of the quantities 4, and p, but 
2/ 08 a fonoticHi of q, and we have 






Thus 


BS BL y, 3Zf 3jf# , v„ ag« 
BE 


Bpr^*' 


^E^_BI^ 

a7< ” 3?*’ 

oonsequently the equations of motion can be expressed in the Hamiltonian 

AqtJdH 

di ™ 

Systems of equations whose solutions represent superposed simple 
harmonio Tibrations are derived from the TjagpftTigian equations of motion 
of a dynamioal system 

dt\BqJ Bq,^ Bq,’ 

a =» 1, 2, ... N, 

whenever the kinetio energy T, and the potential energy V, can be ex- 
pressed for small displacements and velocities in the forms 


w JV 

2F =2 2 tiff 

m-l n— 1 


tSmin) 


fr If 

27-2 2 c^g„3„ 

m-1 n-1 

respectively, where the constant coefficients a^n eud are such that T 
and V are positive whenever the quantities g„, j* do not all vanish. For 
such a system the equations (A) give the differential equations 

N 

s + c„„q„) = 0, 

n^l 

m = 1, 2, ... N. 

Multiplying by u„ff where Uf^ is a constant to be determined, and 
summing with respect to m, the resulting equation is of type 

« + A*t; = 0, (B) 


if the quantities v,„ are such that for each value of n 

N N 

s «m6„« = ** 2 Ufffttfffff = *»6„, say. 

m-1 TO-1 

The oonesponding value of v is then 

IT 

V- 2 

' n-l 
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Now when the quantities are eliminated from the linear homo- 
geneous equations n 

s (Cmn - Mm => 0, ' (C) 

m — 1 

we obtain an algebraic equation of the Nth degree for h®. With the usual 
method of ftiimirmtinn this equation is expressed by the v an is hin g of a 
determinant nnd may be written in the abbreviated form 

I c„„ - I ■= 0. 

To show that the values of A* given by this equation are all real and 
positive, we substitute fc® = A + -ij, «„ = Um + equation (C). 

Equating the real and imaginary parts, we have 

N _ N 

2 (^'mn — bOnm) ^m + J ^ 
m—1 m— 1 

N ^ JV 

m-1 W4-1 

Multiplying these equations by and — respectively, adding and 
summing, we find that 

j S a,nn 

m , n 

The factor multiplying j is a positive quadratic form which vanishes 
only when the quantities Vnt zero, hence we must have j = 0 and 

this means that is necessarily real. That k is necessarily positive is seen 
immediately from the equation 

7/1, n Tn,n ‘ 

which involves two positive quadratic forms. 

If ^tn (* 2 ) are values of corresponding to two different values 

of k we have the equations 

2 {Cffin "" kl^dfnn) (^l) 

;/» - 1 


N 

y 


m — 1 

Multiplying these by 


i^mn ^*^fnn) (^ 2 ) ™ 

Wn (* 2)1 (^ 1 ) respectively and subtracting we 


find that 


— ki^) 2 aJJ^nU^n (^ 1 ) (^ 2 } 

7/1, n 


(D) 


Denoting the constant b„ associated with the value k by {k), we see 
from the last equation that if A:, ^ ki, 

E (Jci) Un (.kt) = 0. 

71- 1 

On the other hand, 
iv 

S 6„ (i-i) u„ (ki) = S a„„u„ (ki) u„ (ki), 

71.- 1 W,7l 


3 
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and is dji eseentiallj positive quantity which may be takeo. without loss of 
geoeraJiiy to be unity sinoe the quantities (X^) contain undetermined 
constant factors as far as the foregoing analysis is concerned. 

naing the symbol v (h, t) to denote the function v coirespondiog to a 
definite value of h, we observe that if 

N 

= S V (*„ i) A^, 

we must have 2 (X;,) A„, = 0 a ^ m 

a-1 

= 1 n = m, 

MnltiplyLog by {hr) and summing with respeot to n we find that 

A«r =■ «« (A,). 

N 

Hence ?» = S «« (h.) v [h„ <). 

This expresses the solution of our system of dlfierential equations in 
terms of the simple harmonic vibrations determined by the equations of 
type (B). The analysis has been given for the simple case in which the 
roots of the equation for X;* are all difierent but extensions of the analysis 
have been given for the case of multiple roots. 

The relation (D) may be regarded as an orthogonal relation in general- 
ised co-ordinates. When 

»«« =0, m + n, = 1, 
the relation takes the simpler form 
y 

S «„ (X;,) (XjJ = 0 

m-1 

§ 1’34. .An interesting mechanical device for combining automatically 
any number of simple haimonio vibrations has been studied by A. Gar- 
basso*. 

A. small table of mass m is supported by four light strings of equal 
length 2 so that it remains horizontal as it swings like a pendulum. The 
table is attached at various points tp n simple pendulums (2,, tn,), 
s — 1,2, ... n. Bach string is regarded as light and is supposed to oscillate 
in a vertioal plane and remain straight as the apparatus oscillates. 

Specifying the configuration of the apparatus by the angular variables 
... we have in a small oscillation 

^ “ 2 ni, (2g0(, -f 2,0,)*J , 

v = »». W + . 

* VolUaungen mber 8fekbro$hopi€t p. 60; Torino AUi, vol. ZLiv, p. 223 (1908-9). The case in 
which » = 2 haa been studied in oonneotion with aeonstioa by Barton and Browning, Phil, Mag, 
'6), voL XXXIV, p. 248 (1917); vol. xxxv, p. 62 (1918); voL xxxvi, p. 36 (1018) and by C. H. Leea, 
•i, vol. xLvm (1924). 



Compound Pendulum 

The equations of motion are 

+ 2 TW-a {IqOq 4- IgOg) + + S Wa") 6q = 0, 

fl-l \ fl-1 / 

Iq Oq 4- + ffSg = 0, 

(3 = 1, 2, ... n). 

n 

Writing m. = S = c, the equation for is in this case 

a^l 
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or 


y (1 + c) — 
-kk^ 

- kk^ 

- 9<h. 
g - kk^ 

0 

-9<h 

0 

9 

... -gc„ 

0 

... 0 

= 0, 

- kk-^ 

0 

0 

•'•9 ~ ^nk^ 


gr — IqIc^ 

— {Iq 4- h) 9 

- fifCl 

9 - fi** 

0 

1 

... -gc„ 

= 0. 

— {Iq 4 - K) 9 

0 


... g - hk’^ 



Expanding the determinant we obtain the equation 

|p - + 'j'l '• - 0, 


where 


/(i-*) = ri to-z.n 
1 


Now (/|J — la) \9 ~ (h t' ^») ■" ^0 ((7 ~ ^ 0 ^*) ~ h {9 ~ 

consequently the equation ff)r can be written in the form 






If the mass of eac^h ])(‘n<luluin is .so small in comparison with that of the 
table that we may neglect tcrnis of tlie second order in the quantities c„ 
the equation may l)c written in th<* form 

Hence the periods of tlic normal vihratioiiM are approximately 
'/'o - 27rV(/„/</) 


. 1 ^ cj. ' 

'■2ii4-4. 


'I\ - 27rV{lJy) 

(« = 1, 2, ... 7l). 


1 ^ ‘ I 

“2 4'-4i’ 


3-a 
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The Olassiced Equationa 

If > 2, the period of the «th pendolma is deoreased by attaching it to 
the table. If < 2, the period is inoieased. 


TBTAMPT.TOI 

1. A rimple pendnlom (6, N) is Biupeiiddd from the bob of another simple pendulum 
(a, M) whose stdng is attached to a fixed point. Prove that the equations of motion for 

small osolDatioiia are « 

(if + + Ndb^ + lM + N)gae-^0, 

where B and ^ are the angles fdiioh the string make with the vertioaL 


2. Prove that the ooeffldent of oonplixig of the oompound pendulum in the last example 
is given ^ 

^^M + N' 

8. Prove that it is not possible for the oentre of gravity of the two bobs to remain fixed 
in a simple type of osoOlation. 


4i« A simple pendulum (2» if) is suspended from the bob of a lath pendulum whioh is 
treated as a rigid body with a moment of inertia different from that of the bob. Find the 
equations of motion and the ooeifioient of oonpling. 

5. A sLmide pendulum (2, if) is attached to a pomt P of an elastio lath pendulum whioh 
is damped at its lower end and oazries a bob of mass N at its upper end. At time i the 
homontal displaoements of if , iT and P are z and az respeotiv^, a being regarded as 
ooDstant. By adopting the simplifying aasumptian that a horissontal component force F at 
P gives N the same horizontal aooderation as a force oF acting directly on N, obtain the 
equaidons of motion 

2ifp + ifp (y — oz) -■ 0, INU + INnh — if^ (y — az), 
and show that the ooeffloient of coupling is given by the equation 

^ _ iff»*a* 

’^“f^n^ + iffiiV 

where — g, 

[L. C. Jaokson, PhU, Mag. (6), vol. xxzrc, p. 294 (1920).] 

6. Two masses m and m' are attached to friction wheels whioh roll on two parallel 
horizon^ steel bars. A third mass if, whioh is also attached to friction wheels whioh roll 
on a bar midway between the other two, is oonstroined to He midway between the other two 
mnnnnn by a light rigid bar whioh passes through holes in swivels fixed on the upper part of 
the masses. The maases m and m' are attached to springs whioh introduce restoring forces 
proportianal to the displaoementB from certain equilibrium positions. Find the equationa of 
motion and the ooefiGdent of oouiding. 

This mechoniod device has been used to illustrate meohonically the properties of coupled 
eLeotrio oircultB. [See Sir J. J. Thomson, SledriGUy and MagneUam, 3rd ed. p. 302 (1904); 
W- S. Franklin, Sledrioian, p. 506 (1016).] 

7. Two simple pendulums {li. Mi), (1^, M^) hang from a carriage of mass M which, with 
the aid of wheek, can move freely along a horizontal bar. Prove that the equations of motion 


(Jf + Jfi + Jft)2 + MihSi + MM^O, 

® + 17^1 

i + 


are 
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Hence show that the quantities can be regarded as analogous to deotrio potential 
differences at condensers of capacities Mig and the quantities and M 2 l 29 ^i ob 

analogous to deotrio currents in circuits, the quantities 

as analogous to coefficients of sdf-induotion and [(Hfj + M 2 + M) gr®]-! as analogous to a 
ooeffioient of mutual induction. 

[T. R. Lyle, PhU. Mag. (6), vol, xxv, p. 667 (1913).] 

8. A simple pendulum of length when hanging Tertioally, bisects the horizontal line 
joining the knife edges. When the pendulum oscillates it swings fredy until the string comes 
into contact with one of the knife edges and then the bob swings as if it were suspended by 
a string of length h. Assuming that the motion is small and that in a typical quarter swing 

Id + g9 for 0 < ^ < t, 
hb + gd ^0 for t< i< T, 

prove that the quarter period T is given by the equation 

m cot 71 (jT — t) ■=» n tan mr, 
where g =** ** hn^. 

§ 1-35. Some properties of non-negative quadratic forms'^. Let 

n, n 

g == grs^r^s 

be a quadratic form of the real variables Xj, x„, which is negative for no 
set of values of these variables, then there are n linear forms 

n 

I 

with real coefficients Prs such that 

n ! n X 2 

r/ - S ( 2 pr.xA . 

\a-l / 

Thia identity giv(‘a the relation 

n 

0,k = 2 p^iPrk 
1 

which can be regarded fus a parametric roprenentation of the coefficients in 
a non-negative form. 

Thin result may be t)btained by first noting that g^a is not negative, for 
iH the value of (j when - 0, r s and — 1. If the coefficierufcs gfg 
are not all zero the coefficients g^,, are not all zero, because if they were and 
if, say, gi 2 a negative value of g could be obtained by choosing x^^ 1, 
T 1, X., - ... x„ - 0. 

We may, then, without loss of generality assume that there is at least 
one coefficient g^ of the set which is positive. 


♦ L. Fejir, Math. Zeita. Bd. i. S. 70 (1918). 
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Writing PnPu =‘ 9u « =■ 2, ... n, 

a-l 

gO) Zji, 

it is easily seen that the quadratio form does not depend on o^. is 

moreover non-negative because if it were negative for any set of values 
of a^, a^, ... x„ we could obtain a negative value of g by choosing so that 
*1 * 0. 

Siuce is non-negative it either vanishes identically or the coefficient 
of at least one of the quantities x^*, x,\ ... in g^ must be positive. 
Let us suppose that g„f^ is positive and write 

PmP» “ flW**'* r = 2, 3, ... n, 

>■-2 

g<X = g(V _ 2 , 2 . 

Continuing this process it is found that g'= Zi*+Zt'+. . .z^*, where the 
linear forms z^, Zt,.. .z, are not all zero; it is also found that none of the 
quantities g^^\ ... are negative and that all these quantities, 

except the first, are ratios of leading diagonal minors in the determinant 

I 9ri 1 1 

and are not all zero. 

n.n 

Now let h= i hijtXiZ^ 

1.1 

be a jaecond non-negative form, and let 

n 

hit, = S 

1 

be its parametric representation, then* 

».n «,n > n \i 

S gnhi^ S S ( S P,r?ar] * 

1.1 1,1 \»-l / 

If Vu y.! Vn arbitrary real quantities, 

S (*, - 6y,y 

is never negative. Begarding this as a quadratic expression in 0 it is 
readily seen that the quadratic form 

h = S f y* - (S x,y,)* 

11 1 

is non-negative. This result, which was known to Cauchy and Bessel, is 
frequently called Schwarz’s inequality as Schwarz obtained a aimila-r 
inequality for integrals. 

* li. M<Uh. ZeUa. Bd. i, S. 70 (1018). 
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Uaing this paitioular form of Ji in Fej6r’s inequality we obtain tl 
that 

n, n n n 

1 . 1 11 

For further properties of quadratic forms the reader is referred to Brom- 
wich's tract, Quadratic Fottus, Cambridge (1900), to Bocher’s Algebra^ 
Macmillan and Co. (1907), and to Dickson's Modern Algebraic Thi^ies, 
Sanborn and Co., Chicago (1926). 

§ 1 * 86 . Hermitian forms. Let z denote the complex quantity conjugate 
to a complex quantity z and let the complex coeAhoients be such that 

ft, n 

the bilinear form 2) CrtZfZg 

1. 1 

is then Hermitian. If c,„ = + i6,„, = r„e«-, where 6,„, r„, e„ 

are real quantities, we have 

and the Hermitian form can be expressed as a quadratic form 

n, n 

S Pimrir^. 

1 , 1 

where = o,„ cos (0, - sin (0, - e„) = 

The positive definite Hermitian forms which are positive whenever at 
least one of the quantities ... is different from zero are of special 

interest. In this case the associated quadratic form is positive for all non- 
vanishing sets of values of r^^ ...r^ and for all values of 0^ 

An important property of a Hermitian form is that the associated secular 
equation 

I Cr, - A8„ I = 0 
S„ = 1 r = a 
= 0 r s 

has only real roots. When the form is positive these roots are all positive. 
The proof of this theorem may be based upon analysis very similar to that 
given in § 1*33. 


EXAMPLES 


1. If J’(0 ^Ofor — and 

00 

— 00 

n, n 

^ i» 2, 3 ..., 

then ^ 0. This has been shown by Carath^odory and ToepUtz to he a neoesaary and 
sufficient condition that F{t) > 0. See Rend. Palrermo, t. xxxir, pp. 191, 193 (1911). 
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5 (a;) « 0 ) (— x) 
n,n „ 

CiCm 

Mathias has sho^m that wh6n/(<) ^0 we have -ET^^O for any choice of real parameters 
and of the complex numbers fi , f*, ... . See Math. Zeits. Bd. xvi, p. 103 (1923), 

analysis depends upon Fourier’s inversion formula which is studied in § 3*12 and it 
appears that, with suitable restrictions on the function a(x), the inequality 0 is the 
necessary and enifident condition that f(t) ^ 0. Mathiiu gives two methods of choosing a 
function « (») which wiU make ^ 0. The correctness of these should be verified by the 

reader.' 

(1) If the functions x(®)» x(®) are such that when x has any real value xM and are 

conjugate complex quantities, the function 

J x(<^+ 

will make 0. °° 

(2) If the positive constants and the functions XvM ^ i'hat 

2 rxv(*)x.(y) 

is a function otx say ® (a? — y), then this function <u (a;) will make > 0. 

§ 1*41. Forced oscillations. When a particle, which is normally free to 
oscillate with simple harmordc motion about a position of equilibrium, is 
acted upon by a periodic force varying with the time like sin (jpt)^ the 
equation of motion takes the form 

X + Jfe^ = ^ sin pt 

Writing a? = 2 + 0 sin where O is a constant to be determined, we 
find that if we choose G so that 

= (A) 

the equation for z takes the form 

2 -I- = 0. 

The motion thus consists of a free oscillation superposed on an oscilla- 
tion with the same period as the force. In other words the motion is partly 
original and partly Imitation. It should be noticed, however, that if j:)® > 
the imitation is not perfect because there is a difference in phase. The 
difierence between the case jp® > A® and the case jp® < ife® is beautifully 
Illustrated by giving a simple harmonic motion to the point of suspension 
of a pendulum. 

When j?® =» the quantity (? is no longer determined by equation (A) and 
the solution is best obtained by the method of integrating factors which 
may be applied to the general equation 

X "K »= F (t). 


2. If 
whore 
and 
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Multiplying successively by the integrating factors cos Jet and sin let and 
integrating, we find that if a: = c, i = tt when « = t, we have 

X cos la + lex an let = u cos kr + he sin At + F (s) cos ka . da, 

^ T 

x^kt — kx cos A< = M sin At — Ac cos At + I* J* (a) sin As . ds, 

A* = sin A (< - t) + Ac cos A (« - t) + jV (a) sin A (< - a) da, 

i = tt cos A (f - t) - Ac sin A (i - t) + J*F (a) cos A (< - a) da, 

the function F (a) being supposed to be integrable over the range t to 
In particular, if the particle starts from rest at the time t we have at 
any later time ^ 

kx = f F (a) Bin k (t — a) da, 

a; « J F (s) oos h{t — a) da. 

When jP ( 5 ) = ^ sin ks and r = 0 we find that 
24a; = t oos kt — 4”^ sin kt, 

and the oscillations in the value of x increase in magnitude as t increases. 
This is a simple case of resonance, a phenomenon which is of considerable 
importance in acoustics. In engineering one important result of resonance 
is the whirling of a shaft which occurs when the rate of rotation has a 
critical value corresponding to one of the natural frequencies of lateral 
vibration of the shaft. For a useful discussion of vibration problems in 
engineering the reader is referred to a recent book on the subject by 
S. Timoshenko, D. Van Nostrand Co., New York (1928). 

By choosing the unit of time so that 4=1 the mathematical theory 
may be illustrated geometrically with the aid of the curve whose radius 
of curvature, p, is given by the equation p = cc sin where ifj is the angle 
which the tangent makes with a fixed line. Using p now to denote the 
length of the perpendicular from the origin to the tangent, we have the 
equation ^ 2 ^, 


/> = ^i + P = «sin oyifj. 


■(B) 


The quantity p thus represents a solution of the differential equation, 
and by suitably choosing the position of the origin the arbitrary constants 
in the solution can be given any assigned real values. In this coimeotion 

it should be noticed that ^ has a simple geometrical meaning (Fig. 7). 

When cLi = 1 the equation (B) is that of a cycloid, while epicycloids and 
hypocycloids are obtained by making cd different from unity. The intrinsic 
equation of these curves is in fact 

€Uft 


4(a+6)6 . 
-'-sin 


a +26’ 
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whew a ifl the radnw of the fixed circle an,d 6 the radios of the rolling circle 
which containa the generating point. 

UpioyoloidB 6 > 0. 

Perwyoiloids and hypooyoloidB ft < 0. 




W«.7. 

§ 1*48. The effect of a transient force in prodnoizig forced osoillations 
is best studied by patting — oo and assoming that c and it ace both 
sere, then 

fee = I J* (t — cr) sin ka . da, 

Jo 

* I J* (t — or) cos ka . da. 

J 0 

Let os consider iSrst of all the case when 

(t) * h>0. 

la this case I" (i) is dieoontinuoua at time t » 0 in a way such that 
JP> (_ 0) _ jp' 0) « 2h. 

The solution which is obtained by snpposiag that x, it and a; are con 
tinnons at tame 0 is 

sin kada + J" e*«^> sin' hade 
2hamht h 

“irnir+Erqrp.e-*‘ «>o 
k 


x> 


‘k*+7i*^* 

2A 008 kt her** 
**-f A» 


f<0, 

t>0 

f<0. 


It wiU be noticed that a? is discontinuous at < « 0. 
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It is clear from these equations that x increases with t until ^ rea.ohes 
the first positive root of the transcendental equation 

2 cos ht == 

The corresponding value of x is then 

2 {h sin kt-\- k cos kt) 

As t increases beyond the critical value x begins to oscillate in value, 
and as t-*’ CO there is an undamped residual oscillation given by 

, 2h sin kt 

A general formula for the displacement x at time t in the residual 
osdillation produced by a transient force may be obtained by putting 
^ = 00 in the upper limit of the integral (t being retained in the integrand) 
This gives 

kx= F (s) sin k (t — s) ds, 

J —00 

In particular, if 

„ , , , Bin bs 

F (s) = cos ms . dm = . , . 

Jo ® 

we have 

' i-ao ^ Too , dS 

kx = sin kt cos ks sin ha cos kt sin ks sin ba -- ; 

j -oo S J -QO ^ 

the second integral vanishes and we may write 

/■qo dS 

2kx = sin kt [sin (6 + A:) « + sin (6 — h) 5 ] — 

— 00 

= 277 sin kt a b> k> 0 
= 0 ifO<6<i; 

= 77 sin kt a h = k> 0, 

There is thus a residual oscillation only when b > k. 


EXAMPLES 

1, If F (s) == f^ooBms.dm, 

J a 

there is a residual oscillation only when k lies within the range a<, k<b. Extend this result 
by considering oases when 

F (s) ^ r GOBms.^ (m) dm, F{s)^ f ^ sin ttw . (m) dm, 

^ (m) being a suitable arbitrary function. 

2. Determine the residual oscillation in the case when 

F {a) « (c® + 3®)-^ 

* Cf. H. Lamb, Dynamical Theory of Sound, p. 19- 
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3. If i'W = where ^>0 and x is chosen to bo a solution of the difterential 

equation and the supplementaiy conditions a; =* 0, = 0, when t ™ — oo , a? and i? continuous 

at i = 0, the residual oscillation is given by 

4^oosA;t 

D £* > A* there is a negative value of t for "which A = 0, but if ifc® < A® there is no such value. 


4. If X ^ X(o(t), 

"Where &> (t) is zero when i = x and is bounded for other real values of t, the solution for which 
xc and x are initially zero can he regarded as the residual oscillation of a simple pendulum 
disturbed by a transient force. 

5. If 0 < a* < u4 (f ) < 6®, the differential equation 

+ (C) 

is satisfied only by oscillating functions. Prove that the interval between two consecutive 
roots of the equation x == 0 lies between 7r/ec and w/b, 

[Let y be a solution of y + 6*y « 0 which is positive in the interval then 


~ ^ xi/di. 


Let ns now suppose that it is possible for x to be of one sign (pcwitive, say) in the interval 
"*■1 ^ ^ ^ “Tj and zero at the ends of the interval. We are then led to a contradiction because 
the suppoffltions make ir* positive near and negative near tj, they thus make the left-hand 
side negative (or zero) and the iight>hand side positive. Hence the interval between two 
consecutive roote of x must be greater than any range in which y is positive, that is, greater 
toan y/b. In a similar way it may bo shown that if z is a solution of z + = 0 the intcrviil 

bet^n Wo consecutive roots of the equation z « 0 is greater than any range in which x - 0, ] 
IS one of the many interesting theorems relating to the oscillating functions which 
an equation of iype (C). For further developments the reader is referred to B6cher*B 
^k, sur lea m^kodea de Sturm, Gauthier-Villajs, Paris (1917) and his article, 

Boundary problems in one dimension, - Fifth IrUermtiomd Congress of Maikermtkinna, 
J^roceedinga, vol. i, p. 163, Cambridge (1912). 

““y “ definite limiting 

^alue X being any solufaon of (C). [M. Fatou, Cemyrte, fieniua. t. 189. p. 967 (1929).] 

The generahty of this result baa recently been questioned. See Note I. Appendix! 

§ l-«. Let ub first 

solid which falls so slowly 

of «« first power 

t ^ Stokes’ law of resistance; it will be given in 

a preoise W m tie seetlon deijmg with the lootion of a sphere thtouoh 

P^t ™ shdl ose sitoply an nnJore3 
coeacient I and shall wnte the equation of motion in the form 

mdvjdt = m'g - hv, / * t 

^ ie the aceeleta^on of *ra4“5^ 

M 

^ m' g ’if- Be ^ 
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where 5 is a constant depending on the initial conditions. If = 0 when 
Owe have 

lev = m'g (1 — e 

To find the distance the body must fall to acquire a specified velocity 

V we write v = x. / 7 

mvdvjci^ — ith g 

= mm'g log ( ] — fenv. 

® - ku) 

If V denote the terminal velocity the equation may be written in the 
form y 

m/gx = mF^ log y— - ~ mVv. 

Let us now consider the case in which the particle moves in a fluctuating 
vertical current of air. Let/' (i) be the upward velocity of the air at time 
V the velocity of the particle relative to the ground and u ^ v f" [t) the 
relative velocity. On the supposition that the resistance is proportional to 
the relative velocity the equation of motion is 

mdvjdt = m'g — hi ^ m'g — Av — hf (0. 

If V = 0 when i = 0 the solution is 


Jci 




The last integral may be written in the form 


I. 


f {t — T)e ”* dr, 


which is very useful for a study of its behaviour when t is very large. 
The distance traversed in time t is given by the equation 

mgt mmg ^ \ “mj 

the constant inf (t) being chosen so that / (0) = 0. In particular if 

f' {i) = ^ + C COB pt, /(i) = ^ + ^8in3}<, 


we have 


V = 


ck 


kt 




[ke ^ — wpsinp^ — Aoosp^], 


a: = — 


ch 




As t 00 we are left with a simple harmonic oscillation which is not in 
the same phase as the air current. 

It should be emphasised that this law of resistance is of very limited 
application as there is only a small range of velocities and radius of particle 
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for whioh. Stokes’ law is applioable. It should be mentioiied that the product 
of the radius and the velooily must have a value lying in a certain range 
if the law is to be valid. 

An equation unTnilAi* to (A) may be used to describe the oourse of a 
unimoleoular chemical reaction in which only one substance is being trans- 
fonned. If the initial concentration of the substance is a and at time t 
altogether x gram-molecules of the substance have been transformed, the 
concentration is then a x and the law of mass action gives 

^=i(o-a), 


oj = a (1 — e-^), 

theooefficienti; being therate of transformation of unitmassof thesubstanoe. 

Simultaneous equations involving only the first deiivatives of the 
variables and linear combinations of these, variables ooour in the theory 
of consecutive unimoleoular chemical reactions. If at the end of time t the 
concentrations of the substances S and 0 are Xy y and z respectively 
and the reactions are represented symbolically by the equations 


A^By B^Qy 

the equations governing the reactions are 

ixlii , .. — « ^a; — h^y, dzldt = k,y. 

A more general system of lineaj equations of this type ocours in the 
theory of radio-active tranaformations. Let Pj, ... P„ represent the 
amounts of the substances A,, A^, ... A„ present at time t, then the law of 
mass action gives 

dt ‘ 


‘ \)P D AjP 1, 


— KPi — \Pt, 


dt 


Of 1 \iPn> 

wher^e coefficients A. aro constants. In my book on differential equations 

f ^ integrating factors. 

Tins method is elementaiy but there is another method* which, thoimh 
more recondite, is more convenient to use. ^ 

(B) 


Let us write 
then 


f* dp 

Jo W + *P. (*). 


• H. Batetun, iVoo. Oamb. PML Bon. toL 


*v, p. 423 (1910). 
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and 80 the system of differential equations gives rise to the system of 
linear algebraio equations 

a?Po (*) - Po (0) = - KPo {*), 

sepi {x) - Pi (0) = AojJo («) - \p^ {x), 

xpt (x) - Pa (0) = Aii>i (x) - \pt (x), 

(®) Pfi {®) ~ ^-lPn-1 {*) ~ ^Pn (®)> 
from which the functions Pq (x), pi (x), ...p„ (x) may at once be derived. 

If Pi (0) = Pj (0) = ... = P„ (0) = 0, i.e. if there is only one substance 
initially, and if Pq (0) =* Q, we have 

^^^®)“(x+Ao) (x+X,)’ 


P« (^) = 


AqAi ... ^-iQ 

(x + Ao) (® + Ai) . . . (x + A„) 


To derive P, (t) from p, (x) we simply express p, (x) in partial fractions 


P. (®) = 




x + Ao 


+ 


c. 

•§ **x+A/ 


The corresponding fimction P, (<) is then given by 


■P* (t) = Cge-^o* + ... 


for this is evidently of the correct form and the solution of the system of 
differential equations is unique. The uniqueness of the function P, (t) 
corresponding to a given function p, (x) can also be inferred from Lerch’s 
theorem which will be proved in § 6-29. 

If some of the quantities A«i are equal there may be terms of type 




in the representation of (x) in partial fractions. In this case the corre- 
spending term in F, (i) is ^ ^ 

Such a case arises in the discussion of a system of linear differential 
equations occurring in the theory of probability*. 


§ 1-44. The equation of damped vibrations, A mechanical system with 
one degree of freedom may be represented at time t by a single point P 
which moves along the a:-axis and has a position specified at this instant 
by the co-ordinate x. This point P, which may be called the image of the 
system, may in some cases be a special point of the system, provided that 
the path of such a point is to a sufficient approximation rectilinear. The 


* H. Bateman, Differential Egyationa, p. 46. 
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meohanioal system may also in spedal oases be just one part of a larger 
system; it may, for instanoe, be one element of a string or vibrating body 
on which attention is focussed. To obtain a simple picture of our system 
and to fix ideas we shall suppose that P is the centre of mass of a pendulum 
which swings in a resisting medium. 

The motion of the point P is then siinilar to that of a particle acted upon 
by forces which depend in value on t, x, x and possibly higher derivatives. 
For sunpUcity we shall consider the case in which the force P is a linear 

In the case when h (<) smd k (i) axe constants the equation of motion 
tahes the aiTuple form , m • . ^ ^^\ 

The motion of the particle is in this case retarded by a frictional force 
proportional to the vdooity. If it were not for this resistance the free 
motion of the particle would be a aimide hatmonic vibration of frequency 
njim. The effect of the resistance when n* > h* is to reduce the free motion 
to a damped oscillation of type 

X = Ae-** Bin (pt + e), “■ (B) 

where A and e axe arbitrary constants and 

XB n* — k*. 

The period of damped oscillation may be defined as the interval 
between successive instants at which z is a maximum and is 2ir/p. One 
effect of the resistanoe, then, is to lengthen the period of free oscillations. 
It may be noted that the interval between successive instants at which 
z s. 0 is 2wfp. The time range 0 < < < oo may, then, be divided up into 
intervals of this length. The sign of z changes as t passes from one interval 
to the next and so the point P does in fact oscillate. Points P and P' of 
two intervals in which z has the same sign may be said to correspond if 
their associated times i, t', axe conneoted by the relation 

pt' pt + 2mrr, 

where in is an integer. We then have 

z' = ze“* <*'“*• ™ ze"®"'/*. 

The positive constant k is seen, then, to determine the rate of decay 
of the osoillations. 

When OB k‘ the free motion is given by 

X = (A + Bt) e-**, 

where A B are arbitrary constants. In this case z vanishes at a time 
t given \yj B^k{A + Bt), thus | z | increases to a maximum value and 
decreases rapidly to zero. The motion of a dead-beat galvanometer 
needle may be represented by an equation of type (A) with n* >= k\ 
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hen > n® the free motion is of type 

X = 

u and V are the roots of the equation 
— 2kz + ~ 0. 

this case the general value of a; is obtained by the addition of two 
each of which represents a simple subsidence, the logarithmic de- 
it of which is u for the first and v for the second. The time t which 
led for the value of x in one of these subsidences to fall to half value 
in by the equation , _ 

the case of the damped oscillation (B) the quantity can be 

ed as the amplitude at time t. In an interval of time t this diminishes 
ratio r : 1, where r = 

bting r = 1, we have k = log r, whence the name logarithmic deore- 
laually given to k. Instead of considering the logarithmic decrement 
it time we may, in the case of a damped vibration, consider the 
hmic decrement per period or per half -period*. It is k'njp for the 
iriod. 

,en f{t) = C sin rrit, where G and m are constants, the solution of 
ferential equation (A) is composed of a particular integral of type 
p — m^) sin mt — 2km cos mt .j. 

(n* - my + 4**971=“ ^ ^ 

complementary function of type (B). The particular integral is 
)d most conveniently by the symbolical method in which we write 
dt and make use of the fact that Z)’*/ = — m^. The operator D is 
as an algebraic quantity in some of the steps 

fit) 

-I- 2kl) 4- n® 71® — + 2&D 

— 2kD . . . _ — 2kD . . 

= 0, i = 0 when t = a the unknown constants in the complementary 
1 may be determined and we find that 

px = \ <*“*■> sin p (^ — t)/ (t) dr. (C) 

. tt 

i result may be obtained directly from the differential equation by 
le integrating factors e*"* sin pi and cos pi. 
thus obtain the equations 

rt 

px sin pi + (i + kx) e*' cos pi = cos pr ./ (r) dr, 
px cos pi + (i + kx) sin pt = c*" sin pr ./ (t) dr, 

a 

E. H. Barton and E. M. Browning, Phil. Mag, (6), vol. XLVn, p. 496 (1924). 
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from which (C) is immediately derived. We also obtain the formula 

i + Jfex = [ 6"* cos p{t—r)f (t) dr. 

J a. 


Introducing an angle e defined by the equation 


tan€ = 


ihm 


the particular integral (I) may be expressed in the form 

X — A Bin (mt — e), 
where the amplitude A is given by the formula 

[(n^ - my + == 

This is the forced oscillation which remains behind when the time t is so 
large that the free oscillations have died down. The amplitude .d is a 
maximum when m is such that _ 2k^ = pa — k^. We then have 

Writing A = a-^max it is easily seen that when m is nearly equal to n 
and kjn is so small that its square can be neglected we have the approxi- 
mate formula* 

= — m|{l — ayi. 

This formula has been used to determine the damping of forced oscillations 
of a steel piano wire. 

It should be noticed that a differential equation of type (A) may be 
obtained from the pair of equations 


u + ku + nv = Oy 
V + kp — nu 0, 

where A: and n are constants. These represent the equations of horizontal 
motion of a particle under the influence of the deflecting force of the earth’s 

rotation and a fnctional force proportional to the velocity. These equations 
give ^ 

UU + VV + Jc (m» + = 0 , 


It® + B* = q2g~tkt^ 


hence k is the logarithmic decrement for the velocity. 

The equation of damped vibrations has some interesting annlications 
m .^mology „d m fee. ta work ir. Sir X mSn 

of the arms of a balance is recorded mechanioally. 

The motion of a horizontal or vertical seiOTnoeranh subieetftr? fn 
placements of the ground in a given direction ~ f m 

aented by an equation of form » - / W. can be repre- 


0 + 2kd + n®(? +x/l^0, 

• Horenoe M. Chambers. Phil. Mag. (6), yol. nym, p. 636 (1924). 
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where 8 is the deviation of the instrument, k a constant which depends 
upon the type of damping and Z the reduced pendulum length*. 

The motion of a dead-beat galvanometer, coupled with the seismograph, 
is governed by an equation of type 

^ + 2m(j> -j- mV + — 0, 

where ^ is the angle of deviation of the galvanometer and h and m are 
constants of the instrument. 

To get rid as soon as possible of the natural oscillations of the pendulum, 
introduced by the initial circumstances, it is advisable to augment the 
damping of the instrument, driving it if possible to the limit of aperiodicity 
and making it dead beat. By doing this a more truthful record of the move- 
ment of the ground is obtained. 

When the solution of the equation of forced motion 

X + 2hx -f- k'^x = / (t) 

is a; = r (Z - t) (t) dT+{A + Bt) 

a 

When t is large the second term is negligible and the lower limit of the 
integral may, to a close ajpproximation, be replaced by 0, — oo, or any 
other instant from which the value of / (Z) is known. 

When k is large the second term is negligible even when Z has moderate 
values and if, for such values of Z, / (Z) is represented over a certain range 
with considerable accuracy by G sin mZ, the value of x is given approxi- 
mately by the formula 

_ / (Z) C sin mZ 

^ + 2kD k^^ 0— + 2kl) 

= ^ ~ 

When k is large in comparison with m a good approximation is given by 
k^x = (7 sin mZ = / (Z), 

and the factor of proportionality k^ is independent of m, consequently, 
if a number of terms were required to give a good representation of / (Z) 
within a desired range of values of Z, the record of the instrument would 
still give a faithful representation, on a certain definite scale, of the 
variation of the force. 

When k and m are of the same order of magnitude this is no longer true, 
consequently, if the “high harmonics'’ occur to a marked degree in the 
representation of / (Z) by a series of sine functions, the record of the instru- 
ment may not be a true picture of the force!. 

* B. Galitzin, “The principles of instrumental seismology,” Fifth International Congress 
of MaiheTnaticiana, Proceedings^ vol. i, p. 109 (Cambridge, 1912). 

■f If m= A/10 the solution of the differential equation is approximately kh: = *99 sin (mi - c), 
where c is the circular measure of on angle of about 16° 59^ When m = A/5 the solution is approxi- 
mately kh: = -OB sin (mt - e), where c is the circular measure of an angle of about 31° 47'. 
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When ra # A the formula (I') shoivs that if 1: is iMge in comparison with 
both m and » the solution is given approximately by the formula 

2Jcmx = — C cos nU 
which may be written in the form 

2kx = / (<). 

This result may be obtained directly from the difierential equation by 
neglecting the terms x and n^x in comparison with 2kx. In this case the 
velocity x gives a faithful record of the force on a certain scale.' 

Finally, if n® is large in comparison with k and m, formula (I) gives 

and the inatnunent gives a faithful record of the force when the natural 
vibrations have died down. 


§ 1*45. The Mssipatum function. The equation of damped vibrations 
mx + 4- fjx =f {t) 

may be written in the form of a Lagrangian equation of motion 


where 


T = ^mx^y F = ikx^y V = 


Regarding m as the mass of a particle whose displacement at time t is 
X, T may be regarded as the kinetic energy, V as the potential energy and 
F as the dissipation function introduced by the late Lord Rayleigh*. The^ 
function F is defined for a system containing a number of particles by an 
equation of type ^ .. ^ 

where A*, iy, fc, are the coefficients of friction, parallel to the axes, for the 
particle Xy y, z. Transforming to general co-ordinates , g' 2 » ?8 > • • • ?« we may 

j'= - (12)?i?a, 

F= -{12}?:?*, 

where the coefficients [r^], ( 7 * 5 ), {rs} are of such a nature that the quadratic 
forms Ty Fy V are essentially positive, or rather, never negative. These 
coefficients are generally functions of the co-ordinates ... q^, but if we 
are interested only in small oscillations we may regard q^, ... q^y ... gn 
as small quantities and in the expansions of the coefficients in ascending 
powers of gt, ... it will be necessary only to retain the constant terms 
if we agree to neglect terms of the third and higher orders in q^y ... qny 

4iy •••?«* 


* Proc. London Math. Soc, (1), voL rv, p. 367 (1873). 
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The generalified Lagrangian equations of motion are now 

dt\diJ dq^'^d^dq^ 
where the generalised force associated with the co-ordinate q^. Since 
T is supposed to be approximately independent of the quantities q^, 
^ 2 , second term may be omitted. 

Using rs as an abbreviation for the quadratic operator 

the equations of motion assume the linear form 

+ 1 - 2(72 + ••• = Q\i 

^^1+ 22g2+ ... = Ca. (E) 

Since [rs] = [^r], (rs) = (fir), {rs} = {sr}, it follows that rfi = 


§ 1*46. Rayleigh^ 8 reciprocal theorem. Let a periodic force equal to 
u4a cos pt act on our mechanical system and produce a forced vibration of 

q^ = KA^ cos {pt — €), 


where K is the coefficient of amplitude and e the retardation of phase. The 
reciprocal theorem asserts that if the system be acted on by the force 
Qr = A cos pt, the corresponding forced vibration for the co-ordinate q^ 


will be 


g, = KAr cos {pt — e). 


Let D denote the determinant 


rr 

12 

13 


22 

23 

3l 

32 

33 


and let rs denote its partial derivative with respect to the constituent rs 
when no recognition is made of the relation rs = sr and when all the 
constituents are treated as algebraic quantities. This means that rs is the 
oofactor of rs in the determinant operator D. 

Solving the equations (E) like a set of linear algebraic equations on 
the assumption that D ^ 0, we obtain the relations 

Ugx = ri(2i+21(32+...^lGn, 

Dq2 = -|- 22^2 ~l“ . ri2Q^ , 


From a property of determinants we may conclude that since rfi = 
we have also rs = fi?-. Thus the component displacement q^ due to a force 


Q, is given by 


Dq, = rsQ, 
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Similarly, the component displacement q, due to a force Or is given by 

Dq,>=srQr. 

Distinguishing the second case by a dash affixed to the various quantities , 
Q, = A,e***, Q/ = il/e'*", 


we write 


where the coefficients A,, A/ may without loss of generality be supposed 
to be real. If they were complex but had a real ratio they could be made 
real by changing the initial time from which t is measured. 

Expressing the solution in the form 


. ffr = ^. 5 = a ; J 

and defining the forced vibration as the particular integral obtained by 
replacing djdt in each of the operators by ip, we obtain the relation 

A;qr = A,q' 

which gives reciprocal relations for both amplitude and phase. ^ 

In the statical case the quantities [ra], {rs), are all zero and D, ra, ra 
are simply constants. Rayleigh then gives two additional theorems 
corresponding to those already considered in § 2. 

(2) Suppose that only two forces Qi, Q 2 act, then 

Dq^=UQ,+ 2iQ2A 

jD?,= 1201+22(22.] 

If ji = 0 we have ^ ^ ^ ^ 

121)^2= 1122] Oi. 

From this we conclude that if q^ is given an assigned value a it requires 
the same force to keep = 0 as would be required if the force O 2 ^ keep 
g^a = 0 when q^ has the assigned value a. 

(3) Suppose, first, that 0^ = 0, then the equations (F) give 

gi : ga = 21 : 22. 

Secondly, suppose gg = 0, then 

Q 2 ■ Qi “ — 12 ' 

Thus, when O 2 alone, the ratio of the displacements qi, q^ is — QJQi » 
where Qi , are the forces necessary to keep q^ = 0. 


§ 1*47. FundameThtal equations of electric circuit thejcn^y. A system of 
equations analogous to the system (E) occurs in the theory of electric 
circuits. This theory may be based on Kirchhoff’s laws. 

(1) The total impressed electromotive force (b.m.f.) taken around any 
closed circuit in a network is equal to the drop of electric potential ex- 
pressed as the sum of three parts due respectively to resistance, induction 
and capacity. 
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Thus, if we consider an elementary circuit consisting of a resistanoe 
element of resistance J?, an inductance element of self-induction (or in- 
ductance) L and a capacity element of capacity (capacitance) 0, all in 
series, and suppose that an e.m.t. of amount E is applied to the circuit, 
^ Kirohhoff ’s first law states that at any instant of time 

iw+ig+e.B, (I, 

where I is the ^current in the circuit and Q = 

The fall of potential due to resistance is in fact represented by RI 
where R is the resistance of the circuit (Ohm’s law), the drop due to in- 
ductance is Ldljdt and the drop across the condenser is QjC, 

There is an associated energy equation 

+ I {\L1^) + I (<2V2C?) = El, 

in which RI represents the rate at which electrical energy is being converted 
into heat, while the second and third terms represent rates of increase of 
magnetic energy and electrical energy respectively. The right-hand side 
represents the rate at which the impressed e.m.f. is delivering energy to 
■ the circuit, while the left-hand side is the rate at which energy is being 
absorbed by the circuit. The inductance element and the condenser may 
be regarded as devices for storing energy, while the resistance is responsible 
for a dissipation of energy since the energy converted into Joule’s heat is 
eventually lost by conduction and radiation of heat or by conduction and 
convection if the circxiit is in a moving medium. 

If we regard Q as a generalised co-ordinate, we may obtain the equation 
(I) by writing ^ ^ F ^ V ^ Q^/2G, 

±(dT\JF dV_ 

(2) In the case of a network the sum of the currents entering any 
branch point in the network is always zero. 

If we consider a general form of network possessing n independent 
circuits, Kirchhoff’s second law leads to the system of equations 

dF W ' 

(r = 1, 2, ... n), 

where is the e.m.f. applied to the rth circuit, L^a, Ras, Caa denote the 
total inductance, resistance and capacitance in series in the circuit 5 , 
while Lyaf G^a denote the corresponding mutual elements between 
circuits r and s. We have written r„ for the reciprocal of and Qa for 

[ladt, where is the current in the 5th circuit or mesh. 
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An elaborate study of these equations in connection with the modem 
applications to electrotechnics has been made by J. R. Carson*. 

In discussing complicated systems of resistances, inductances ana 
capacities it will be convenient to use the symbol (LBO) for an inductance 
L, a resistance ii! and a capacity 0 in series. If a transmission line runnmg 
between two terminals T and T' divides into two branches, one of which 
contains {LRC) and the other {L'B'G'), and if the two branches subse- 
quently reunite before the terminal T’ is reached, the arrangement will be 
represented symbolieally by the scheme 


[T)- 


(LBO) 

\UR'C') 


{T% 


In electrotechrdca a mechanical system with a period constant and 
a damping constant h is frequently used as the medium between the 
quantity to be studied (which actuates the oscillograph) and the record. 
The oscillograph is usually critically damped (k = n) so as to give a faithful 
record over a limited range of frequencies but even then the usefulness of 
the instrument is very limited as the range for accurate results is given 
roughly by the inequality 10m < n. 

A method of increasing the working range of such an oscillograph has 
been devised recently by Wynn-Williams'l’. If an e.m.f. of amount E acts 
between two terminals T and T' and the aim is to determine the variation 
of Ey the usual plan is to place the oscillograph 0 in line with T and T* so 
that y, 0 and T' are in series. In our notation the arrangement is 


T-O-T'. 


Instead of this Wynn-WilUams proposes the following scheme 

in which L, R and G are chosen so that 2k — RIL, = l/GL and L^, Rj, C'j 
are chosen so that Li, G^ are small and R^ is such that there is a relation 
(k + kj)^ = n® -I- where 2ki = Ri/L, Wj® = IjLGi. 

Putting ii = 0 and writing q for the current flowing between T and 
T', X for the reading of the oscillograph, F for the back b.m.f. of the system 
{LRG). we have _ i i T 

[^LD® + (R + i?,) D i g = 


iD® + RD + 




Therefore 


X = 


[D2 + 2JcD + n^] X = F, 
E 


1)2 + 2 (* -f ij) jD + ^2 + 

* Electric circuit theory and operational calculus (McGraw Hill, 1926). 
t Ehil, Mag, voL l, p. 1 (1925). 



Cauchifs Method 67 

Hence when the reading of the oscillograph is used to determine E the 
oscillograph behaves as if its period constant were {n^ + instead of 
n and its damping constant k + instead of k. By choosing = 2471 ^, 
= 4^; == 471 we have 

^ = (7i® -1- 7ii*)i = 671, E ^ k k^= 6k = 5n, 

thus we obtain an amplitude scale which is the same as that of an oscillo- 
graph with a period constant 6n and a damping constant 6k, 

§ 1*48. Cauchy^ s method of solvirig a linear eqvation'^. Let us suppose 
that we need a particular solution of the linear differential equation 


cl>{D)u^f(t), (I) 

where ^ (D) = OoD” + + ... a„, 

and D denotes the operator djdt. The coefficients are either constants or 
functions of t. For convenience we shall write a (t) == l/a^. 


If (Vi, V 2 , ... v„) are distinct solutions of the homogeneous equation 

<f> (I))v = 0 

the coefficients Gj, (72, ... in the general solution 

V= (7iVi + (721^2+ 

may be chosen so that v satisfies the initial conditions 

t; (r) = t;' (t) == ... v^r^- 2 ) _ q, (t) = a (t) / (r), 

where (i) denotes the sth derivative of v (i) and r is the initial value of 
t. We denote this solution by the symbol v (t, t) and consider the integral 

u (i) = f V (ij t) dr. 

Jo 

Assuming that the differentiations under the integral sign can be made 
by the rule of Leibnitz, we have 

= [ />v (tj r)dr, 5 = 1, 2, ... 71 — 2, 71 — 1; 

J 0 

the terms arising from the upper limit vanishing on account of the pro- 
perties of the function v. On the other hand 

= j‘l)”v (t, T)dT + a {t)f(t), 

and so <i> {D) u = f (t) + ^ (D) v . dr = f (t). 

J 0 

This particular solution is characterised by the properties 

u (0) = u' (0) = ... (0) = 0, (0) = a (O)f(O). 

If, when f (t) ~ 1, V {t, r) — xjj {t, t), the general value for an arbitrary 

* Except for Bomo blight modifications this presentation follows that of F. D, Mumaghan, 
Bull. Amer. Math. Soc. vol, xxxiii, p. 81 (1927). 
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fnnotion / (t) is seen to be / (^) 0 (it, r) and so we may write u (t) in the 
foEin 

Introducing the notation 

f (#» t) = [ (t, s) da, 

d ^ 

we have r) ^ (i, t), 

and the .integral in (II) may be integrated by parts giving 

«(#)=/ (0) € (t, 0) + f (#. r)/' (t) dr. 

Jo 

Ibis is the mathematical statement of the Boltzmann-Hopkinson 
pxjnoiple of superposition, acoarding to which we are able to build up a 
particular solution of equation (I) from a corresponding particular solution 
i {t, r) for the case in which 

/(<) = ! <>T, 

= 0 t< T. 

When the coefficients in the polynomial <f> (D) are all constants we may 

4 (D)^ a, (D- r,) (D - r.) . . . (D - r„), 
where fj, ... r„ are the roots of the algebraic equation 4 (x) » 0. Taking 
first the case in which these roots are all distinct, we write 

«, = a = 1,2, ... n. 

The equations to determine the constants C are then 

Oi + ... 0„ = 0 , 
fjCi + ... = 0, 

««/(«). 

We may solve for O by multiplying these equations respectively by 
the coefficients of the successive powers of a; in the expansion 

(*- r,) (* - r,) ... {x - f„) •. &o + 

Since = 1 we find that 

“/ (v) = Oi (fi - fj) (fi - r,) ... (fi - r,) = aOi4' (fj). 
and the other ooeffioients may be determined in a similar way* 

Writing kr for the reoiprocal of <f>' (r,) we have 

» it> t) = / (t) r =f(T)4 {t, r), 

a-1 

and it p, denotes the reciprocal of r, 


[ 0(<i ’■)/(*) dr. 
JO 


.(H) 
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w 




<^(B) 




[^(0)]-i= - s p,k„ 

a-1 

9(0) a-irs<f>' (r,) 

there is a double root r^ = r^, we write 

Vi = Vi=(t- t) en'*-'), 

>n being the same as before. The equations to determine the constants 

"i" 0 . t/g + C73 + ... C„ = 0, 
r^Gi + 1 . C'g + . Cj + ... r„ . (7„ = 0, 

ri»-i£', + («, - 1) + rs^-iC'a + ... r„"-i(7„ = af (t). 

iting (r - X) J (r) = (r - 'A) (r - r,) ... (r - r„) 

= Co + Cir+ ... 

altiplying the equations by Co, Cj, ... c„_i respectively we find that, 

n-1 = 

G, (r, -X)F {r,) + G, [F (r,) + (r, - A) F' (r,)] = af (r). 

> quantity A is at our disposal. Let us first write A = r^, we then 

(>-1) = a/ (r). 

plifying the preceding equation with the aid of this relation we 

(fi) + G^F' (r^) = 0. 
ting G (r) = a/F (r), 

® = / M G' (ri), Gi=f (t) O (Tj). ■ 

se are just the constants obtained by writing 


fill Oi . c, ^ 

<f>(r) T — ri{r — r — \ 


•+ ... 


r-r„ 


imilar rule holds in the case of a multiple root of any order or any 
• of multiple roots. Thus in the case of a triple root, 

/(t)... g, gg 21^3 

0(r) r- (r- (r - ■■■■ 


t9. Heaviside's expansion. The system of differential equations (11) 
7 may be written in the form 

S a,Ma = E,{t), 

a- 1 

he a’s are analogous to the operators of § 1*46. 
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Denoting the determinant | a„ | hy ^ (D) and using A„ to denote the 
co-factor of the constituent a„ in this determinant, we have 

4> (D) e. = S A„E, {t). 

r-l 

To obtain an expansion for Q, we first solve the equation 

9i(D)y,(<)= 1 

with the supplementary conditions' 

y.(0)-y/(0) = ...y«»-«(0) = 0, 
then av, = A„y, («) 

is a particular solution of the equation ^ (D) = A„ . 1 for which 

(0) = !c/ (0) = 0; 

and by the expansion theorem of § 1-48, 

. {t, 0 ) = A„y, (t, 0 ) 

= g A„{u) 

which is Heaviside’s expansion formula. The corresponding formula for 
nr n n 

Qs (0 = \Er (0) x„ [t, 0) + J ^ E; (t) x„ {t, t) d-rj , 

and this particular solution satisfies the conditions 

Qs (0) = Q: (0) = 0. 


§ 1*51. The simple wave-equation. There are a few partial differential 
equations which occur so frequently in physical problems that they may 
be called classical. The first of these is the simple wave-equation 

which occurs in the theory of a vibrating string and also in the theory of 
the propagation of plane waves which travel without change of form. 
These waves may be waves of sound, elastic waves of various kinds, waves 
of light, electromagnetic waves and waves on the surface of water. In 
each case the constant c represents the velocity of propagation of a phase 
of a disturbance. The meaning of phase may be made clear by considering 
the particular solution 

V = sin {x — ct) 

which shows that F has a constant value whenever the angle x — ct has 
a constant value. This angle may be called the phase angle, it is constant 
for a moving point whose a;-co-ordinate is given by an equation of type 
X = ct + a, where is a constant. This point moves in one direction with 
unif orm velocity c. There is also a second particular solution 

F = sin (a: 4- ct) 
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for which the phase angle a: + c< is constant for a point which moves with 
velocity c in the direction for which x decreases. These solutions maybe 
generalised by multiplying the argument a: ± d by a frequency factor 
^TTvjc, where is a constant called the frequency, by adding a constant y 
to the new phase angle and by multiplying the sine by a factor A to 
represent the amplitude of a travelling disturbance. In this way the 
particular solution is made more useful from a physical standpoint be- 
cause it involves more quantities which may be physically measurable. In 
some cases these quantities may be more or less determined by the supple- 
mentary conditions which go with the equation when it is derived from 
physical principles or hypotheses. 

Usually this particular equation is derived by the elimination of the 


.(A) 


quantity V from two equations 

dv _ dU }u „dV 
"di " “ ai ’ di ^ dx 
involving the quantities U and V, the coefficients a and ^ being constants. 
The constant c is now given by the equation 


c® = a^. 


It should be noticed that 
obtained for U is 


if V is eliminated instead of 

~ ® ai* ’ 


V, the equation 


and is of the same type as that obtained for V . This seems to be a general 
rule when the original equations are linear homogeneous equations of the 
'first order with constant co((fliciont8, however many equations there may 
be. I’he rule breaks dcjwn, however, when the coefficients are functions of 
tho independent variables. If, for instance, a and ^ are functions of x the 
reaulting equations aro re.sjK'c-tivcly 



These equations may be called asaociatetl ajuations. Partial differential 
equations of this type occur in many [ihysical problems. If, for instance, 
y denotes the horizontal deflection of a hanging chain which is performing 
small oscillations in a transverse direction, the equation of vibration is 


^ 9 

9<a ~^i)x 



where <j is the acceleration of gravity and x is the vertical distance above 
the free end. Equations of the above type occur also in the theory of the 
propagation of shearing waves in a medium stratified in horizontal plane 
layers, the physical properties of the medium varying with the depth. 
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§ 1'62. The differential equation (I) wm solved by d’Alembert who 
showed that the solution can be expressed in the form 

V = f (x - <a) + g (x + ct), 

where / (z) and g (z) are arbitrary fimctions of z with second derivatives 
f" (*')> 9" ( 2 ) that are continuous for some range of the real variable z. 
A solution of type f (x — ct) will be called a “primary solution,” a term 
which will be extended in § 1*92 to certain other partial differential 
equations. 

To illustrate the way in which primary solutions can be used to solve 
a physical problem we consider the transverse vibrations of a fine string 
or the shearing vibration of a building*. 

The co-ordinate x is supposed to be in the direction of the undisturbed 
string and in the vertical direction Jor the building, the co-ordinate y is 
taken to represent the transverse displacement. If A denotes the area of 
the cross-section, which is a horizontal section in the case of the building, 
and p the density of- the material, the momentum of the slice A dx is 

where M = pA-^. The slice is acted upon by two shearing forces acting 

in a transverse direction and by other forces acting in a “vertical” 
direction, i.e. in the direction of the undisturbed string. Denoting the 

shearing force on the section x by 8 , that on the section a: -f da: is ^ + ^-dx. 
The diflFerence is ^ dx, and so the equation of motion is 

m^ds 

dt ^dx' 

We now adopt th^ hypothesis that when the displacement y is very 
small 

where /a is a constant which represents the rigidity of the material in the 
case of the building and the tension in the case of the string. According 
to this hypothesis if p and A are also constants 

df^ dx^’ 

where c® = p/p. The expressions for M and 8 also give the equation 

d8 dM 

P dt~ ^~dx ’ 

and so we have two equations of the first order connecting the quantities 
M and 8', these equations imply that M and 8 satisfy the same partial 
differential equation as y. 

♦ The Bheajing vibrations of a building have been disouflaed by K. Suyehiro, Journal of the 
Ir^BtOute of Japanese ArMUcta, July (1926). 
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In the case of the building one of the boundary conditions is that there 
is no shearing force at the top of the building, therefore S — 0 when x = h. 
Assuming that 


y =f (x - ct) + g {x + ct) 
dy 

the condition is = 0 when a; = ft, and so 


0 = /' (ft - ct) + (ft + ct). 

This condition may be satisfied by writing 

y — (l> {ct + X -- h) + <l> {ct — X + h)y 
where ^ ( 2 ) is an arbitrary function. 

A motion of the ground {x = 0) which wiQ give rise to a motion of this 
kind is obtained by putting a: = 0 in the above equation. 

Denoting the motion of the ground hy y = F {i) we have the equation 

F {t) = (f>{ct-h)i-<l> {ct + ft) (A) 


for the determination of the function ^ ( 2 ). 

In the case of the string the end x = I may be stationary. We therefore 
put y = 0 for x = I and obtain the equation 

0 = / (Z — c<) + ^ (Z + ct) 

which is satisfied by 

1 / = i/f (cZ + a; — Z) — ^ (cZ + Z — a;), 

where ^ is another arbitrary fimction. If the motion of the end a; = 0 is 
prescribed and ib y = 0 (Z) we have the equation 

0 {t) = ip {ct — 1) — i/i {ct 1) (B) 

for the determination of the function ip ( 2 ). 

If, on the other hand, the initial displacement and velocity are pre- 
scribed, say g 

y = S{x), -^ = x{x) 

when Z = 0, we have the equations 

s (^) = / (^) + 9 {^h X (^) = c [g' {^) - r i^)] 

which give 2c/' (a;) = cS' (x) — x 

2cg' {X) = cd' {X) + X 


and the solution takes the form 

y = ^[0 {x — ct) + 6 {x + ct)] H- 


1 

2c 



dr. 


If in the preceding case both ends of the string are fixed, the equation 
(B) implies that ^ (x) is a periodic function of period 21, the corresponding 
time interval being 21/c. Submultiples of these periods are, of course, 
admissible, and the inference is that a string with its ends fixed can perform 
oscillations in which any state of the system is repeated after every time 
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interval of length ^mfnc, where m and n are integers, n being a constant 
for this type of oscillation. 

In the case of the building the gropnd can remain fixed in cases when 
^ (z) is a periodic function of period 4h such that 

<f> {z + 2h) = — <f> (z). 

It should be noticed that the conditions of periodicity may be satisfied 
by writing 

^{z)=-8in^, ^ (z) = sin[(»+ J)ffz/A], 


where m and n are integers. Thus in the case of the string with fixed ends 
there are possible vibrations of type 


. mirx 

y = a„sm— pcos 


WlTTCi 

I ’ 


and in the case of the building with a free top and fixed base there are 
possible vibrations of type 


y = sin |^(» + J) yj cos |^(» + J) , 

These motions may be generalised by writing for the case of the string 


. niTrx 

y= 2 a„sm-=-cos , 

m-l I I 


miTCt 


where the coefficients a„ are arbitrary constants. For complete generality 
we must make s infinite, but for the present we shall treat it as a finite 
constant. The total kinetic energy of the string is 




7n— 1 


m^TT^c^ 

4Z* 


sin® 


rmrct 


since we have sin ~ sin ^ da: = 0 

= 1/2 n = m. 

Since the kinetic energy is the sum of the kinetic energies of the motions 
corresponding to the individual terms of the series, these terms are supposed 
to represent independent natural vibrations of the string. These are generally 
called the normal vibrations. 

The solution for the vibrating building can also be generalised so as to 
give 

y = sin [(n + cos [(n + i) ^], 

and the kinetic energy is in this case 




(2n+ l)®7r®c® 
161 


bj 


sm* 
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for now we have corresponding relations 

j\w j^(» -I- J) sin j^(m + J) ^ (fa = 0 . 


m=^n 


Suoh relations are called orthogonal relations. 


= A/2 


§ 1-B8. In the case of the equation of the transverse vibrations of a 

string there is a type of solution which can be regarded as fundamental. 

Let us suppose that the point a; = a is compelled to move with a simple 

harmonic motion* « / . v 

2 / = jS cos (pi + a), 

where a, and p are arbitrary real constants. If the ends x = 0^ x — l 
remain fixed, it is easily seen that the differential equation 

_ a 

and the conditions ^ = 0 at the ends may be satisfied by writing y = y\ for 
0<x< a and y — for a< x< I, where 

yj = P cosec (Aa) sin (Arr) cos {pt + a), 
y 2 = p cosec A (Z — a) sin A (Z — a;) cos (pt -f- a), 

and Ac = p. The case of a periodic force F = Fq cos (pt + a) concentrated 
on an infinitely short length of the string may be deduced by writing down 
the condition that the forces on the element must balance, the inertia 
being negligible. This condition is 

F = Py^' - Pj/a' for x = a, 

where P is the pull of the string. Substituting the values of and we 
cFq = ppP [cot Aa + cot A (Z - a)]. 


Therefore 


j8 = ^ cosec AZ sin Aa sin A (Z — a).* 
X A 


The solution can now be written in the form 


F 

2/= pff (a:.®). 


g {x, a) 


0<x<a 


a<x<l. 


, , , sin Ao: sin A (Z — a) a ^ ^ „ 

where g{x,a) = 0<a:<o 

^ sin A ( Z - a;) sinja a<x<l. 
Asin AZ 

This function g (x, a) is a solution of the differential equation 
* Rayleigh, Theory of Sound, voL i, p. 195. 
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and satisfies the boundary conditions g = 0 when a; =* 0 and when a; = Z. 
It is continuous throughout the interval 0 < a; < Z, but its first derivative 
is discontinuous at the point x — a and indeed in such a manner that 



The function g (x, a) is called a Green’s function for the diSerential 
expression + X^Uy it possesses the remarkable property of symmetry 
expressed by the relation 

g {Xy a) = g (a, x). 

This is a particular case of the general reciprocal theorem proved by 
Maxwell and the late Lord Rayleigh. 

It should be noticed that the Green’s function does not exist when A 
has a value for which sin AZ = 0, that is, a value for which the equation (A) 
possesses a solution g = sin Xx which satisfies the boundary conditions and 
is continuous (D, 1) throughout the range (0 < a; < 1), 

A fundamental property of the Green’s function g (Xy a) is obtained by 
solving the differential equation 

by the method of integrating factors. Assuming that y is continuous (D, 2) 
in the interval (0, 1) and that the function / {x) is continuous in this interval, 
the result is that 

“ - “ (IL, - “ ® (IL, - £ > <*■ 

where u (0) and u (Z) are assigned values of u at the ends. If these values 
are both zero y is expressed simply as a definite integral involving the 
Green’s function and / (a). 

§ 1-64. The torsional oscillations of a circular rod are very similar in 
character to the shearing oscillations of a building. Let us consider a 
straight rod of uniform cross-section, the centroids of the sections by 
planes x =* constant, perpendicular to the length of the rod, being on a 
straight line which we take as axis of x. Let us assume that the section at 
distance x from the origin is twisted through an angle B relative to the 
section at the origin. It is on account of the variation of B with x that 
an element of the rod must be regarded as strained. The twist per unit 
length at the place x is defined to be 

dd 

it vanishes when 6 is constant throughout the element bounded by the 
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planes X and x 4- dx, i.e. when this element is simply in a displaced position 
just as if it had been rotated like a rigid body. 

The torque which is transmitted from element to element across the 
plane x is assumed to be where ju. is an elastic constant for the material 

(the modulus of rigidity) and Z is a quantity which depends upon the size 
and shape of the cross-section and haa the same dimensions as /, the 
moment of inertia of the area about the axis of x. 

Let p denote the density of the material, then the moment of inertia 
about the axis of x of the element previously considered is pidx and the 
angular momentum is pl6dx. 

Equating the rate of change of angular momentum to the dijBEerence 
between the torques transmitted across the plane faces of the element, we 
obtain the equation of motion 

df^ ~ dx'^ 


which holds in the case when the rod is entirely free or is acted upon by 
forces and couples at its ends. In this case the differential equation must 
be combined with suitable end conditions. 

A simple case of some interest is that in which the end a; = 0 is tightly 
clamped, whilst the motion of the other end a; = a is prescribed. 


§ 1*65. The same differential equation occurs also in the theory of the 
longitudinal vibrations of a bar or of a mass of gas. 

Consider first the case of a bar or prism whose generators are parallel 
to the axis of x. Let a; + f denote the position at time t of that cross- 
section whose undisturbed position is a;, then ^ denotes the displacement 
of this cross-section. An element of length, Sa;, is then altered to 8 (rr f), 
or (1 + I') Sx, where the prime denotes differentiation with respect to x. 
Equating this to ( 1 + e) 8a; we shall call e the strain. The strain is thus the 
ratio of the change in length to the original length of the element and is 
given by the formula 

^^aa;* 

According to Hooke’s law stress is proportional to strain for small 
' displacements and strains. The total force acting across the sectional area 
in a longitudinal direction is therefore T ~ SJeA, where JS is Young s 
modulus of elasticity for the material of which the rod is composed. The 
stress across the area is simply JEJe. 

The momentum of the portion included between the two sections with 

co-ordinates x and x-j- Sx is M Sx, where M = pA ^ and p is the density of 
the material. The equation of motion is then 

8t dx ’ 


5-2 
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pA 




0a? L 


- When the material is homogeneous and the rod is of uniform section the 
equation is 


dt^ 


*= c 


2^ 

0a;«’ 


where o® = E/p. Since the modulus E for most materials is about two or 
three times the modulus of rigidity p, longitudinal waves travel much more 
rapidly than shearing waves and the frequency of the fundamental mode 
of vibration is higher for longitudinal oscillations than it is for shearing 
oscillations. In the case of a thin rod shearing oscillations would not occur 
alone but would be combined with bending, and the motion is different. 

The fundamental frequency for the lateral oscillations is, however, much 
lower than that for the longitudinal oscillations. Let us next consider the 
propagation of plane waves of sound in a direction parallel to the axis of x. 

Let Vq ^ A Sx be the initial volume of a disc-shaped mass of the gas 
through which the sound travels, v = A8 {x-\- the volume of the same 
mass at time t. We then have 

V = Vq {1 e), 

where e is now the dilatation. JipoiB the original density and p the density 
of the mass at time we may write 

/> = />o (1 + «)» 

where s is the condensation, it is the ratio of the increment; of density to 
the original density. Since pv = pqVq we have 

(1 -f. 5) (1 + e) = 1, 

and if s and e are both small we may write 



To obtain the equation of motion we assume that the pressure varies 
with the density according to some definite law such as the adiabatic law 



where is the pressure corresponding to the density y and is a constant 
which is different for different gases. 

This law holds when there is no sensible transfer of heat between 
adjacent portions of the gas. Such a state of affairs corresponds closely 
to the facts, since in the case of vibration of audible frequency the con- 
densations and rarefactions of our disc-shaped mass of gas follow one 
another with a frequency of 500 or more per second. 

For small values of s we may write 

i:> = JPo(l + 



The equation of motion is now 
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where 


m 

dt '' 


0 * ’ 


M = F = -Ap. 


Substituting the values of p and a we obtain the equation 


dt» 


dx* 


in which 






For sound waves in a tube closed at both ends the boundary conditions 
are f = 0 when a: = 0 and when x =1. The solution is just the same as the 
solution of the problem of transverse vibration of a string with fixed ends. 

For sound waves in a pipe open at both ends and for the longitudinal 
vibrations of a bar free at both ends we have the boimdaiy conditions 

I- 

when, a? = 0 and when a; = i, which express that there is no stress at the 
ends. The normal modes of vibration are now of type 

^mTTCi^ 




Tmrx 
I cos — cos I 




where is an arbitrary constant and m is an integer. This solution is of 
type 

^ = 4) {x ^ ct) + <!> (ct - x), 

and may be interpreted to mean that the progressive waves represented 
by = 0 (c^ — x) are reflected at the end a; = 0 with the result that there 
is a superposed wave represented by fg = 

There is a different type of reflection at a closed emJ of a tube (or fixed 
end of a rod), as may be seen from the solution 

^ = <4 [ct - x) — (f> [ct x), 
which makes = 0 when a; = 0. 

Reflection at a boundary between two different fluid media or between 
two parts of a bar composed of different materials may be treated by 
introducing the boundary condition that the stress and the velocity must 
be continuous at the boundary. 

If progressive waves represented by fo = approach the 

boundary a; = 0 from the negative side and give rise to a reflected wave 
fi = + ^l<^) and a. transmitted wave “ ^r/c'), the boundary 


conditions are 


K (s 8) — K% 
■0/^W0<’ + J*. 
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where k = ypo x' = v'Po> 'tli® constants y and y' referring respectively 
to the media on the negative and positive sides of tiie origin. The equi- 
librium pressure pg is the same for both media. 


Now 


dt ~ 


dt~ 


hence, when a; = 0, 

CSg ~ (0> — ®^1 ~ {t)> ® (0> 

and c («o — fii) = c'ag, k {8„ -f Sj) = k'Sj . 


Therefore 


“ k'c+kc'®*’ ~ ®‘” 

_ kc' — k'c _ 2kc' 


K C — KC 


2kC 


K C + ACC 


AC'C + ACC 


§ 1*66. TKe simple wave-equation occurs also in an approximate theory 
of long waves travelling along a straight canal, with horizontal bed and 
parallel vertical sides, the axis of x being parallel to the vertical sides and 
in the bed (see Lamb’s Hydrodynamics, Ch. vm). 

Let b be the breadth of the canal and h the depth of the fluid in an 
initial state at time ^ = 0 when the fluid is at rest and its surface horizontal. 
We shall denote the density of the fluid by /> and the pressure at a point 
(x, y, z) by p. The motion is investigated on the assumption that p is 
approximately the same as the hydrostatic pressure due to the depth 
below the free surface. This means that we write 

P = Po + 9P ill' + V - y)y (I) 

where po is the external pressure, which is supposed to be uniform, t] is 
the elevation of the free surface above its undisturbed position and g is 
the acceleration of gravity. One consequence of this assumption is that 
there is no vertical acceleration, in other words, the vertical acceleration is 
neglected in making this approximation. 

If, in fact, we consider a small element of fluid bounded by horizontal 
and vertical planes parallel to the planes of reference, the axis of y being 
vertically upwards, the equations of motion are 

pa . 8xbySz ~ ^ • SySz, 

. Sa;8y8z = — ~ 8y , 8z8x — pgSxSySz, 
py . SxSySz = “ 8z . 8a;Sj/, 


where a, j9, y are the component accelerations. With the above assumption 
we have j3 = y = 0, and so « 
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The assumptioii of no vertical acceleration ia not equivalent to the 
assumption (I), because an arbitrary function of a?, z and t could be added 
to the right-hand side of (I) and the equations of motion would still give 
no vertical acceleration. 


Equation (I) gives 


pa 


drt 


, This expression for a is independent of j/, consequently, since g is 
assumed to be constant, the acceleration a is the same for all particles in 
a vertical plane perpendicular to the axis of x. The horizontal velocity u 
depends o;i x and t only. 

Now let ^ be the total displacement from their initial position of the 
particles which at time t occupy the vertical plane x. Each particle is 
supposed to have moved horizontally through a distance but actually 
some of the particles will have moved slightly upwards or downwards as well. 

If AX = i, A'X' = i + ^^8x, 

the fluid which occupies the region QQ'X'X is 
supposed to have initially occupied the region 
PP'A'A, 

Equating the amount of fluid in the region 
QQ'N'N to the difference of the amounts in the 
regions PNXAy P'N'X'A' we obtain the equa- 
tion of continuity 

— ^ {ihb) Sx = rjbSx, 



A A XX' 


Fig. 9. 


or 


'dx* 


.(H) 


A second equation is obtained by writing ® ^ approximately 

true in the case of infinitely small motions, the exact equation bemg 


Writing 


we have 


du , du 

i = i udti 
Jo 

3^ 

dt^~ dt 


.(HI) 


The equations (II) and (III) now give the wave-equations 


a5_ 

dt^ ~ dx^’ 


9*’?- C2— ’’ 
dt^~ a®*’ 


where c® = 9^- 

When, in addition to gravity, the fluid is acted upon by sm^ dis- 
turbing forces with components (X, Y) per unit mass of the fluid, the 
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aBBumptioii that thd pressure is approniUAtely equal to the hydiostatio 
pressure leads to the equation 


h + n 


P^’Po + pj 

-^dy, 


Thiag™ 

and the equation ot horizontal motion 


(ff- T)dy. 

I 


du 


pX- 


8p 


indioates that in geneoral u depends on ^ as well as on x and t. 

With, however, the simplifying assumptions that JT is small compared 
dY 

with g and that h is small in oompuison with X the equation tahes the 


form 


dt 


X- 



and, if JT depends only on x and /, this equation indicates that u is inde- 
pendent of y. We may then proceed as b^ore and obtain the equations 




° dx* 


+ X, 




-h 


dX 

B- 


WTAMPT.™ 

1. An elastio bar of length I haa maaseB mg, Mi at the ends x — 0,x — l leepeotiTely. 
iPtove that the terminal oanditions are 

iffA ^ when * — I. 

Prove that the posaible frequeaoies of vibration are given by the equation 
(1 “ tan ^ + (/lo + /ii) « - 0, 

and ne/2fr m the number of vibrations per second. 

2. If a prescribed vibration f — C oos tU is maintained at the end a; — 0 of a straight 
pipe which is closed at the end a; — 2 the vibration at the place z is given by 

f — Cooeec— am— ^ ^ oosnt 
0 c 

Obtain the oarrespondixig solution for the case in which the end a; » 2 is open. 

8. Disonss the langitudinal oscillations of a weighted bar whose upper end is fixed. 
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4. If Z„ = log|l + „^J, L = log|^ 

and is an arbitrary oonstant, the function 

y « -4 [sin 2ffira — sin 257r)S] 
satisfies the difierential equation 

and the end oonditions y =» 0 when as = 0 and when x ^ a vt. Prove also that when v -► 0, 

„ M . SttX &irCt 

y -> 24 sm — cos — . 

a a 

[T. H. Havelock, Phil. Mag. vol. XLvn, p. 764 (1924).] 
6. Prove that if y = 0 when a? *= 0 and a; =* vi, 

y^f{x), y^g(x),whmt^to, 
a solution of = c® is given by 


where 


1 rt 

a log « 27r, 

c “ t; 


«»P W = ■P(cio + ®) = 4/ (®) + ^ ?(*)*:, -«< 0 <a<i)(j, 

“ 7 f *!l ^ (c<o + *) ain (now) 

’f ;-rf, Mo + a 

■F(c<o + *)oos(naw)-^, 

W J —vto CEq + ic 

and it is supposed that 


/(-*) /(®). ?{-*) ?(*). 

[E. L. Nicolai, PhU. Mag. vol. vt.tt , p. 171 (1926).] 


§ 1-61. Conjugate functions and systems of partial differential equations. 
If in equations ((A) § 1-61) we write a = 1, = — 1 and use the variable 

y in place of t we obtain the equations 

dV_^dV 

dx dy' dy ~ dz 

satisfied by two conjugate functions U and V. In this case both functions 
satisfy the two-dimensional form of Laplace’s equation 

d»y , 9 ^ _ . 

0ir» ^ dyo ~ 

This equation is important in hydrod3mamics and in electricity and 
magnetism. 

The equations (A) may be generalised in another way by writing 

dV dU dV 
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whero a, jS, y, 8, 6, <f>, A, ft, a, r axe arbitraxy oonstaxits. la paxtioulax, 


the eqaations 


lead to the equation 


3^ £7 §5 „ 


3*17 


3^ _ 

3« “ * 3** ’ 

which is the equation for the conduction of heat in one direction when U 
is intecpreted as the temperature and k as the diffusivity. The same 
eq^uation ooours in the theory of diffusion. It should be noticed that the 
quantity V satisfies the same equation. 


Again, if we write 




and interpret V as electric potential, U as electric current, we obtain the 
difierential equation 

W +iEO + 8L)^^ + BSV^O 

which governs the propagation of an eleotrio current in a cable*. The 
ooefiB.oients have the following meanings : 

B L C S 

resistance inductance capacity leakance 

all per unit of length of the cable. The quantity U -satisfies the same 
differential equation as V. This differential equation may be reduced to a 
canonical form by introducing the new dependent variables u, v, defined 


by the equations 


u = V = 


These variables satisfy the equations 

^ — T — 
dx~ dt’ 

^-0^+(S-0S/L)v. 

and the canonical equations of propagation are Heaviside’s equations 






?!!! rr^j-tar 
9x* “ 3<* ^ ■ 


3«' 


These equations axe of the simple type (1) if 

8L = GB. 

In this case a wave con be propagated along the cable without distortion. 
* Gf . J. A. Sleming, Tha Propagation of Eleotrio OwretUa in Tdephone and Telegraph CirouiiSt oh. v. 
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When dealing with the general eq^uations (A) it is advantageous to use 
algebraio symbols for the difierential operators and to write 






the differential equations may then be written symbolically in the form 
(OD, ^ yD, - /.) F = {oD^ + A) U, {</,D, - 8D^ ^ a) (pD, + r) V. 

The first equation may be satisfied by writing 

V = (dDt - yD^ - i^) F, F = (aD, + A) F, (B) 

where F is a new dependent variable. Substituting in the second equation 
we obtain the following equation for F, 

[(dDf — yD„ — fji) {<f>Di - - a) - {aD„ + A) (jSDa, + t)] F = 0, 

which, when written in full, has the form 

— (06 + (fiy) + (yS - aP) - {0<T + 


3^2 


9a;2 


dt 


dW 


— (CKT + j3A + ycT + 8fi) -g^ + (fJLcr — At) F = 0. 


When this equation has been solved the variables V and F may be 
determined with the aid of equations (B). It is easily seen that TJ and F 
satisfy the same equation as F. 

The equation for F is said to be hyperbolic, parabolic or elliptic 
according as the roots of the quadratic equation 

— (58 4" <^y) X + yS — ap = 0 

are real and distinct, equal or imaginary. In this classification the co- 
efficients a, p, y, S, 5, A, /x,, a, r are supposed to be all real, the simple 
wave-equation is then of hyperbolic type, the equation of the conduction 
of heat of parabolic type and Laplace’s equation of eUiptio type. The 
telegraphic equation is generally of hyperbolic type, but if either (7 = 0 or 
L = 0 it is of parabolic type and the canonical equation is of the same form 
as the equation of the conduction of heat. 

The foregoing analysis requires modification if the coefficients a, j3, y, 
8, 5, A, fjLj C7, r are functions of x and tj because then the operators aDg. -h A 
and dDt — yD„ — /x- are not commutative in general, and so the first 
equation cannot usually be satisfied by means of the substitution (B). If, 
however, the conditions 


o 

By da 

Bll 9A ^ 0A 


I da 


dx ^ dx 


dt 
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are satisfied the operators are commutative (permutable) and a difiereutial 
equatioo. may be obtained for W. In this case the variables TJ and V do 
not necessarily satisfy the setme partial difierential equation. This is easily 
seen by considering the simple case when the first equation is 17 = BdVIdt 
and and r are independent of t. 

Difierentisl operators which are not permutable jday an interestiog 
part in the new mechanics. 

§ 1'68. For some purposes it is useful to oouBider the partial difference 
equations which are analogous to partial differential equations in which 
we are interested. The notation which is now being used in Germany is 
the following*: 

u{x + h,y)-u (», y) = Aw,, « (*, y + A) - « (®, y) * Ait,, 

^ (®j y) - « (x - A, y) = Aitg, It (x, y) - It (x, y - A) = Aitj, 
tt (x + A, y) - 2 it (x, y) + « (« - A, y) = A*it ,5 = Ahts*. 

The equations it. u, = — Vs 

are analogous to those satisfied by conjugate functions sinoe they imply 
that - - 

The equations itg tty = 

give the equations u^a = ity, =• Vf 

analogous to the equation of the conduction of heat. 


§ 1 - 68 . The simultaneous equations from which the final partial 
differential equation is derived need not be always of the first order. In 
the theory of the transverse vibrations of a thin rod the primary equations 
aret 


M = BAk* 




'' dx»dt*J “ "dx* ’ 


where 77 is the lateral diaplaoement, M the bending moment, A the sectional 
area, x the radius of gyration of the area of the Gross-seotioii about an axis 
through its centre of gravity, p the density and JE the Young’s modulus 
of the material. The resulting equation 


0 ^ 

0 P 


— /c- 


0S7 ^ -Bic® 0*17 


0 x» 0 i* 


I dx* 


.(I) 


is of the fourth order. The equation is usually simplified by the omission 
of the second term. This process of approximation needs to be carefully 
justified because it will be noticed that the term omitted involves a 
derivative of the fourth order, that is a derivative of the highest order. 
Now there is a danger in omittiog terms involving derivatives of the highest 


* See an oitiole by R. Gouiciiit, K. IPtiedriobB and H. Lewy, Math. Ann. Bd. o* S. 32 (1928). 
t Gf. H. Lamb, J)ynamioaI Theory 0 / Sound, p. 121. 
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order beoauee their ooefRoienU »rr Mmail. Thin may he illuHtrated in a very 
aimple way by oomiitlering the t>q nation 


*/* fita-*’ 


(II) 


where* V is amaH. Tho iK>!utjon U of typo 

rj ^ A ^ Br* 

where /I i^nd ure ooratants. When tho U*nn em the rixhl of (1 1) in ouiitteel 
the solution is simpjy rf ^ A. When x nml v nn^ both nenall and jnwitive 
the term whioh isomittf'd in the foregfiinf; ine^thod <tf aji|jroxinmtii»n, 
miiy l>e really the doniinniit term. In thin exainpir all the toriiiH inv«ilviiiji( 
elerivativeH of tin* lu^theHl onler have Urm oimtti'd. an<l um a |ui;eiu*nil rule^ 
this IK mew ilanu‘'f*>'>^ than tin* oihikmuhi of only sninr of the* terms as in 
the rust* of the* vibriiiing nsj, 'I'he oiniKMioii of the siMamd from the 

rod equation bi Ih* cpnte justitiubte whiui the nwl ih very tlun. When 

the rod is thiek Tiinoshenkij’s th«*ory • sheiws that ihe’ft* is n b’rm givinif 
the coriwtion ft>r shenr whieh is nt Inwt as imfnirtnnt as the m+enmi term 
of the UKtml equHtinii (1). 

This ri'lnting to the diuiii^er of omitting U*rmK irivolvinw: ih'rivntives 
of thf* highest onif*r riiin>'H up a^ain ni byilrudynannrK uluai tin* ipiestiou 
of the oiniHHMUi of Hoim* or all of the viMi'oim teriiH c'onu’M under rouHulera’ 
tion. Till* funiHsiim t*f all lie' vineou^ hiviker^ f lie luder of the equatimtH 

and requm^ n incHlifieation of th** houndai \ rondituuiM 'The^ diH-w not haul 
to very giKKi n*sults. On the other haiel, in rrandfl H Iheeiry of the* 
Inmndary layer wniie of thi^ vim’ouH term« an* n*tuiiie«l. tin* boundary 
eoneliiton of no slipputK at the surfaee of a solid bislx aUu n^tainc^f and 
the n*sulls an* found to 1 m? fairly satisfai’tory. 


J*rM\r (liAt thr o|ti4iiMnai 
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f»j ’ 'rV/ 
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t(lvr All r<(llAt|»i|i (if fl»r nfilir w hi' h m ilhi'fi', I'.OjiIh*!). h\|H'rlHai< ri' « aji 

(rt H)* » 'lA*' I* |r*4»* tliiin. o|iiii! Im iir flinn /i ri* 
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§l'7l, /Wf’H/iu/.f tifitt ^trnttfi /lonVio/M riit* I'liiHHieuI fMjuatif»ns art* of 
f(n*at niaf h(*niatiriil nit4Tt'Ht arni haii- {da\f'd an UM{H>rtrtnt part in the 
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The ClaeaUxd Equations 


development of mathematioal analyBis by suggesting fruitful lines of 
investigation. It can be truly said that the modem theory of funotions 
owes its origin largely to a study of these equations. The theory of funotions 
of a complex variable is associated, for instance, -with the theory of con- 
jugate funotions and the solutions of Laplace’s equation. 

If, for instance, we write 

^ + *0=/(» + »y)=/(*). 

where / (s) is an analytio function''' and ^ and ^ are real when x and y are 
real, we have, for points in the domain for which / (z) is analytic, 

where/' (z) denotes the derivative of/(z).. 

These equations give 




-I-* 


.dd 


.90 

Equating the real and imaginary parts of the two sides of 'this equation, 
we see that _ , „ , 

w 


dfk dtif 

These relations between, the derivatives of two conjugate funotions if> 
and ^ are called Cauchy’s relations because they play a fundamental part 
in Cauchy’s theory of funotions of a complex variable. The relations can 
also be given many very interesting physical intei^retations. 

The simplest from a physical standpoint is, perhaps, that in which u 
and V are regarded as the component velocities in the plane .of x, y of a, 
particle of a fluid in two-dimensional motion, the particle in question being 
the particular one which happens to be at the point (r, y) at time t, l£u 
aind V are independent of t the motion is said to be '^steady” and a curve 
along which it is constant maybe regarded as a ** stream-line” or **line of 
flow” of the partioles of fluid. The condition that a partiole of the fluid 
should move along such a line is, in fact, expressed by the differential 
equations , , 

^ (B) 


u 




which give vdx — udy = 0, 

that is = 0 or ^ » constant. 

* The reader is snppoaed to poasefis some Imowledge of the properties of analytio fnnotioiia. 



Conjugate Functions 

Another way of looking at the matter is to calculate the “flux*’ 
any line AP from right to left. This is expressed by the integral 

where da denotes an element of length of AP and the suffix is used to 
indicate the point at which ^ is calculated. It is clear from this equation 
that there is no flow across a line AP along which 0 is constant. 

The conjugate function is called the “velocity potential** and was 
first introduced by Euler. The curves on which (f> is constant are called 
“equipotentiol curves.** The function ^ is called the stream-function or 
current function, it was used in a general manner by Eamshaw. 

It must be understood that the fluid motion which is represented by 
such simple formulae is of an ideal character and is only a very rough 
approximation to a real motion of a fluid. A study of this type of fluid 
motion serves, however, as a good introduction to the difficult mathe- 
matical analysis connected with the studies of actual fluid motions. It will 
be worth while, then, to make a few remarks on the peculiarities of this ideal 
type of fluid motion'. 

In the first place, it should be noticed that the expression ud/x-^-vdy 
is an exact differential d<j>, and so the integral 

j {udx + vdy) 

represents the difference between the values of at the ends of the path of 
integration. If the function <j> is one-valued the integral round a closed 
curve is zero, but if ^ is many-valued the integral may not vanish. The 
value of the integral in such a case is called the circulation round the 
closed curve. It is different from zero in the case when 

<f> + iijs ^ i log i (log r id) 

and the curve is a circle whose centre is at the origin. In this case 

<!>=-- 0, = log r, 

and it is easily seen that tho circulation F defined by the integral 

r = J udx -j- vdy = = — J dd 

is equal to — 277. The fluid motion for which 

^ log sj, 

where AisB, constant, is said to be that due to a vortex of strength F when 

iF 

A is an imaginary quantity If, on the other hand, A is real, the motion 

is said to be due to a source if — ^4 is positive and due to a sink if — A is 
negative. The flow in the last two cases is radial. 
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Since the stream-function in the last two cases is — -40 and is not 
valued, the flux across a circle whose centre is at 0 is — 27r-4. 

The flow due to a vortex, source or sink at a point other than the orig^*^ 
may be represented in the same way by simply interpreting r and 6 
polar co-ordinates relative to the point in question. 

Since the equations expressing u and v in terms of and are linea^^ * 
the component velocities for the flow due to any number of vortico^^ 
sources and sinks may be derived from the complex potential 

^ + i^s) log [*-«, + i (y - y,)], 

where the conatants a,, j8, specify the strengths of the source and vorteJC 
associated with the point (a;,, y,). The word source is used here in a gener^*'^ 
sense to include both source and sink. 

One further remark may be made regarding the motion if we 
interested in the career of a particular particle of fluid. If Xq, are th^^ 
initial co-ordinates of this particle at time t these quantities at time t will 
be functions of x, y and t 

yo = g(x,y,t), 

but functions of such a nature that the equations (B) are satisfied when 
Xq and are regarded as constant. We have then 
3 / 9 / . 9/ A 9^ 

and any quantity h which can be expressed in the form h = F y^) will 
be a solution of the equation 

9A , 9A , 9A ^ 

and will be constant throughout the motion. We shall write this equation 
in the form dhjdt — 0 and shall call dhjdt the complete time derivative of 
h. When the motion is steady we evidently have dAfjjdt = 0. 

The equations (C) and (D) may be solved for u and v if = 1 and 

9(/,o) dif.q) 

give expressions ^ = 4, ,) > " = " 

which satisfy the equation 


“-i+'l+s-C (C.E) 


dx^ dy^ 


on account of 


9 yo) ^ 9(/, ^) ^ 
9 {X, y) 9 [X, y) 


This last equation expresses that the area occupied by a group of 
particles remains constant during the motion. To obtain a solution of this 
equation we take x and Xq as new independent variables, then 
dy _ ^ 2/) _ 9 {x, y) 9(a?o,yo) _ 9(a?Q,yo) 



and so 


Motion of a Fluid 

dxo dx ' 


This means that ydx — yQdxg is an exact differential and so we may write 


^ dx' 

where F = F {x, x,,, t) and t is regarded as constant. If, however, we allow 
t to vary and use brackets to denote derivatives when x, y and t are 
regarded as independent variables, we have 

dy _ d^F dW dx 

di dx'^^dxdt' ““dr 

dt dxdx^^ dx^dt' 

\dx) dx‘ ^ dx dxg \dxj' 

\di/J dxdxo[dvJ' 


dxdxo VSy/’ 
d^F /dxn\ 


^dxdtj dxdt dxgdi \3a; 

d»F /a*o\__ 

.dydtj dxgdt[dyj ^ 


9a:3< ^ 9a;® 


Hence we may write tl>= — and obtain a convenient expression for the 
stream-function. 

Another physical interpretation of the functions (j> and ^ is obtained by 
regarding ^ as the electric potential and u, w as the components of the 
electric field strength due to a set of fictitious point charges,' or, if we prefer 
a, three-dimensional interpretation, to a system of uniform line charges on 
lines perpendicular to the plane of x, y. The curves <f> = constant are then 
sections by this plane of the equipotential surfaces = constant, while the 
curves i/r = constant are the “lines of force” in the plane of x, y. For 
brevity wo shall sometimes think in terms of the fictitious point charges 
and call a curve (f> = constant an “equipotential.” 

Again, ^ may bo interpreted as a magnetic potential of a system of 
magnetic line charges (fictitious magnetic point charges) or of electric 
currents of uniform intensity flowing along wires of infinite length at right 
angles to the plane of ir, y. The curves ifi = constant are again lines of force, 
a line of force being defined by the equations 


dx _dy 
u V 


6 
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Ih eJl otuses the lines (rf force ate the oridiogonal trajectories of the eqoi- 
potentials, as may be seen immediately from the relation 

0 , 




which is a consequence of Cauchy’s relations. 

Por any number of electric or magnetio line charges perpendicular to 
the plane of x, y we have by definition 

^ = S2/*,log [«-*, + ♦ (y - y,)], 

where ju, is the density per unit length of the electricity, or magnetism as 
the case may be, on the line which passes through the point (a;, y) . It must 
be understood, of course, that when tf> is the electric potential we consider 
only electric charges and when ^ is the magnetic potential we consider only 
magnetic charges. When the number of terms in the series is finite we can 

where / (z) is a function which is analytic except at the points 2 = 2 ,. 

When in the foregoing equation ft, is regarded as a purely imaginary 
quantity, <f> may be interpreted as the magnetio potential of a system of 
electric currents flowing along wires perpendicular to the plane of z, y. 
li ft, ^ iGf the current along the wire as,, y, is of strength 0, and flows in 
the positive direction, i.e. the direction associated with the axes Oas, Oy by 
the right-handed screw rule. 

When a potential function is known it is sometimes of interest to 
determine the curves along which the associated force (or velocity) has 
■ either a constant magnitude or direction. This may be done as follows. We 


u — w- 


log («-«;) = log/' (® + *y) = <I> + »T, say. 


where d> » | log («* + t>*), T = ir — tan“^ (v/«). 

The curves O >> constant are clearly curves along which the magnitude 
(u* + v*)^ of the force or velocity is constant, while T* » constant is the 
equation of a curve along which the direction of the force is constant. The 
functions and T* are clearly solutions of Laplace’s equations, i.e. 

aa.« + gy. “ 0- 

A function d> which satisfies this equation is called a logarithmic 
potential to distinguish it from the ordinary Newtonian potential which 
occurs in the theory of attractions. The electric and magnetic potentials of 
line charges are thus logarithmic potentials. 



Two-'Dirnensional Stresses 

A logarithmic potential is said to be regular in a domain D if 
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^ ^ ^ 

’ das’ dy’ a**’ 


, a*<D 
aa;ay dy^ 


r^i^O 

dy 


are continuous fimotions of x and y for all points of X>. If i) is a region 
which extends to infinity it is further stipulated that 

]im <l>{x,y) = 0, lim r = lim 

r-»-oo r-^oo 

(j-a = *8 + ya), 

where is a finite quantity which may be zero. In this sense the potential 
of a single line charge is not regular at infinity. 

Still another physical interpretation of conjugate functions is obtained 
by writing X,==-Y, = <f>, = 7, = r},. 

Cauchy’s relations then give 

~dx '^'dy 
dx^ dy ~ • 

These are the equations for the equilibrium of an elastic solid when there 
are no body forces and the stress is two-dimensional. The quantities 
{X„, Zv) are interpreted as the component stresses across a plane through 
(a?, y) perpendicular to the axis of x, while {Y„, Y^) are the component 
stresses across a plane perpendicular to the axis of y. The relation Xy = Tj, 
is quite usual but the relation Z* -f- Yy = 0 indicates that the distribution 
of stress is of a special character. A stress system satisfying this condition 
can, however, be obtained by writing 

= - Yy= ^{u^- v^), Zj, = Z„ = uv, 
for these equations give 


3Z« , 3Z^ 

fdu 


(dv 

3m\ 

dx 02 /' 

\0a: 

1 


dy) 

37, , 3r„ 

fdv 

3u\ 


3i;\ 

-3T + -3/ = “' 

\dx 

~dy) 

+'’( 3 ;+ 

9y) 


:)-■ 


The fact that the various potentials <f} and iff which have been considered 
so far are solutions of Laplace’s equation 

3*“ ^dsf~ 

is a consequence of the circumstance that they have been defined as sums 
of quantities that are individually solutions of this equation. No physical 
principle has been used except a principle of superposition which states 
that when the individual terms give quantities with a physical meaning, 

6-2 
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the sum will give a quantity with a similar physical meaning. In the 
analysis of many physical problems such a superposition of individual 
effects is not strictly applicable, for the sources of a disturbance cannot be 
supposed to act independently, each source may, in fact, be modified by 
the presence of the others or may modify the mode of propagation of the 
disturbance produced by another. Such interactions will be left out of 
consideration at present, for our aim is not to formulate at the outset a 
complete theory of physical phenomena but to gradually make the student 
familiar with the mathematical processes which have been used successfully 
in the gradual discovery of the laws of physical phenomena. 

In applied mathematics the student has always found the formulation 
of the fundamental equations of a problem to be a matter of some difficulty. 
Some men have been very successful in formulating simple equations be- 
cause, by a kind of physical instinct, they have known what to neglect. The 
history of mathematical physics shows that in many cases this so-called 
physical instinct is not a safe guide, for terms which have been neglected 
may sometimes determine the mathematical behaviour of the true solution. 
In recent years the tendency has been to try to work with partial differential 
equations and their solutions without the feeling of orthodoxy which is 
created by a derivation of the equations that is regarded for the time being 
as fully satisfactory. The mathematician now feels that it is only by a 
comparison of the inferences from his equations with the results of ex- 
periment and the inferences from slightly modified equations that he can 
ascertain whether his equations are satisfactory or not. In the present 
state of physics the formulation of equations has not the air of finalitj- 
that it had a few years ago. 

This does not mean, however, that the art of formulating equations 
should be neglected, it means rather that mathematicians should also 
include amongst their special topics of study the processes which lead to 
the most mteresting partial differential equations of physics. These pro- 
cesses are of various kinds. Besides the process of elimination from equa- 
tion of the first order there are the methpds of the Calculus of Variations 
and metho^ which depend upon the use of line, surface and volume 
mtegra^ Mathematically, the direct process of elimination is the simplest 
and will be given further consideration in § 1-82. 


§ 1*72. Geomebncal ‘properties of equipotentials and lines offwce. When 
the potential ^ is a single-valued function of * and y there cannot be more 
than one equipotential curve through a given point P in the (x, y) plane 
^ eqmpotential curve 4 , = 4 ,^ may, however, cross itself at a point and 

t^ents at the multiple pomt are arranged like the radii from the centre 
to the comers of a regular polygon. To see this, let us take the origin at 
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then the terms of lowest degree in the Taylor expansion of of 

{x + iy)^ + (rr — iy)”, 

where is an integer and c and a are constants. In polar co-ordinates 
x==rcos9, y = rsmd, these terms become 

2c^r” cos n (0 -h a), 

and the directions of the n tangents are given by cos n (0 + a). The possible 
values of (0 + a) are thus 7r/2, Sn/2, ... (n — J) tt, the angle between con- 
secutive tangents being tt/w. 

Since cos n [6 a) is positive for some values of 9 and negative for 
others, the function (jy cannot have a maximum or minimum value at a 
point, for this point may be chosen for origin and the expansion shows that 
there are points in the immediate neighbourhood of the origin for which 
also points for which <f)< (f)Q. 

By means of the transformation 
x' — iy' == 1c^ {x 
x' + iy' = *2 iyyi^ 
which represents an inversion with 
respect to a circle of radius h and centre ^ 
at the origin, an equipotential curve of 
a system of line charges is transformed 
into an equipotential curve of another system of line charge's. 

In polar co-ordinates we have 

r' = k^lr, 9' = 6. 

If in Fig. 10 C corresponds to P and .8 to we have 

Rlr = R'lb, 

where AP = R, OP = r, BQ = R', OB = b. 

For a number of points A and the corresponding points B 
log (RJr) = S/i, (log R' - log b). 

An equipotential system of curves represented by the equation 

S fjig log R' = 0 

is thus transformed into an equipotential system represented by the 
equation ^ _ Jog r S ju, = G - S /m, log ft. 

A line charge at B is seen to correspond to a line charge of equal strength 
at A and another one of opposite sign at 0 which may be supposed to 
correspond to a line charge at infinity sufficient to compensate the charge 
at B. 

An equipotential curve with a multiple point at 0 inverts into an equi- 
potential which goes to infinity in the directions of the tangents at the 


Fig. 10. 
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multiple point. This indicates that the directions in which an equipotential 
goes to infinity are parallel to the radii from the centre to the corners of 
*a regular polygon. 

In the simple case of two equal line charges at the points (c, 0), (— c, 0) 
the equipotentials are 

logiZi + log iZa ~ constant, 
or 

where a is constant for each equipotential. These curves are Cassinian 
ovals with the polar equation 

2f cos 26 = 

When a = c we obtain the lemniscate = c® cos 26 with a double 
point at the origin. The tangents at the double point are perpendicular. 
Inverting we get the equipotentials for two equal line charges of 
strength -|- 1 at the points (6, 0), (— 6, 0), where he = and a line charge 
of strength — 2 at the origin. The equipotentials are now 
log jBi' -f log - 2 log r' = constant, 
or = aVa. 

Dropping the primes we have the polar equation 
+ c* — 2t^c^ cos 26) = 

of a system of bicircular quartic curves. When a = c wo obtain the rect- 
angular hyperbola' r* cos 26 = which is the inverse of the lemniscate. 
The rectangular hyperbola goes to infinity in two perpendicular directions. 

It is easily seen that lines of force invert into lines of force. In Fig. 10, 
if we denote the angles POA^ PAB^ QBO by 6, 0 and ©' respectively, we 
have the relation © _ 0 = ©' 

Hence the lines of force represented by the equation 
' S /Lts 0/ = constant 

transform into the lines of force represented by the equation 
S/ijGj, — 6S/A, = constant. 

In particular, the lines of force of two equal line charges 
0^-1- 0JJ = constant, 

being recteingular hyperbolas, invert into the family of lemniscates repre- 
aented by ^ ^ constant, 

and these are the lines of force of two equal fine charges of strength -f- 1 
and a single line charge of strength — 2 at 0. 

At a point of equilibrium in a gravitational, electrostatic or magnetic 
field, the first derivatives of the potential vanish and so the equipotential 
curve through the point has a double point or multiple point. A similar 
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remark applies to a curve iff » constant, but this curve cannot strictly be 
regarded as a single line of force for, if we consider any branch which passes 
through the point of equilibrium without change of direction, the force is 
in different directions on the two aides of the point of equilibrium and the 
neighbouring lines of force avoid the point of equilibrium by turning through 
large angles in a short distance. This is exemplified in the case of two equal 
masses or charges when the equipotentials are Cassioian ovals which include 
a lemniscate with a (iouble point at the point of equUibrium. The lines of 
force are then rectangular hyperbolas, the system including one pair of 
perpendicular lines which cross at the point of equilibrium. 

In plotting equipotential curves and lines of force for a given system of 
line charges it is very useful to know the position of the points of equi- 
librium, since the properties just mentioned can be employed to indicate 
the behaviour of the lines of force. At a point of stagnation in an irrota- 
tional two-dimensional flow of an inviscid fluid the component velocities 
vanish and so the first derivatives of the velocity potential and stream- 
function are zero. The properties of the equipotentials and stream-lines at 
a point of stagnation are, then, similar to those of equipotential and lines 
of force at a point of equilibrium. There is, however, one important 
difference between the two cases. In the electric problem the field is often 
bounded by a conductor, i.e. an equipotential surface, while in the hydro- 
dynamical problem the field of flow is generally bounded by some solid 
body whose profile in the plane g = 0 is a stream-line. A point of stagnation 
frequently lies on the boundary of the body and two coincident stream- 
lines may be supposed to meet and divide there, running round the body 
in opposite directions and reuniting at the back of the body when the 
profile is a simple closed curve. 

A point on a conductor may be a point of equilibrium if the conductor's 
profile is a curve with a double point with perpendicular tangents or if it 
consists of two curves cutting one another orthogonally at all their 
common points. It should be remarked, however, that the force at a double 
point may be either zero or infinite; it is zero when the double point repre- 
sents a pit or dent in the curve, but is infinite when the double point 
represents a peak. This may be exemplified by the equations </> = a;® — 
iff = 2xy. If the field lies in the region x > 0, the force is zero at 

0 and there is a single line of force through O, namely, y = 0 (Fig. 11). 
If, on the other hand, the field is outside the region a: < 0, a;® > i/S and 

x^-y^ . 2xy 

the force at the origin is infinite for most methods of approach and there 
are three lines of force through the origin (Fig. 12). 

Similarly, when two conductors meet at any angle less than tt, but a 
submultiple of tt, the angle being measured outside the conductor. The 
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point of intersection is a point of equUibriiiin and we have the approximate 
expression ^ _ 2c”t” cos (9 + ff) 



for the value of ^ in the neighbourhood of the point, the equation of the 
conductor in the neighbourhood of the point being (fi -H a) = ± 7r/2 and 

the field being in the region n (9 a) < g. The angle is in this case 

Trjn and the radial force varies initially according to the {n — l)th power 

of the distance as a point recedes from the position of equilibrium. 

The corresponding approximate expression for 0 is 
ij, = 2c”r” sin n (0 + a) 

and there is a single line of force 6 — — a which lies within the field, this 
being its equation in the immediate neighbourhood of the point 0. 

There is another simple transformation which is sometimes useful for 
deriving the equipotentials and lines of force of one set of line charges from 
those of another. This is the transformation 

g' = 2 -f a^jz 

which gives two values of z for each value of z'. Let these be z and z, then 
zz = a^. Similarly, let and correspond to then 

z' - = 2 - + aVz - a^jz^ ^ - a^zz^) 

= (2 - Zi) (1 - yz) = (2 - Zi) (z - Zi)/Z. 

Taking the moduli we obtain a relation 

ri = Vjr, 

where r,' = ] a' - |, ri=|z-Zi|, n = | z - |, r=|z|. 
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Similarly, if and ^ correspond to we have, with a similar notation, 

and so 

ri 

The transformation thus enables us to derive the equipotentials for four 
charges ( 1 , 1 , — — i) from the equipotentials for two charges ( 1 , — 1 ) 

and a similar remark holds for the lines of force, as may be seen by equating 
the arguments on the two aides of the equation 

z' -Zy' _ {z-z^) (g-^) 

Z 2^2 (Z 2J2) (z — Z2) 

This is just one illustration of the advantages of a transformation. 

A general theory of such transformations will be developed in 
Chapter III. 

Some geometrical properties of equipotential curves and lines of force 
may be obtained by using the idea of imaginary points. The pair of points 
with co-ordinates (a ± d T icc) are said to be the anti-points of the pair 
with co-ordinates (a ± a, 6 ± ^), the upper or lower sign being tahen 
throughout. Denoting the two pairs by Py, P2 1 respectively, we can 

say that if Sy and S2 are the real foci of an ellipse, then Fy and jPg the 
imaginary foci. Fy and F2 can also be regarded as the imaginary points of 
intersection of the coaxial system of circles having Sy and S2 as limiting 
points. 

If the co-ordinates of Fy and F^ are {xy, yy), {X2, 2/2) respectively and 
those of Sy, S2 are (^y, Tjy), (^2, respectively, we have 

+ %! = a + -f- « + ijS = + irji , 

^y- iyy = a — ib - a f 2 - > 

X2 -h iy2 = a + ib - a - ^2 

^2 ^2/2 ~ ^ ib ^ CC, ~ ^y il^y . 

If now ^ = / (a: + i?/), u — tv - / f.r - iy), 

and Sy, S2 lie on a curve u = constant, we havf^ 

/ iii + ivi) +fiii- im) = / (^2 + ivtt) +fi$2- iVi)- 

The foregoing relations now show that 

/ (^*^1 + iyi) + / (^^2 - %) ^ 4 - ly^) 4 - / (^1 - iyy), 

and this means that Fy , lie on a curve v = constant. 

When the imaginary points on a curve v = constant admit of a simple 
geometrical representation or description, the foregoing result may be 
sometimes used to find the curves u = constant. If the curve v = constant 
is a hyperbola, the imaginary points in which a family of parallel lines meet 
the curve have geometrical properties which are sufficiently well known 
to enable us to find the anti-points of each pair of points of intersection. 
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These anti-points lie on a confooal ellipse which is a curve of the family 
% = constant. By taking lines in different directions the different ellipses 
of the family u = constant are obtained. Similarly, by taking a set of 
parallel chords of an ellipse and the anti-points of the two points of inter- 
section of each chord, it turns out that these anti-points all lie on a confooal 
hyperbola, and by taking families of lines with different directions the 
different hyperbolas of the confooal family may be obtained. 

In this case the relations are particularly simple. In the general case 
when one curve of the family u == constant is given there will be, pre- 
sumably, a family of lines whose imaginary intersections with this curve 
are pairs of points with anti-points lying on one curve of the family v = ooir- 
stant, but these lines cannot be expected, in general, to be parallel, and a 
simple description of the family is wanting. 

EXAMPLES 

1. If a family of circles gives a set of equipotential curves, the circles are either con- 
centric or coaxial. 

2, Equipoteni^ wMoh form a family of parallel curves must be either straight lines 
or circles. 

[Proofs of these propositions will be found in a paper by P. Franklin, Joum. of Math, 
and Phya, Maaa, Inst, of Tech, vol, vi, p. 191 (1927).] 


§ 1*81. The dassical partial differential equalions for Euclidean space. 
Passing now to the consideration of some partial differential equations in 
which the number of independent variables is greater than two we note 
here that the most important equations are Laplace’s equation 


the wave-equation 


dW d^V 

dx^ dz^ “ ’ 


a^F 




a^F a^F 


\ ^ 

' c* at* ’ 


the equation of the conduction of heat 


(A) 

(B) 


dt ^Vaa;^ dy^~^dz^)' 
the equation for the conduction of electricity 


( 0 ) 


, d‘E\ ^ d^E 


dE 


(D) 


and the wave-equation of Schrodinger’s theory of wave-mechanics. This 
last equation takes many different forms and we shall mention here only 
the simple form of the equation in which the dependence of ^ on the time 


has already been taken into consideration. The reduced equation is then 


av , , Sir* _ 


(E) 

where F is a function of x, y and z and ^ is a constant to be determined. 
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In these e(iuations k represents the diffusivity or thermometric con- 
ductivity of the medium, K the specific inductive capacity, fi the per- 
meability, and (T the electric conductivity of the medium. The quantities 
c and h are universal constants, c being the velocity of light in vacuum 
and h being Planck’s constant which occurs in his theory of radiation. 

Laplace’s equation, which for brevity may be written in the form 

= 0 , 


may be obtained in various ways 
order. One set, 




from a set of linear equations 


Z 


^ ax 97 

dz ’ dx ^ dy~^ dz ’ 


of the first 

(F) 


occurs naturally in the theory of attractions, V being the gravitational 
potential and X, 7, Z the components of force per unit mass. The last 
equation is then a consequence of Gauss’s theorem that the surface integral 
of the normal force is zero for any closed surface not containing any 
attracting matter. 

The same equations occur also in hydrodynamics, the potential V being 
replaced by the velocity potential <f> and the quantities X, 7, Z by the 
component velocities w, w. The equation is then the equation of con- 
tinuity of an incompressible fiuid. 

The electric and magnetic interpretations of X, Y, Z and V are similar 
to the gravitational except that the electric (or magnetic) potential is 
usually taken to be — F when X, 7, Z are the force intensities. 

As in the two-dimensional theory, Laplace’s equation is satisfied by the 
potential F because by the principle of superposition F is expressed as the 
Slim of a number of elementary potentials each of which happens to be a 
solution of Laplace’s equation, the elementary potential being of type 

V = [(x - xy + (2/ - y')^ -f- = l/R, 

When F is interpreted as the electrostatic potential this elementary 
potential is regarded as that of a unit point charge at the point (x', y\ z ') ; 
when V is interpreted as a magnetic potential the elementary potential is 
that of a unit magnetic pole. In the theory of gravitation the elementary 
potential is that of unit mass concentrated at the point (a;, y, z). A more 
general expression for a potential is 

V = Sm, [{x - x,}» + (y - y.)* + (z - z,)*]"*, 

where the coefficient is a measure of the strength of the charge, pole or 
mass concentrated at the point {x^, z^). If we write in place of F, 

where ^ is a velocity potential for a fluid motion in three dimensions, the 
elementary potential is that of a source and the coefficient can be 
interpreted as the strength of the source at (x^, y^, zj. Sources and sinks 
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are uBsful in hydrodynamios as they give a convenient representation of 
the disturbance produced by a body when it is placed in a steady stream. 

§ 1-82. Systems of partial differential equations of the first order which 
lead to the classical equations. When we introduce algebraic symbols 


D = — i) = - 




for the diSerential operators the equations (F) of § 1'81 become 

X-D„F = 0, 

r-I>,F= 0, 

Z-D^V = 0, 

"f” ^ "1“ ^ 

and the algebraic eliminant 

1 0 0 - D, I = 0 

0 10 
0 0 1 

Z). D. 


-A 

-A 

0 


is simply A* + + A® = 0- 

If, on the other hand, we consider the set of equations 

dw dv 9s _ 
dy 02 dx~ ’ 

8u dw 9* _ « 
dz dx dy~ ’ 


dv du 
da. 

du . dv dw 


dx dy dz ’ 


dx^ dy’’^ dz ~ I 
which give , V®m = = V®m) = V ®5 = 0, 

the corresponding algebraic equations 

— D^v + Aw' — A« = Oj 

A« — D„w — DyS = 0, 

— DyU + D^v — D^s 

DaU + DyV + A 


'W 


give the eliminant 


0 , 

= 0 


0 

-A 

Dy 

-A 

A 

0 

-A 

-A 

-•A 


0 

-A 

D. 

Dy 

A 

0 

(A** 

+ A® 

+ A*)® 

= 0. 


= 0 , 


(G) 


.(H) 


•d) 


which is equivalent to 
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These examples show that the problem of finding a set of linear equa- 
tions of the first order which will lead to a given partial differential equation 
,of higher order admits a variety of solutions which may be classified by 
noting the power of the complete differential opei’ator (in this case (V®)*) 
which is represented by the algebraic eliminant written in the form of a 
determinant. 

It is known that Laplace’s equation also occurs in the theory of elas- 
ticity. Jiu,v,w denote the components of the displacements and A',, Yy , 
Z,, Yg, Zig, Xy the component stresses the equations for the case of no 
body forces are 


.(J) 


dXy 

dXy 

, dX. 


- — ® -L 

dx 

dy 

+ -0^ = 

0, 

0y. 

dYy 


0, ■ 

1 

dy 

'^■0z “ 


dz.. 

, sz. 

0, 

y 

dx dy 



and if the substance is isotropic the relations between stress and strain 
take the form - 

Z,= AA + 2 Mg". 


1 


r, = AA + 2^ 


dv 

dy' 


Zg 


^A . O 

^ 0z ’ 


^ „ (dw dv 






X, = y. = 


(dv , dll 


)■ 


(K) 


where 


VDj; ' dj/) 
du dv dw 
dx dy dz ■ 

The equations obtained by elijuinating A'^,, Z,, i'., A\ are 


A = 


IxVhl ---- (A I y.) ^ 
yXH = (A I- y.) 


dA 
dx ' 
dA 
^J/ ’ 


(A -I- m)^. 

and, except in the case when A + '2y 0, a easi^ which is excdtided because 

A and y, are positive constants when the substance is homogeneous, these 
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equations imply that A is a solution of Laplace’s equation. The algebraic 
eliminant is in this case 

+ AT = 0. (L) 

It is easily seen that the quantities Xg,, Zg, Yg, Z^^, Xy^ u, v, w are 
all solutions of the equation of the fourth order 

7272^ = 0, 

i.e. V^u = 0, 

which may be called the elastic equation. The algebraic equation obtained 
by eliminating the twelve quantities A, A? T'y, Yg, Zg,, Zy, Zg, 
u, Vy w from the twelve equations (J) and (K) by means of a determinant 
is also equivalent to (L). 

The question naturally arises whether as many as four equations are 
necessary for the derivation of Laplace’s equation froBo^ a set of equations 
of the first order. The answer seems to be yes or no according as we do 
or do not require aU the quantities occurring in the linear^quations of the 
first order to be real. Thus, if we write U = u — iv, V = w iSy where 
Uy Vy Wy s are the quantities satisfying the equations (H), it is easily seen 

that 9^, 9^ -SF dV _ . 

dx ^ by dz ’ dx ^ by bz ~ ’ 
and these equations imply that 

V2C7 ^ 0, = 0. 

The algebraic eliminant is in this case simply (G). 

It should be noticed that if we write ict in place of y the two-dimensional 
wave-equation ^^y \ 

bx^ ■^02*' 

may be derived from the two equations 
dU ^ 

dz ^ c dt ' dx dz c dt 

which have real coeflfioients. The wave-equation (B) may also be derived 
from two linear equations of the first order 

dJJ . 9 ^^^ ,1 3 ^ 

bx'^^ by ~ bz^c bf 

?Z_ = 1 

bx ^ by c bt bz ’ 

but in this case the coefl&cients are not all real. The algebraic eliminant is 
in this case simply 


c2 {D,a + Dy^ + A') - A® = 0. 
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To obtain the wave-equation from a set of linear equations of the first 
order with only real ooeflScients we may use the set of eight linear equations, 

_dT 

dy dz ds dx^ dy dz dx ds ’ 

da_dy^dY_dJ 

dz dx~ ds dy' dz dx dy da' 

dP_da^dZ_dT 

0 a? dy ds dz' dx dy dz ds' 

dx'^'^ ~ ds dz' dx^ dy ds dz ' 

in which for convenience s has been written in place of ct. 

These equations imply that X, Y, Z, T, a, jS, y and t are all solutions 
of the wave-equation. The algebraic eliminant is now 

0^ = (Z)^2 + 2)^2 + D^2 _ = 0. 

If in the foregoing equations we put T = t = 0 we obtain a set of 
equations very similar to that which occurs in Maxwell’s electromagnetic 
theory. The eight equations may be divided into two sets of four and an 
algebraic eliminant. may be obtained by taking three equations from each 
set and eliminating the six quantities X, Y, Z, a, j8, y. There are altogether 
sixteen possible eliminants but they are all of type Q^L = 0, where the 
last factor L is obtained by multiplying a term from the first of the two 


rows 


Dy A A 
D. Dy D, A 


by a term from the second. 


§ 1*91. Primary solutions. Let / (in iz, ••• im) bo a homogeneous poly- 
nomial of the degree in its m arguments ii, iz^ ••• let each of the 

quantities A that is used to denote an operator d/dx^ be treated as an 
algebraic quantity when successive operations are performed. The equation 

f{DnDn.--D^)u=0 (A) 

is then a linear homogeneous partial differential equation of a type which 
frequently occurs in physics. An equation such as 

Di^w = D^u) 

may be included among equations of the foregoing type by wnting 

u= e^.Wy 

and noting that u satisfies the equation 

(A" - A A) ^ - 0. 

A solution of the form 


u = F (01, 02> 
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in which d^, ... are particular functions of x^, ... and F is 

an arbitrary function of the parameters B^, 62, Bs, ... 0^, will be called a 
'primary solution. An arbitrary function will be understood here to be a 
function which possesses an appropriate number of derivatives which are 
all continuous in some region R. Such a function will be said to be con- 
tinuous (Z>, n) when derivatives up to order n are specified as continuous. 

It can be shown that the general equation (A) always possesses primary 
solutiomoflOTe v-wm, (B) 

where B = c^x^-^ C2X2+ ... (C) 

and Cl, Cg, ... are constants satisfying the relation 

/ (ci, Cg, ... c„i) = 0 . (D) 

This relation may be satisfied in a variety of ways and when a para- 
metric representation ^ , 

Cl = C*! ...am- 2 )n 

Cg == (%j CJgj ... CCm^2)i i 

C*n = {cti, OCg, ... a^n- 2 )>^ 


is known for the cD-ordinates of points on the variety whose equation is 
represented by (D), the formulae (B) and (C) will give a family of primary 
solutions. 

When m = 2 there is generally no family of primary solutions but 
simply a number of types, thus in the case of the equation 

(A" - A") w = 0 

there are the two types 

u = F (x^-j- X2), F (a?i - X2). 


Primary solutions may be generalised by summing or integrating with 
respect to a parameter after multiplication by an arbitrary function of 
the parameter. Thus in the case of Laplace’s equation we have a family of 
primary solutions V = F {6) .0 (a), where 

6 ^ z ix cos a -f iy sin a, 

and a is an arbitrary parameter. Generalisation by the above method leads 
to a solution which may be further generalised by summation over a 
number of arbitrary functional forms for F {6) and O (a) and we obtain 
Whittaker’s solution * 


V = W {z ixeos a iy sin a, a) da, 

Jo 

which may also be obtained directly by making the arbitrary function F 
a function of a as w'ell as of B. 

The primary solutions (B) are not the only primary solutions of 


* Maih. Ann. vol. Lvn,.p. 333 (1903); Whittaker and Watson, Modern Analysis ch. xviii. 
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Laplace’s equation, for it was shown by Jaoobi* that if 0 is defined by the 
equation ^ ^ ^ + zi{B), (F) 

where f (0), -q (0) and 5 (®) are functions connected by the relation 

[i W? + h (^)]* + [C (0)J® - 0, 

then F = F (0) ia a solution of Laplace’s equation. 

This is easily verified because iff 

JIf = 1 - a:^ (0) - yq' (0) - zC' (6), 


we have 






These equations give 


and wo 


= 0, VM^'(0)} - 0. 


This theorem is easily generalised. If (a), r-a (a), , . . (a) are functions 
connected by the identical ndation (1)) tlio quantity 0 dofined by the 
equation 


0 - (19) f (/?) -f ... { 0 ) 


.(G) 


is such that u ^ F (0) is a primary solution of equation (A). 

Since v = dujdx^ is also a solution of the name differential equation it 
follows that if (i [0) is an arbitrary function and 


M {0) - {0) - 


{0) 


tno expression v - M-'^O [0) 

is a second solution of th(^ difh^rontial equation. The reader who is familiar 
with the principles of contour integration will observe that this solution 
may be expressed as a contour integral 

^ ^ ! f ^ _ 

27rf J - r, Cl \a) - {a} - ... (a) ’ 

where (7 is a closed contour (uiclosing that particular root of equation ((}) 
which is used as the argument of the function {0). 

It is easy to verify that the contour integral is a solution of the 
differential equation because the integrand is a primary solution for all 
values of the parameter n and luis been gononilisod by the method already 
suggested. 


u 


* Journal fUr Math, vol, xxxvi, p. 113 (1848); Werkc, vol. ii, p. 208. 
f Wo uao primos to denote difforontiationa with roapoot to 0, 


7 
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In this method of generalisation by integration with respect to a para- 
meter the limits of integration are generally taken to be constants or the 
path of integration is taken to be a closed contour in the complex plane. 
It is possible, however, to still obtain a solution of the diSerential equation 
when the limits of integration are functions of the independent variables 
of type 0. Thus the integral 


V= W (z + ix COB a + iy Bin a, a) da 
J 0 

satisfies Laplace’s equation ='=? 0 when 6 is defined by an equation of 

type (F) where . . . 

g(a) y)(a) ^{a) 

icosa isina 1 


When the equation (A) possesses primary solutions of type F {$) 
and no primary solutions of type F {6, it will be said to be of the 
first grade, When it possesses primary solutions of type u =s jF (0, <j>) and 
no primary solutions of type u = F {6, (/>, iji) it will be said to be of the 
second grade and so on. 

The equation d^ujdxdy = 0 is evidently of the first grade because the 
general solution is u = F (x) + G (y), where F and Q are arbitrary 
functions. The primary solutions are in this case F (fip) and 0 (y), 

Laplace’s equation [u) = 0 is also of the first grade but the equation 

du du S'a _ 
dx dy'^ dz~~~ 

is of the second grade because the general solution is of type 

u = F (y — z, z — x). 

There is, of course, a primary solution of type 
u ^ F (y ^ z, z - X, X - y), 

where F {6, 0) is an arbitrary function of the three arguments 6, 

but these arguments are not linearly independent; indeed, since 

6 -|- (^ -j- ^ Oj 

a function of 6, and is also a function of 9 and In the foregoing 
definition of the grade of the equation it must be understood, then, that 
the parameters 6, tf>, \jj^ etc., are supposed to be functionally independent. 
The differential equation 

/ (-^1 j « -^8 > 1 ^ 4 ) ^ ^ 0 

has not usually a grade higher than one. If, in particular, an attempt is 
made to find a solution of type 

u = F{e, (^), 

9 = ^^ 1^2 " i " ^ 2^2 ^ 4^45 

+ ^ 2^2 + 


where 
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it is found that a number of equations must be satisfied. These 
imply that 

/ (o^i + + br)i, ais + lVi> + hi) = 0, 

where a and b are airbitrary parameters and this means that all points or 
the line 

^2 ^8 ^4 

0^1 + brji 0^2 + hi ^3 + hi + hi 

He on the surface whose equation is 

f{Xi, X 2 , iCs, a:*) = 0. 


When / (a^, a:*, a:,, a:*) has a Hnear factor of the first degree or is itself 
of the first degree the equation (A) is of grade 3. In particular the equation 

(Dx + Di + Pi + u = 0 
possesses the general solution 

u = F {Xx - Xi, Xx - Xi, Xx - X 4 ), 

and so is of grade 3. An equation with m independent variables which, by 
a simple change of variables, can be written in the form 

d d 


d ( d d d\ . 
dz^^\dzx’ dzx’ dzj'^ ’ 


is said to be reducible. Such an equation is evidently of grade m — 1 . It 
is likely that whenever the number of independent variables is m and the 
grade ot — 1 the equation is reducible. The wave-equation 

2 _3^u , I 1 d^u _ ^ 

is of grade 2 because there is a primary solution of type 

u = F { 6 , ^), 

wli©r0 

6 =:= X cos a -\- y sin a + iz, <^ = a; sin a — y cos a + ct. 

This solution may be generalised so as to give a solution 

u = I F { 6 , <f), a) da, 

JO 

analogous to Whittaker’s solution of Laplace’s equation. 


mu 4.- ^ n 

The equations g-- 3^ +^ -9^ = 0. 

i dQ^_ 

dz dx^ c dt ’ 


dx dy ^ c dt ^ 


. ^Qv , 9ft 

dx ^ dy ^ dz 


0 , 


7-2 



100 The Classical Equations 

which may be written in the abbreviated form * 

curl Q + l^=^, div ^ = 0, 

and which give the simple equations of Maxwell 

I « 1 dE j* rr A 

ciirlfi^ = - -ktj div^=0, 

c at 

ourl^=--^, divif=0, 

c at 

when the vector Q is replaced hjH + iE, where E and E are real, may be 
satisfied by writing ^ 

a)q{a) da, 

Jo 

where q (a) is a vector with components cos a, sin a, i, respectively and 
^ {^> 4*’ ®) Is S’!! arbitrary function of its arguments. 


EXAMPLES 

1. Let 71, {, T be funotioiiB oi a, p, y conneoted by the relation 

f* + I)* + {* + T* - 1, 

and let X = rx - + nz - + u, Z’^-ijx + fy + TZ- It + v), 

^ = lx+Ty-(z-ijt+v, T==(x + Tn/ + ii + Tt + a. 

Prove that if the integration extends over a suitable fixed region the definite integral 

v-jfjnx,T,z, 

y] dad^dy 

satisfies the difierential equation 

^ d^j djv d^v d^v dw d^v 

da^ dy^ dz^ “ Si? gwi* ' 


2 , J£ 

is a solution of the equation 


V = F{A, B, 0, D, E) 


^ a»F a«F g»F 

when considered as a function of A, B, C, D and E; then, when 

4 = 2 (a» + yts - - fti), C ^2(za + xv - yu - Uo), 

B = ’i.(ya + zu,~xw-tv), D = 2(fs + xv. + yv + zw), 

+ «» + «» + «» + «,» + a*, 

the function F is a solution of 


^ a>F a«F a^F a»F a‘F a»F 

du^ dtr^^ 


when considered as a function of x, y, z, t, u, v, w, a. 
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§ 1-92. The partial differential equation of the characteristics. It is easily 
seen that when d = c^Xi + C2X2 + and q, Cg, ... are constants 

satisjfying the equation / (Cj, Cg, ... c^) = 0, the function F (6) = u is not 
only a primary solution of the equation f [D^, D^, ... i)^) u = 0 but it is 
also a solution of the equation 

/ {Dj^u, ... n^u) = 0. (A) 

This partial differential equation of the first order is usually called the 
partial dijfferential equation of the characteristics of the equation 

(B) 

In particular, the quantity w = 6 is a solution of this differential 
equation and the locus d {x^, ... x^) = constant is a characteristic or 

characteristic locus of the partial differential equation. 

A characteristic locus can generally be distinguished from other loci of 
type (f> {Xi, X 2 , x^) = constant by the property that it is a locus of 

‘^singularities’' or “discontinuities” of some solution of the differential 
equation. If we adopt this definition of a oharaoteristio locus d = constant 
it is olear that 6 == constant is a characteristic locus whenever there is a 
solution of the equation which involves in some explicit manner an 
arbitrary function F{9), for the function F{0) can be given a form which 
will make the solution discontinuous on the characteristic locus. 

Thus the quantity u = e“^/® is a solution of the differential equation (B) 
when 0^0 and is discontinuous at each point of the characteristic locus 
0 0. It should be observed that this function and all its derivatives on 

the side 0 > 0 of the locus 0=0 are zero for 0 = 0. The function u = 
possesses a similar property and the additional one that the derivatives 
on the side 0 < 0 of the locus 0=0 are also zero. From these remarks it 
is evident that if there is a solution of the partial differential equation (B) 
which satisfies the condition that u and its derivatives up to order ti — 1 
have assigned values on the locus (Xj, x^) = constant and so gives 

the solution of the problem of Cauchy for the equation, this solution is not 
unique when = 0 because a second solution may be obtained by adding 
to the former one a solution such as which vanishes and has zero 
derivatives at all points of the locus. This property of a lack of uniqueness 
of the solution of the Cauchy problem for the locus 9 (x^, X 2 , ... = 0 is 

the one which is usually used to define the characteristic loci of a partial 
differential equation and can be used in the case when the equation does 
not possess primary solutions. Since, however, we are dealing at present 
with equations having primary solutions the simpler definition of 0 as the 
argument of a primary solution or other arbitrary function occurring in a 
solution will serve the purpose quite well. 

An equation with a solution involving an arbitrary function explicitly 
(not under the sign of integration) will be called a basic equation. 
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Let us now write ... so that the partial differential 

equation for the characteristics may be written in the form 

f{Pl,Piy •••Pm) == 0. 

The curves defined by the differential equations 

dpi dpi dp„ 

are called the bioharacteristios * of the equation ; they are the character- 
istics of the equation (A) according to the theory of partial differential 
equations of the first order. 

When^Ji, jpg, ... are eliminated from these equations it is found that 
F {dxi, dxi, ... = 0, 

where (%, arg ,...»„) = 0 is the equation reciprocal {px,p%, ... Pm) = O 
in the sense of the theory of reciprocal polars. 

In mathematical physios the loci of type u = constant, where u 
satisfies, the equation (A), frequently admit of an interesting interpretation 
as wave-surfac^. The curves given by the equations (C) associated with the 
function u are interpreted as the rays associated with the system of wave- 
surfaces. 

In the particular case when the partial differential equation of the 
characteristics is 


where 


(i)*= 


^ 30 , 30 , 30 30 


f/30\* , /30\a /30\i 

lU) +y 


.(D) 


and u, « and «; are constants representing the velocity of a medium and 
V 18 another constant representing the velocity of propagation of waves 
m the medium, the differential equations of the bicharacteristics are 

^ Jy dz dt 

'35 

dt 




di ^ Wy 




and the equation obtained by eliminating ^ ^ ^ j- 

° dx’ dy’ dz’ dt “ 

(dx - udt)z + (dy ~ vdt)^ + (dz - wdty = Vm\ 

‘'■'O'y O' oo“”<l ond m»y bo 

“ «■ '• “ “<• - 

compiri'S;r'“ ■>* <“> “ *>“ '°™ of a 

e=t - T - g (x,y,z, a, ^), 

* See J. Hadamard-e PropagaH^ de. Ond^. The theory is illuetrated by the analysis of § 19. 
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in which t, a and j3 are arbitrary constants, the rays may he obtained by 
combining the foregoing equation with the equations 



3? 

3 ^ 


= 0 . 


The characteristics of a set of linear equations of the first order may be 
defined to be the characteristics of the partial differential equation obtained 
by eUminating all the dependent variables except one. The relation of the 
primary solutions of this equation to the dependent variables in the set of 
equations of the first order is a question of some interest which will now be 
examined. 

Let us first consider the equations 


Bu Bv 

Bu Bv 

(E) 

Bx'~~ By^ 

By~^ Bx’ 

which lead to the equation 

0% 

(E) 


0y*- 


In this case the quantity w u + v satisfies a linear equation of the 
first order 

dx dy' 

and this equation possesses the primary solution w= F (x + y) which is 
also a primary solution of the equation (F). 

Similarly the quantity z = u ^ v satisfies the equation 


^ 4 . — 

dx'^ By 


0 , 


which possesses a primary solution z ^ 0 y) which is also a primary 

solution of the equation (F). u rc i 

To generalise this result we consider a set of m linear partia cren a 

equations of the first order, 


I'llUi + L12U2 + •• 

+ L22U/2 “h •• 

. 

BftixUi + Lm 2'*^2 + •* 



(G) 


where denotes a linear operator of type 

{p, q, 1) A + (p, q, 2) A + - (?> 


where the coefficients (p, constants. 

Multiplying these equations by coefficients 6i, Oa* ••• 
the resulting equation is of the form 


respectively, 

(H) 
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if the constants bi, b,, ... b^, Oi, a^, 

6iAi + + 

b^hja + b%Lj^ + 


are of such a nature that 

6»-^««=a«Ai 


(I) 


biLin + + ••• =®fi-^>J 


and the operator i/ is of the form 

L — liDx + ij-D* + ••• 

where the operator coefficients ...In ste constants to be determined. 
^Equating the coefficients of the operator D in the identities (I) we 


S6,(p,g;r)- 0 , 4 . 

This equation indicates that if Zi, z^, ... Zn', Vi, Vt, 
quantities, the bilinear form 

SSS6p (p, g; r) y,Zr 


y„ are arbitrary 


can be resolved into linear factors 


When the coefficients by, ... bn can be chosen so that the bilinear form 
breaks up in this way the two factors will give the required coefficients 
Oi, ... On,; li, ... In and the partial differential equations will give an ex- 
pression for OiVx. am^m which may be called a primary solution of the 
set of linear partial differential equations of grade m — 1. When such a 
solution exists the system is said to be reducible. The problem of finding 
when a set of equations is reducible is thus reduced to an algebraic problem. 

Now let il denote the determinant 


Zi^j ... Lxn 

Zrji Lji ... Lfn 


I ••• -^mm | 

and let , . . . denote the co-factors of the constituents Zn„ 

respectively. If we write 

«i - Ajjtf, «s = Au®, u„ = Ai„t; 

it is easily seen that the last m — 1 equations of the set are all formally 
satisfied, and since 

£1 *= + iijAig + ... Li„Ain, 

the first equation is formally satisfied if v is a solution of the partial 
differential equation £2v — 0 

which is of order m. Since 


^ HA22 V * Aj2 — 0, 

the quantities Ui, u,, ... are all solutions of the same partial differential 
equation. 



ReduaihiUty of EquaUona 105 

It should be noticed that 

OlUi + ... -f ... tJ, 

consequently 

L + ... a^u^) « L (OiAu + + ... a^AiJ v. 

The equation L {(h'^ + ••• — 0 will be a consequence of the equation 

Qv = 0 if the operator Q breaks up into two factors L and 

(Oi Au + 02 Ai 2 + • • • Ai^) 

of which one, L, is linear. The set of linear equations is thus reducible when 
the equation = 0 is reducible. 

It is clear from this result that we cannot generally expect a set of linear 
homogeneous equations of type (G) to possess primary solutions of grade 
w — 1. 

The equations do, however, generally possess primary solutions of 
grade 1. To see this we try 

Ui = /i (0), Wg ss /g (0)^ ... [6), 

Substituting in the set of equations we obtain the set of linear equations 
// (6) Lnd^U (d) L,,6 + {6) L,^e = 0, 

fi (6) + u (6) L^d + (6) L,^e = 0 , 


from which the quantities// (6), /g' (0), .../«»' (0) may be eliminated. The 
resulting equation, 




■^12® ... 

2/22^ ... L2m^ 




-0, 


is no other than the partial differential equation of the characteristics of 
the equation Qu = 0. 


§ 1*93. Primary solutions of the second grade. We have already seen 
that the wave-equation posHosaes primary solutions of type F {6, (j>) which 
may be called primary solutions of the second grade. The result already 
obtained may be generalised by saying that if Zq, w®, Wq, Pq, px 

are quantities independent of x, y, z and t and connected by the relations 


+ ^0^ “i- 

+ Wi® -I- V = Pl^ ^ 

Ilk + = PiP(i> 

the quantities 

6 = kx h -f- n^z - p^ct, = Z^a; H- m^y + n^z - p^ct 
are such that the function u = F (9, (j)) is a solution of *= 0. 


(J) 
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This result may be generalised still farther by malriTig the ooefiSicientE 
lo, mg, etc., functions of two patameters o, r and forzning the double con- 
tour integral 


-^//i 


/ {or, t) dadr 


{Zg® -f JMgy + Wga - jpgCt - Qg) {Zi® + tOiy + n^z - piCt - giY 

where / (<7, t), (a, t), g^ (<r, t) are arbitrary functions of their arguments. 

, This integral will generally be a solution of the wave-equation and the 
value of the integral which is suggested by the theory of the residues of 
double integrtds is 

in which a, satisfy 

Ai(«,i3) = 0, Ag(a,j8)-0, (K) 

where 




*1 (a, t) = xli (tr, t) -I- yfHi (c, t) + (a, t) - etp^ (c, t) - g^ (a, t), 

ha (a, r) « xla (a, t) + (c, t) + ZTlg (or, r) - ctpo (a, t) - flfg {a, t), 

and J is the value when o- = a, r >= /9 of the Jacobian 

j S{ha, hi) 

d{<T,T)- 

This result, which may be extended to any linear equation with a two- 
parameter family of primary solutions of the second grade, will now be 
verified for the case of the wave-equation. It should be remarked that the 
method gives us a solution of the wave-equation of type 

u==yf (a, j 8 ), 

where y is a particular solution of the wave-equation. Such a solution will 
be called a primiiive solution ; it is easily verified that the parameters a and 
P occurring in a primitive solution are such that the function 0== F {a, P) 
is a solution of the partial differential equation of the charaoteristios 



Instead of considering the wave-equation it is more advantageous to 
consider the set of partial differential equations comprised in the vector 
equations . 

curlQ-f 0, divQ=»0 (M) 


and to look for a primitive solution of these equations of type 

e = ?/(a./ 9 ) 

in which / is an arbitrary function of the two parameters a and / 3 , which 
are certain functions of x, y, z and t, and the vector 9 is a particular solution 
of the set of equations. 

Substituting in the equations (L) we find that since /is arbitrary a and 
P must satisfy the equations in a>, 

cVta X 9 = — iqdafdt, q.Vta = 0 , 
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which indicate that 

9 (v. z\ c 3 t\ > 1 
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9(2/.*) cd(xity 
<7, ^ 9 (a, g) 

(N) 

9 (x, y) c d {z, t) ’> 

where k is some muItipUer. To solve these equations we take a R ^ „ 
™w ^epeadent variable, and write tte ^nation oonneetb.;/^^ ? “ 

9 (a, X, t) i d(a,^,y,z) 

9(2/.*, *,0 cd(x,t,y,z)’ 

9(g. P,y.t) ^ i 9Jg, z, X) 

9 (*. aJ, y,t) c d (y, t, z, x) ’ 

9 ( g. g, <) _ i d(c^^,x, y) 

9 (», y, a, 0 c 9 (z, a;, ‘ 

Now multiply each of the Jacobians by and make use of 

s^^r^to^the theorem for Jacobians. We then obtain a set of equations 

similar to the above but with 9 («, a:, y) in each denominator The new 
equations reduce to the form ^uniwjr. xne new 

= _ ? % = 1 9z 9 (z, t) i 

9y cdx’ dx c'dy’ 

these equations are analogous to the equations con- 
necting conjugate functions t and iz/c, consequently we may write 

g - C< = [a; 4- iy^ a, ^], 

z + ct = [x~ ,iy^ a, jS]. 

Substituting in the third equation, we find that 

= - 1 , 

where in each cmc the prime denotes a derivative with respect to the first 
argument Evidently must bo independent of a: 4- iy and S' inde- 
S^thHorm * ~ general solution is thus determined by equations 

g - ci = ^ (ff, /3) 4 - (a; 4 . iy) Q 

g + c< = (ff, ^) _ (a: - iy) 

where 9, ^ 0 are arbitrary functions of a and ^ which are continuous (D, 1) 
in some domain of the complex variables a and p. 

For some purposes it is more convenient to write the equations in the 
equivalent form 

« - ci = <l> (a, P) + {x + iy) e (a, p), 

6 (a, (z + ci) = x (a, /3) - (* - iy). 
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These equations are easily seen to be of the type (K) and may indeed 
be regarded as a canonical form of (K), When the expressions for q are 
substituted in the equations (M) it is easily seen that /c is a function 
of a and j 8 . Since Q already contains an arbitrary function of a and P we 
may without loss of generality take /c = 1. 

A case of particular interest arises when 

l{a)-CT (a) - [i (a) + vq (a)] 6, 

^ ^ (a) + CT (a) + [It (a) - iv («)] 

where t («)> v (®)> f (^) (®) arbitrary functions of a which are 

continuous (jD, 2 ). We then have 

D ^ z- r {a)] ^ _ x- j {a) - i[y - t] (a)] 

° x-t{a) + i[y-ri{a)] 2 ^ (a) + c - r (a)] ’ 

and so a is defined by the equation 

Ix^i («)]a ^[y^rj («)]« + ~ ? (a)? [t ^ r {a)]\ 

We may without loss of much generality take r (a) =» a and use t as 
variable in place of a. Let us now regard i (t), 17 (t), £ (t) as the co- 
ordinates of a point S moving with velocity v which is a function of r. 
For the sake of simplicity we shall suppose that for each value of r we 
have the inequality v® < which means that the velocity of 8 is always 
less than the velocity of light. We shall further introduce the inequality 
T < ^ This is done to make the value of t associated with a given space- 
time point {x, y, z, t) unique*. 

To prove that it is unique we describe a sphere of radius c {t — r) with 
its centre at the point occupied by 8 at the instant t. As r varies we 
obtain a family of spheres ranging from the point sphere corresponding 
to T 5 = i to a sphere of infinite radius corresponding to r = ~ 00 . 

Now, ^ce it is easily seen that no two spheres intersect. Each 

sphere is, in fact, completely surrounded by all the spheres that correspond 
to earlier times t. There is consequently only one sphere through each 
point of space and so the value of t corresponding to (a;, y, z, t) is unique. 
The corresponding position of 8 may be called the effective position of 8 
relative to (a?, y, z, t). 

In calculating the Jacobians t may be treated as constant in the 
differentiations of jS. Now 

* Proofs of this theorem have been given by A. Lidnard, Uicloxragt ^leciriquef t. xvi, pp- 6, 

106 (1898); A. W, Conway, Proc, London Maih, 3oc. (2), voL i (1903); G. A. Sohott, Electromagnetic 
BadutHon (Cambndgo, 1912). 
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where 

(r)] f (r) + [y - ^ (r)] <(t) + [^ - f (r)] ^(r) - {t - r), 
and primes denote derivatives with respect to t. We thus find that 

d(y,z) 

L-(i -I- 52) 

d{z,x) 2 M^ 

8 (g, jS) _ 

a(a;,y) Jf' 

The ratios of the Jaoobians thus depend only on p and we have the general 

result that the function tu- 1 j? / o\ 

u = if-i/ (a, 

is a solution of the wave-equation. 

When the point (^, 7^, is stationary and at the origin of co-ordinates 

this result tells us that if ,/ is an arbitrary function which is continuous 

(X), 2) in some domain of the variables a, j8 and if r® = rc® + t/® -f the 

function , r 

1 - r r z-r 

u = -f\t , r-!- 

r*' L ^ ^ + '^y. 

is a solution of the wave-equation. There is a corresponding primitive 
solution of type ^ ^ z — 

obtained by changing the sign of t and using another arbitrary function. 

In the case of the wave-function M~^f (a, p) the parameter a may be 
called a phase-parameter because it determines the phase of a disturbance 
which reaches the point (a?, y, z) at time t when the function / is periodic 
in a. The parameter p is on the other hand a ray-parameter because a 
given complex value of P determines the direction of a ray when a is given. 

It is easily deduced from the equations (N) that a and p satisfy the 
differential equation of the characteristics 



/9a\* 1 ^ 

[dij W 

(0) 

and that 

da dp da dp dadp _1 da ^ 
dx dx dy dy"^ dz dz c® dt dt 

(P) 


It follows that the quantity v = F {a j P) is also a solution of (L). 

An interesting property of this equation ( 0 ) is that if a is any solution 
and we depart from the space-time point (x, y, 2, t) in a direction and 
velocity defined by the equations 

dx ^dy & 
da da da 
dx dy dz di 


c^dt j 
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i^en a and its forst dexivatiTes are unaltered in value as we follow the 
moving point. We have in fact 


, Sa , , Za -j, , Sttj . 3a j. 


_ r /3a\* -L ^ (^\ 

~ L\3i/ ■''W 

= 0, 


ds 


0o\ 9^ 


'©=■ 


9®a 




d^a 

dxdz"' 


9% 
dxdt 
1 da d^a 


__ Vda d^a da d^a ^ d^a 

** \ dx dx^ dy dxdy dz dxdz dt dxdt 

= 0 . 


ds 


Also, if a and jS are connected by an equation of type (P), 

” \dx dx ^dydy^ dz dz ^ c® dt dt) 

= 0 . 


The equations (0 and P) thus indicate that the path of the particle 
which moves in accordance with these equations is a straight line described 
with uniform velocity c and is, moreover, a ray for which jS is constant. 


§ 1*94. Primitive solutions of Laplace's eqvLotion* As a particulajr case 
of the above theorem we have the result that the function 



is a primitive solution of Laplace’s equation. This is not the only type of 
primitive solution, for the following theorem has been proved*. 

In order that Laplace’s equation may be satisfied by an expression of 
the form V == yf (0), in which the function / is arbitrary, the quantity 0 
must either be defined by an equation of the form 


[X - i (6)]^ +[y-7j {e)f + [^ - ? {e)Y = o, 
or by an equation of the form 

xl {6) + ym (d) + zn (6) = p (6), 

where Z, w, n are either constants or functions of 6 connected by the re- 

l^ -f- m^ + Wr® 0, 


lation 


The most general value of y is in each case of the form 

Y = yiffl (6) + Yth {B), 


* See my Differential EptaUonat p. 202. 
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where and y 2 axe particular values of y, whose ratio is not simply a 
function of 6. In the first case we may take 

Yi = Yi = 

where w = [* - ^ (fi)] \{d)+[y-r, (0)] + (0)] v {6), 

«), = [*- f (0)] \ {9) + [y-7, (0)] iH(e) + [z-C (0)] V, (9), 

and A, /a, v, Aj, are two independent sets of three functions of 9 which 
satisfy relations of type 

A® + /A* + V* = 0, 

A (9) r (9) + IX (9) f{ {9) + V {9) r {9) = 0. 

In the second case we may take yi = 1 and define y^ by the eq^uation 
yg-i = xV (9) + ym' (9) + zn' {9) — p' (0). 

.If in the first theorem we choose i = 0, tj = i9, C = 0, we have 


9 = 


x + %y 
w = x + iy, 

and the theorem tells us that the function 


A+ i/i = 0, V = 0, 


is a primitive solution. of Laplace’s equation. If we write x + iy = t, 
X — iy = 4s this theorem tells us that the function 

V = t-if (4s + z^/t) 

is a primitive solution of the equation 

dsdt^ dz^~~ ^ 


§ 1-95. Fundarnentai sohaions"^. The equations with primary and 
primitive solutions have been called basic because it is believed that 
solutions of a differential equation with the same characteristics as a basic 
equation can be derived from solutions of the basic equation by some 
process of integration or summation in which singularities of these solutions 
of the basic equation fill the whole of the domain under consideration. 

This point will be illustrated by a consideration of Laplace’s equation 
as our basic equation. 

We have seen that there is a primitive solution of type 


ly/ 


By a suitable choice of the function f we obtain a primitive .solution 

* These Q^re also oaUed elementary solutions. See Hadamard, Propagation des Ondes, 
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with singTiIarities at isolated points and along isolated straight lines issuin 
from isolated singular points. The particular solution 

F-l/r 

has the single isolated point singularity a; = 0, y => 0, = 0. Lot us ta 

this particular solution as the starting-point and generalise it by forminj 
a volume integral 

F = l!li(x-i)^+(y-t,)»+(z-OT^^(i>V>t)didr,dC (A) 

over a portion of space which we shall call the domain 

When the point (a:, y, ;?) is in the domain ^ this integral is not a solution 
of Laplace's equation but is generally a solution of the equation 

V^F + 4^F {x, y, z) — 0, (1^) 

provided suitable limitations are imposed upon the function F. 

Now the function jF is at our disposal and in most cases it can be ohosen 
80 as to represent the terms which make the given diiBferential equation 
differ from the basic equation of Laplace. It is true that this choice of F 
does not give us a formula for the solution of the given equation but gives 
us instead an integro-differential equation for the determination of the 
solution. Yet the point is that when this equation has been solved the 
desired solution is expressed by means of the formula (A) in terms of 
primitive solutions of the basic equation, 

A solution of the basic equation which gives by means of an integral a 
solution of the corresponding equation, such as (B), in which the additional 
term is an arbitrary function of the independent variables, is called a 
fundarmvM solution. Rules for finding fundamental solutions have been 
pven by Fredholm and Zeilon. In some cases the solution which is called 
fundamental Beems to be unique and the theory is simple. In other coses 
c les arise. any case much depends upon the domain and the 
sup^mentary conditions that are imposed upon the solution. 

wave-equation the question of a funda- 
mental solution IS partioularlyinteresting. There are, indeed, two solutions. 


r=~ 1 1 

2r L»- - c# r 4- c/J ~ fTT 




and 

fundamental 

i. which 

F = e 
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when the equation is taken in the form 


dj 

dt 


kV^V, 


- 

and is 7 g O 

when the equation is taken in the simpler form 

dt dx^ ■ 


The equation of heat conduction is not a basic equation but may be 
transfonned into a basic equation by the introduction of an auxiliary 

Tramn n n 3 j.* . 1 mi • . 


from 


dV 

3»F 



dt ~ 

'' dx» 

is 

d^W 


W= Fe«/*, 

dsdt ^ 

dx‘ ’ 


and this equation possesses the primitive solution 


of which W = t-i exp I - - 1 

4/c^ I 

is a special case. 

The theory of fund^ental solutions is evidently closely connected 
with the theory of primitive solutions but some principles are needed to 
guide us in the choice of the particular primitive solution which is to be 
regarded as fundamental. The necessary principles are given by some 
general theorems relating to the transformation of integrals which are 
forms or developments of the well-known theorems of Green and Gauss, 
These theorems will be discussed in Chapter II. An entirely different 
discussion of the fundamental solutions of partial differential equations 
with constant coefficients has been given recently by G. Herglotz, Leipziger 
BericUe, vol. Lxxvin, pp. 93, 287 (1926) with references to the Uterature. 


1. Prove that the equation 


EXAMPLES 

3F ^ 

9< “ 9** 


is satisfied by the two definite integrals 


v(8,t)v(x,a)d8, 

where v (x, t) — r* 


Show also that the two integraJs represent the same solution. 

B 


8 
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2. Ptove that this soluticm oan be expanded in the fonn 

F«Fo-Fi+7«, 

where Fq « r (J) (4i)“ 


1 a* 1.6( 

1. 

41 81 ' 

,4fj +-J' 

1 »* 1.3/a 

'=‘\* 1 

'61 2«'*' 91 \! 

It) -J’ 

ri 1.3/as‘N 

,, 1.3.7 /®*N» 1 

Lii'TrW 

' + (10)1 \4tJ -J' 


3. Show also that 

Fo 4 cos «c cosh artfo, 

y-*:4 I e~***[am«Booahaa? + oos«*5 8inhw?]ds, 

; 0 

7j«4 e“*^BmsajBinh«K.dfl. 

4. Prove that there is a fourth solution 

F, - aft-* [i - j + ^ (j)* -•••]“ 4 J“ e-^*^ [dn w cosh ooB siiJi s*] 

5. If F (iB» 0 «• sohitioii of the equation 

aF a«F 

the quantity 

(*.<)* 

is generally a solution of the set of equations 

y«'(0“yn-«W n>«-i. 

In paxtioulor, if « =». 2 and 7 (*, t) is the function « (a, f ) of Ex. 1, the oorreeponding 
fxmotion y„ (t) is 


Vn (*) 


n 




This may be osJled the fundamental solution^ and when the second form is adopted 
s may have any positive integral value. In partioular, when s » 4, this function is de- 
rivable from t^e function v {x, i) of Ex. 1, p. 113. 


CHAPTER II 


APPLICATIONS OP THE INTEGRAL THEOREMS 
OP GAUSS AND STOKES 


§ 2-11. In the foUowiQg investigationB muoh use will be made of the 
well-known formulae 


+ [' (I- s) + “ (s-£) ^ [l-U 


(A) 

for the transformation of line and surface integrals into surface and volume 
integrals respectively. In these equations I, m, n are the direction cosines 
of the normal to the surface element d8y the normal being drawn in a 
direction away from the region over which the volume integral is taken or 
in a direction which is associated with the diTOotion of integration round 
the closed curve C by the right-handed screw rule. 

The functions w, Wy X, F, Z occurring in these equations will be 
supposed to be continuous over the domains under consideration and to 
possess* continuous first derivatives of the types required*. The equations 
may be given various vector forms, the simplest being those in which 
u, V, w are regarded as the components of a vector q and A, Y, Z the 
components of a vector F, The equations are then 


j q . da = J (curl q) . d8, 
j F.dS = j (div F) dr [dr = dx . dy . dz)y 


(B) 


where da now stands for a vector of magnitude da and the direction of the 


tangent to the curve (7, while dS represents a vector of magnitude dS and 
the direction of the outward-drawn normal. The dot is used to indicate a 
scalar product of two vectors. Another convenient notation is 


1 qtda = 

[ (cvirlq)„dS, 

'F^dS j 

[ (div F) dr. 


(C) 


* See for instance Ooursat-Heilrick, Mathematical AnaLysis, vol. i, pp. 262, 309. Some in- 
teresting remarks relating to the proofs of the theorems will be found in a paper by J. Carr, 'Phil, 
Mag, (7), vol. iv, p. 449 (1927). The first theorem is well discussed by W. H. Young, Proc, London 
Math, Soo. (2), vol. xxiv, p. 21 (1926); and by 0. D. Kellogg, Poundationa of Potential Theory, 
Springer, Berlin (1929), oh. iv. 
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where the suflSxes t aad n are used to denote components in the direction 
of the tangent and normal respectively. 

If we write Z = v, 7 = — w, X = 0-, X = w, Z ~ — u, Y = 0; Y == u, 
X = — V, Z = 0in succession we obtain three equations which may be 
written in the vector form 

j(qxdS)=-l (ourlg) dr, (D) 

where the symbol x is used to denote a vector product. 

Again, if we write successively X=:jp, 7 = ^=0; Y == p, Z — X — 0; 
Z ^ p, X ^ 7 = 0, we obtain three equations which may be written in 
the vector form ^ ^ y. 

J (2))dflf=J (Vp)dr, (E) 

where Vp denotes the vector with components ^ respectively. 


§ 2*12. To obtain physical interpretations of these equations we shall 
first of all regard u, v, w as^e component velocities of a particle of fluid 
which happens to be at the point (a;, j/, z) at time t. The quantities tj, ^ 
defined by the equations 


1 = 


dw ^ 
dy dz' 


_^du dw y _ 9^ 9^^ 

dz dx* dx dy 


may then be regarded as the components of the vorticity. 

The line integral in (A) is called the circulation round the closed curve 
0 and the theorem teUs us that this is equal to the surface integral of the 
normal component of the vorticity. When there is a velocity potential 
^ we have g , g , g, 

(in vector notation q = V^) and f = 17 = C == P, the circulation round a 

closed curve is then zero so long as the conditions for the transformation 

of the line integral into a surface integral are fulfilled. The circulation is 

not zero when . ‘ i / / s 

(f> = tan-i (yjx), 


and the curve (7 is a simple closed curve through which the axis of z passes 
once without any intersection. The axis of 2 is then a hue of singularities 
for the functions u and v. The value of the mtegral is 27t, for (f> increases by 
27 t in one circuit round the axis of 2. The velocity potential 


^ = (r/27r) tan“^ {y/x) 

may be regarded as that of a simple line vortex along the axis of z, the 
strength of the vortex being represented by the quantity T which is 
supposed to be constant. F represents the circulation round a closed curve 
which goes once round the line vortex. 
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If we write X = pu, Y — pv, Z = pw, where p is the density of the fluid, 
the surface integral in (A) may be interpreted as the rate at which the 
mass of the fluid within the closed surface S is decreasing on account of 
the flow across the surface S. If fluid is neither created nor destroyed 
within the surface this decrease of mass is also represented by 

The two expressione are equal when the following equation is satisfied at 
each place (x, y, z) and at each time t. 

This is the equation of continuity of hydrodynamics. There is a similar 
equation in the theory of electricity when p is interpreted as the density 
of electricity and w the component velocities of the electricity 
which happens to be at the point {x, z) at time t. When p is constant 
the equation of continuity takes the simple form 

_ f. 

dx dy dz "" 

(in vector notation div j == 0). This simple form may be used also when 
dpjdt = 0, where djdt stands for the hydrodsmamical operator 
d d d d ^ d 
dt~ dt^^dx’^^dy^ dz’ 

a fluid for which dpjdt = 0 is said to be incompressible. 

When p is interpreted as fluid pressure the equation (E) indicates that 
as far as the components of the total force are concerned the effect of fluid 
pressure on a surface is the same as that of a body force which acts at the 
point (x, y, z) and is represented in magnitude and direction by the vector 
— Vpf the sign being negative because the force acts inwards and not 
outwards relative to each surface element. Putting g = pr in equation (D), 
where r is the vector with components x, i/, z, we have an ‘equation 


J(r X pds) = — J (curlpr) dr = | (r x Vp) dr, 


which indicates that the foregoing distribution of body force gives the 
same moments about the three axes of co-ordinates as the set of forces 
arising from the pressures on the surface S, The body forces are thus 
completely equivalent to the forces arising from the pressures on the 
surface elements. This result is useful for the formulation of the equations 
of hydrodynamics which are usuaUy understood to mean that the mass 
multiplied by the acceleration of each fluid element is equal to the total 
body force. If in addition to the body force arising from the pressure there 
is a body force F whose components per unit mass are X, Y, Z for a particle 
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widoh is at (x, y, z) at time t, the equations of hydrodynamics may be 
written in the vector form 


p|.-Vy + ,r. 


When viscosity and turbulence are neglected the body iorce often can be 
derived from a potential Q so that F The hydrodynaroical equations 

then take the simple form , _ 

which implies that in this case there is an acceleration potential if /> is a 
constant or a function of p. When in addition there is a velocity potential 
(f, the equations may be written in the form 


and imply that 




where / (^) is some function of t. This may be regarded as an equation for 
the pressure, when = 0 it indicates that the pressure is low where the 
velocity is high. 


§ 2'13, The equation of the condition of heat. When different parts of 
a body are at different temperaturesj energy in the form of heat flows from 
the hotter parts to the colder and a state of equilibrium is gradually 
established in which the temperature is uniformly constant throughout 
the body, if the different parts of the body are relatively at rest and do 
not participate in an unequal manner in heat exchanges with other bodies. 
When, however, a steady supply of heat is maintained at some place in the 
body, the steady state which is gradually approached may be one in which 
the temperature varies from point to point but remains constant at each 
point. 

A hot body is not like a pendulum swinging in air and performing a 
series of damped oscillations as the position of equilibrium is approached, 
it is more like a pendulum moving in a very viscous fluid and approaching 
its position of equilibrium from one aide only. The steady state appears, 
in fact, to be approached without oscillation. 

These remarks apply, of course, to the phenomenon of conduction of 
heat when there is no relative motion (on a large scale) of different parts 
of the body. When a liquid is heated, a state of uniform temperature is 
produced largely by convection currents in which part of the fluid moves 
from one place to another and carries heat with it. There are convection 
currents also in the atmosphere and these are responsible not only for the 
diffusion of heat and water vapour but also for a transportation of momentum 
which is responsible for the diurnal variation of wind velocity and other 
phenomena. 



Gondmtion of Heat 119 

A third procsess by which heat may be lost or gained by a body is by 
the emission or absorption of radiation. This process will be tr^ted here 
as a surface phenomenon so that the laws of emission and absorption are 
expressed as boundary conditions; the propagation of the radiation in the 
intervening space between two bodies or between different parts of the 
same body is considered in electromagnetic theory. The mechanism of the 
emission or absorption is not fully understood and is best described by 
means of the quantum theory and the theory of the electron. The use of a 
simple boundary condition avoids aU the difficulty and is sufficiently 
accurate for most mathematical investigations. In many problems, how- 
ever, radiation need not be taken into consideration at aU. 

The fundamental hypothesis on which the mathematical theory of the 
conduction of heat is based is that the rate of transfer of heat across a 
small element d8 of a surface of constant temperature (i.e. an isothermal 
surface) is represented by 0 ^ 

where K is the thermal conductivity of the substance, d is the temperature 

0 

in the neighbourhood of d8, and denotes a differentiation along the 

outward-drawn normal to d8. The negative sign in this expression simply 
expresses the fact that the flow of heat is from places of higher to places 
of lower temperature. The rate of transfer of heat across any surface 
element da in time di may be denoted hy f^dadt, where the quantity fy is 
called the flux of heat across the element and the suffix v is used to indicate 
the direction of the normal to the element. 

Let us now consider a small tetrahedron DABG whose faces DBG^ 
DC A, DAB, ABG are normal respectively to the directions Ox, Oy, Oz, Ow, 
where the first three lines are parallel to the axes of co-ordinates. Denoting 
the area ABG by A, the areas DBG, DGA, DAB are respectively w^lOs., 
w;aA, where Wy, are the direction coaines of Ow, 

Wher A is very small the rate at which heat is being gained by the 
tetrahedron at time t is approximately 

(^xfx + ^vfv + U) 

jn 

This must be equal to Vcp ^ , where V is the volume of the tetrahedron, 

c the specific heat of the material and p its density. Now V = ii>A, where 
P is the perpendicular distance of D from the plane ABC, hence 

dd 

Wafa + Wyfv + “'«/» - /» = ^ 

and so tends to zero as p tends to zero. 

When DAB is an element of an isothermal surface we may \i8e the 
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additional hypothesis that /« and /, are both zero and the oquati 

^ dw' 

The law (A) thus holds not simply for an isothermal surface but f 
any surface separating two portions of the same materiaL The vector L 
d9 ' dd dd 

whose components are is called the temperature gradient at tl 

point (a?, y, z) at time t. 

Let us now consider a portion of the body bounded by a closed surfac 
iS, Assuming that/a, f^, fg and their partial derivatives with respect t 
X, y and z are continuous functions of x, y and z for all points of the regio] 
bounded by S, the rate at which this region is gaining heat on account o 
the fluxes across its surface elements is 






Transforming this into a volume integral and equating the result to 

^ ft 7/1 


I' 


^ J J, ^ 

cp dadydz, 


we have the equation 

l/J £ ) ~ 0^ - 1 £.) J 

This muflt hold for any portion of the material that is bounded by a simple 
closed surface and this condition is satisfied if at each point 

de , 

Cp ^ - div (EVd) = 0. 

If the body is at rest we can write ^ in place of but if it is a moving 

fluid the appropriate expression for ^ is 

dt 


de de 


9^, dd 


— , uu 0(7 / 


- ''ff UX. 

Z *“ ““ ““PO""* velodae. of tte modium 
In most mathematicaJ investi&ations thA mA/i' • j. • ' 
quantities c. i and p are consta^in Wi, ^ “ stationary and the 

takes the simple form space and time and the equation 


9^ r. 


ppiyng m . qnaotaty 

• Thia name was angffeeted bv T • 


p and X is 
1913 ). 
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of heat to the volume element dxdydz, a term F (a?, z, t) must be added 
to the right-hand side of the equation. 

A Bimilar equation occurs in the theory of diffusion ; it is only necessary 
to replace temperature by concentration of the diffusing substance in order 
to obtain the derivation of the equation of diffusion. The quantity of 
diffusing substance conducted from place to place now corresponds to the 
amount of heat that is being conducted. The theory of diffusion of heat was 
developed by Fourier, that of a substance by lick. In recent times a 
theory of non-Fickian diffusion has been developed in which the ooefiEioient 
K is not a constant. Reference may be made to the work of L. F. Richard- 
son*. 


§ 2-14. An equation similar to the equation of the conduction of heat 
has been used recently by Tuttle f in a theory of the drying of wood. It 
is known that when different parts of a piece of wood are at different 
moisture contents, moisture transfuses from the wetter to the drier regions ; 
Tuttle therefore adopts the fundamental hypothesis that the rate at which 
transfusion takes place transversely with respect to the wood fibres or 
elements is proportional to the slope of the moisture gradient. 

This assumption leads to the equation 

dd 

where 6 is moisture content expressed as a percentage of the oven-dry 
weight of the wood and A® is a constant for the particular wood and may 
be called the transfusivity (across the grain) of the species of wood under 
consideration. 

From actual data on the distribution of moisture in the heartwood of 
a piece of Sitka spruce after five hours* dryii^ at a temperature of 160° F. 
and in air with a relative humidity of 30 %, Tuttle finds by a computation 
that is about 0-0053, where lengths are measured in inches, time in 
hours and moisture content in percentage of dry weight of wood. 

The actual boundary conditions considered in the computation were 

0 = 0 at a; = 0, 0 = 0 at a; = 1, 0 = when t = 0. 

A more complete theory of drying has been given recently by E. E. 
LibmanJ in his theory of porous flow. He denotes the mass of fluid per 
unit mass of dry material by v and calls it the moisture density. The 
symbols p, cr, t are used to denote the densities of moist material, dry 
material and fluid respectively and jS is used to denote the coeflGLcient of 
compressibility of the moist material. 

* Proc. Roy, Soc, London, vol. ox, p. 709 (1926). 
t F. Tuttle, Joum, of the Franklin Inal, vol. oo, p. 609 (1925). 
t E. E. Libman, Phil. Mag. (7), vol. rv. p. 1286 (1927). 
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The rate of gain of fluid per unit mass of dry material in the volume V 
is the rate of increase of v, where v is the average value of vm . ^ 

is the mass of dry material in volume V of moist material and /„ - mass 
of fluid flowing in unit time across unit area normal to the direction n we 


therefore 


dt w •' 


(B) 


Now, the mass of fluid in the volume V is wv and the total mass of 
material in V is wv w and is also pF, hence 


and (B) gives the equation 


I V 


dv 


1 + t; 


div/ 


for the interior of the porous body. 

Ji EdS denotes the mass of fluid evaporating in unit time from a small 
area dS of the boundary of the porous body the boundary condition is 

The flow of fluid in a porous material may be regarded as the sum of 
three separate flows due respectively to capillarity, gravity and a pressure 
gradient caused by shrinkage. We therefore write, for the case in whioh 
the z axis is vertical and p is the pressure, 

- ^dv j dz .dp 

where K and h are constants characteristic of the material. 

1 '4" “y 

Consider now a small element of volume dw at the point P (a;, y, «), 

the associated mass of dry material being Siyand the volume per unit mass 


of dry material 


Then 


But by definition 


dV 

dv 


F = 
d /I + y\ 


1 -f y 


-i-= ^ / I + 

Iv dv\ p 

^ _ dp d /I 4- V' 

T » TT ’ ■» -TV I “ - ■ 


dV dv 

i3=- 


dVdvV 

1 ^ 

T dp ’ 


0- 


1 d (I V' 
dv~~^~ 

dn~~^dvV°S~j-). 


= -J-± fL±I\ _ 1 /i 1 + ^»^ 

Vpdv\ p } fidvV^^ p )’ 


dn' 


therefore 
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Putting 
we have 




dv 


i8 




or 


, d<f) , dz 

, ^ f ^ t 1 


dy> 

div/=- vv, 

^=Va,A 

l+vdt 

wliile the boundary condition takes the form 


dz 


and so 




dz ^ 


It should be mentioned that in the derivation of this equation the 
material has been assumed to be isotropic. 

In the special case of no shrinkage we have 

p = <i(l + v), ^ = K, <f, = Kv + oonat., 


and the equation for v becomes 


dt <T ’ 


which is similar in form to the equation of the 
boundary condition is ^ o 


conduction of heat. The 


§ 2-16. The heating of a porous body by a warm fluid^. A warm fluid 
carrying heat is supposed to flow with constant velocity into a tube which 
contains a porous substance such as a solid body in a finely divided state. 
For convenience we shall call the fluid steam and the porous substance 
iron. The steam is initially at a constant temperature which is higher than 
that of the iron. The problem is to determine the temperatures of the iron 
and steam at a given time and position on the assumption that the specific 
heats of the iron and steam are both constant and that there are no heat 
exchanges between the wall of the tube and either the iron or steam, no 
heat exchanges between different particles of steam and no heat exchanges 
between different particles of iron. The problem is, of course, idealised by 
these simphfying assumptions. We make the further assumption that the 
velocity of the steam is the same all over the cross-section of the pipe. 
This, too, would not be quite true in actual practice. 

Let JJ be the temperature of the iron at a place specified by a co-ordinate 
X measured parallel to the axis of the pipe, V the corresponding temperature 

* A- Anzelius, Zeits.f. ang, Maih. u. Mech. Bd. vi, S. 291 (1026). 
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of the steaan. These quantities will be regarded as functions of x and t only. 
This is approximately true if the pipe is of uniform section so that the 
cross-sectional area is a constant quantity A. 

Let us now consider a slice of the pipe bounded by the wall and two 
transverse planes x and x + dx. At times t and t -j- dt the heat contents 
of the iron contained in this slice are respectively 

uUAdx and u(jJ + ~d^Adx, 

where u is the quantity of heat necessary to raise the temperature of unit 
volume of the iron through unit temperature. Thus the quantity of heat 
imparted to the iron in the slice in time dt is 

dQi=-uA^dtdx. 

Similarly, at time t the heat content of the vapour in the slice iavV A dx 
and at time t + dtiii^v{v d^Adx, where is a quantity analogous 
to u. 

With the steam flowing across the plane x in time dt a quantity of heat 
vVAcdt is brought into the slice where c is the constant velocity of flow. 

In the same time a quantity of heat ^ V + Acdt leaves the slice across 

the plane x + ax. The steam has thus conveyed to the iron a quantity of 




Adtdx. 


In accordance with the law of heat transfer that is usually adopted the 
quantity of heat transferred from the steam to the iron in the slice in time 

dQi = le{V -U)Adtdx, 

where k is the heat transfer factor for iron and steam. We thus have the 

eqoatioM 3 ^ 3 ^ 


u 


dU 

di 


= [/). 


With the notation a = kjcv, h = kjcu and the new variables 

i — aXj T = 6 (c^ — x), 

the equations become 

^^= 17-7 — == V - U 

dt ar ^ 

These equations imply that the quantity A (f , r) defined by 
A(^, = U) 

is a solution of the partial differential equation 
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Laplace’s Method 

The sappiementaiy conditions which will be adopted a<re 

F(0,t) = F„ 

where Ui and Vi are constants. The equation (A) then gives 
U{0,r)==V,-(V,-U,)e~% 
r(.i,0)=U^+{V^-U^)e~(, 

and so the supplementary conditions for the quantity A are 
A (^, 0) = A (0, r) = Fi - til = W, say. 


§ 2*16. Solution by the method of Laplace. The equation (A) may be 
solved by a method of successive approximations by writing 

A = Ao + Ai + Aa + ... , 
where A* = IF and = A„_i. 

This gives A =. Wh [2 V'(^t)], 

F - H = PFe-if+"‘ 7o [2 V(^t)], 

fox 

V= Vi— TFc-*<®*“”> I e-‘m2y/{bsifit — x))'\ds, 

Jo 

^7 =s i7i + TTe-®® c“Vo [2 v'((M75)] 

J 0 

For a; > the solution has no physical meaning but for such values of x 
the iron has not yet been reached by the steam and so U ^ Ui. 

As CO we should have U F this condition is easily seen 
to be satisfied, for our formula for V — U indicates that F — ?7 0 and 

C7 Fj because 

I e~^Io [2^/{ttzs)] d$ = c®®. 

J 0 

The properties of the solution might be used, however, to infer the value 
of this integral. 

EXAMPLE 


Prove tliat if 
the differential equation 


dxdydz 


is satisfied by F = / / <l>{v,w)E {x{y ’^v){z-’W)}dvdw 

yoyo 

-+ /o j ^ilt{w,u)E {y (z — w){x — u)} dwdu 
fx fy 

+ / x(w, o)i^{z(a; — w)(^ — 

yoyo 

+ I P (u) E {(x -- u) yz] du \ Q (v) E {(y ^ v) zx] dv 
Jo Jo 

+ j^R {«?) E {(z — w) xy] dw + 3E (xyz). 

[T. W. Chaundy, Proc. London Math. Soc. (2), voL xxi, p. 214 (1923).] 
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§ 2-21. Riemann’a method". Let L {u) be used to denote the differential 


expression 


, dv, , ,du , 
dxdy ^ dx dy 


where a, b, c are continuous (Z>, 1) in a region R in the (*, y) plane. The 
adjoint expression X (t?) is defined by the relation 

j . f,. dMdN 

vL{u)-uL{v) = ^ + ^, 

where M. and N are certain quantities which can be expressed in terms of 
u, V and their first derivatives. Appropriate forms for L, M and N are 

(i; I - « |) = ^ {uv) - uP {V), say, 

N = buv + 1 « g) = 1 ^ {uv) - (v), say, 

^ 9 ) ^ 9 ) 

where P (v) = - av, ^ (^) = 

Now if G is a closed curve which lies entirely within the region R and 
if both u and v are continuous {D, 1) in P, we have by the two-dimensional 
form of Green’s theorem 


{IM + mN) ds = 


dx dy 


^dxdy= \vL (u) — uL (t;)] dxdy. 


where I, m are the direction cosines of the normal to the curve O and the 
double integral is taken over the area bounded by C, and so will be ex- 
pressed in terms of the values of u and its normal derivative at points of 
the curve P, for when u is known its tangential derivative is known and 

and can be expressed in terms of the normal and tangential de- 
rivatives. If 2 / 0 ) are the co-ordinates of the point A the function v 
which enables us to solve the foregoing problem may be written in the 

form , V 

v = g{x, y\ y^), 

and may be called a Green’s function of the differential expression L (t^). 

This theorem will now be applied in the case where the curve C consists 
of lines XA, A T parallel to the axes of x and y respectively and a curve i’ 
j pining the points Y and X. 

Using letters instead of particular values of the variable of integration 
to denote the end points of each integral, we have when L {u) = 0, Z {v) = 0, 



Now 

and 

therefore 
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-^^Mdy=\[{uv)Y- {uv)^] + uP {v) dy, 

^^Nda!=\ [{w)i - {w)^] - uQ (v) dx, 

tx 

(uv)j = J [(w)i + (u'o)y] + {IM +,7wi\r) ds 

^ 7 

+ uP (?;) dy — ^ uQ (v) dx. 

If now the function v can be chosen so that P (v) = 0 on ^ 7 and Q (v) = 0 
on AX, the value of u at the point A will be given by the formula 

rx 

\ + (w)ir] + j ^ {IM + mN) d8\ 

It should be noticed that if is not a solution of i (w) = 0 but a solution of 

L (u) +/(ic, y) = 0 
the corresponding expression for u is 

+ (uv)y'\ + [ jJ'M + mN) d8+\ Ivf (x, y) dxdy. 

An interesting property of the function g may be obtained by consider- 
ing the case when the curve F consists of a line YB parallel to AX and a 
line BX parallel to YA, We then have ^ 

rx rx T-B 

j {IM "f mN) da = ^ Mdy — ^ Ndx, 


also 


we have 


Hence 


^ - (««) + (m). ^ (“) = ^ + 

rfl rB - 

j^^dx = I i{uv)Y - (w)b] + (u) dx, 

f Mdi/ = i [(uvjj - (uv)^] + [ vP (u) dy. 

JB JB 

(•B _ /■-*■ — 

(uv)^ = (uv)jB - vQ(u)dx+ 1 vP (u) dy. 

JY JB 


Now le^a function u = h{x,y\Xi, y-^) be supposed to exist such that 
L {u) = 0,P {u) = 0 on BX, Q {u) = 0 on BY \ the co-ordinates x^, y^ being 
those of B, The formula then gives 

(to)^ = (uv)s- 

Choosing the arbitrary constant multipliers which occur in the general 
expressions for g and h, in such a way that 

9 yol Vo) =h h {x^, y^\ x^, y^) = 1, 
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the preoediog relatiou can be written in the form 

yol *1, Vi) = g (a^i. yi> Vo)- ■ 

When considered as a fnnotion of (x, y) the Green’s function g satisfies 
the adjoint equation L (v) = 0, but when considered as a function of 
{Xo, yo) it satisfies the original equation expressed in the variables Xo,ya^ 


•B'.VATMPT.TB 

Prove that the Green’s funotioii for the differential equation 

dhl . ja 

dxdy “ ^ 
is 

and obtain Laplaoe’s formula 




for a solution whioh satisfies the oonditiona 

du 


g~=.^(a;) wheay^O, 
du 


dy 


« 4 > (a?) when a? « 0. 


§ 2-22. Solution of the equation 


j 0% dz - , . 


.(A) 


Let the curve B consist of a line parallel to the axis of x and two 
curves Ci, starting from Ai, A^ respectively and running in an upward 
direction from the line A^A^, Let S denote the realm bounded by the 
portion of B below a line y parallel to the axis of x and the portion of B 
which lies between Oi and Og- When y is replaced by the parallel lines 
yo, y' the corresponding realms will be denoted by Sq and S' respectively. 
The portions of B below the lines y, y©, y' will be denoted by jS, jSo )9' 
respectively. The equation of AiA^ will be taken to be y = . 

We shall now suppose that y and y' both lie below yo and that z is Bi 

025 0525 

solution of (A) which is regular in Sq, regularity meaning that 
d^z 

and are continuous functions of x and y in the realm aSq • 

The differential expression adjoint to L {z)mL if), where 

and we have the identity 



Hence if. 
aad 

we have 


Oeneralised EquaMon of Condtiction 

L{z) ^f{x,y), 

L (<) = 0, 

3 r dz 9 r . T n 


Let US now write ^ = z {$, 7 ))^t = t ($, rj) and integrate the last equation 
over the region 8', then 

In this equation we write 

T (i. ri) = T[x,y, 1 7?] s (jf - 7j)-i exp [- (x - ^)s/(j/ - 77 )], 
and we take y' to be a line which lies just below the line y which passes 
through the point {x, y). Our aim now is to find the limiting value of the 
integral on the left as y' y. 

By means of the substitution ^ = x + 2u 's/{y — tj) this integral is 
transformed into 

2 z[xi- 2u(y — 7 ]) i , 17] e^^du, 

Jui 

If the equations of the curves Oj, are respectively 

a? = ^ (yh ic = (yh 

the limits of the integral are respectively 

^ = [ci (v) - aj]/2 V(y -vh [C 2 (v) - a?]/2 V(y - vh 

If the point (x, y) lies within 8 we have 

— 00 , Wa“>+ooasy'-*-y and rj y; 
if it Uea outside 8 we have 


± ooasy'->-y and rj-^ y. 

Finally, if the point (x, y) lies on either ’Oi or one limit is zero, thus 

we may have either 0, ^ oo, or — oo, 

The limiting value obtained by putting tj = yin. the integral is 2z (x, y) V'tt 
in the first case, zero in the second case and z (x, y) ^/tt in the third. Hence 
when the limiting value is actually attained we have the formula 

2 {X, y) [2 Vtt, 0 or Vv] = | - C d,,] - Tfdid^. 

The transition to the limit has been carefully examined by Levi*, 
Goursatf and (Jevreyf. The last named has imposed further conditions 


E. E. Levi, ArnidU di Matemaiica (3), vol, xiv, p. 187 (1908). 
t Er Gourea.t, Traitd cPATicUyae, t. m, p. 310. 

t M. Qevrey, Jowm. de MaMmatiguEa (6), t. n, p. 306 (1913). See also Wera Lebedeff, Dias. 
QdUingefn (1906); E. Holmgren, .drifeiv /dr Maimafikt Asfxtmmi ooh Fyaik, Bd. in (1907), Bd. iv 
(1908); G. C. Evans, ^wier. Jowm. Math. vol. ixxvn, p. 431 (1916). 
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in order to establish the formula in the case when (x, y) lies on either 
or Cg. His conditions are that, it <f> {a) is oontmuous, 

K {y) - Cj, (-f?)] {y - ■>?)"* =0 (jj = 1, 2), 


that 


v->-y 


Gx 


f [c» (y) - Cj («)] (y - s)-i <^(a)d8. exp [- {c„ (y) - c, (tf)}*/4 {y ■ 


«)] 


should exist and that the functions (y), (y) be of bounded variation. 

It may be remarked tha^ the line integrals in this formula are particular 

solutions of the equation while the integral 


2 (x, y) = - 2 ^ [ T (x,y; i, ij) d^drj 

is a particular solution of the equation (A). SuJBfioient conditions that this 
may be true have been given by Levi and less restrictive conditions have ' 
been formulated by Gevrey. The properties of the integrals 

I («. y) = (a;, yJ,v)^ (v) J (a^. y)= (’i) ^ 

have also been studied, where (7 is a curve running from a point on the 
line y to a, point on the line y = y- It appears that when the point P 
crosses the curve (7 at a point Pq the integral J suffers a discontinuity 
indicated by the formula 

lim («Ip — «Ipo) = ± ^^Pq-v/tt, 

P -J-Po 


the sign being + or — according as P approaches Pq from the right or the 
left of the curve (7. 

In this formula (/> denotes any continuous function and a suffix P is 
used to denote the value of a function of position at the point P. 

A Green’s function for the region S may be defined by the formula 


G {x, y; ^,ri) = T {x, y; H [x, y; ij), 

where H (x, y; rj), which satisfies the equation + ^ = 0 , is zero on 

&rj 

y when considered as a ftmction of ^ and 7y, which is regular and which 

takes the same values as P (a;, y; 77 ) on the curves Ci and Gg. The function 

/:. 4.- 3®® dO d^O dG ^ • 

G satisfies the two equations ^ = -g™ , = 0, is zero when x — Ci (y), 

when I = Cl ( 77 ), when x = when f = Cg ( 77 ), and is positive in 8. 

With the aid of this function a formula 


2z (x, yl-v/v = - [ z(^,i})^di)+ I Q(x, y; yj) z (f, y^) d4 

.'Oi+O, 

- jj^G (x, y; i, 7])f {i, 7j) d^dTj 
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may be given for a solution of (A) which takes assigno 
problem of determining 0 is reduced by Gevrey to the 
integral equations. 

Fundamental solutions of the equations 

^ _dh dh 

dy 9a;®’ dy^~'dx^ 

have been obtained by H. Block* and have been used by E. Del Veoohiof 
to obtain solutions of the equations 


dy 3a;® ^ dy^ 9a;® 


y)- 


EXAMPLES 

1. Show by means of the substitutionB 

f-a;=i2VW, y-7] = t 


that the integral 


II. 


(X - (y> (y - ,)-«esp [- (* - f)V4(y - 

8 

has a meaning when jp + 1 > 0 and p-'2q + S>0,f being an integrable funotion. 

[E. E. Levi.] 

2. Show that by means of a transformation of variables 

x'^x'ix^y), y'^±y 

the parabolic equation 

may be reduoed to the canonical form 

9^ dz dz j 

Show also that the term may be removed by making a substitution of type z ^ uv 
and that the term involving u will disappear at the same time if 


9^ da da 


do 


dx'^ ^dxfdy*^^ dx‘ 


3. If a, 6 and c are continuous functions in a region R a solution of 


9^ dz 
da^ ^dx 


+ 6^+ C2 


0 


{ 6 < 0 ) 


which is regular in R can have neither a positive Tnaximum nor a negative miTiiTmiTn Hence 
show that there is only one solution of the equation which is regular in R and has assigned 
values at points of a closed curve C Ivinn entirelv within R. 

[M. Qevrey.] 


§ 2-23. Oreefn^s theorem for a gmeral linear differential equation of the 
second order. Liet the independent variables ajj, Xg, ... be regarded as 
rectangular co-ordinates in a space of m dimensions. The derivatives of 


* Arhivf. Mat., Aat. och Fysilc, vol. vn (1912), vol. vni (1913), vol. ix (1913). 
t Mem. d. R. Accad. d. 8c. di Torino (2), voL lxvi (1910). 
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a fonotion u with lespeot to the oo-ordinates may be radicated by suffixes 
written outside a bracket, thus («)( stands for ^ and (u)i 3 for . 

We now consider the differential equation 

mm m 

X (u) S S S Af, («)„ + £ Xr (tt)r + = 0, 

r-l4-l r-l 

Afi = A,f, 

where the coefficients ri,,, Br, F are functions of a^, x ^, ... 

The expression Z (v) adjoint to L (u) is 

I (t;) = S £ (Ar,v)„ - £ {BrV)r + Fv, 


r-l 8-1 


r-l 


and we hare the identity 

— W 

vL{u)-uL{v)= £ {Qr)r, 


r-l 


m m r m 1 

where = - tt S (vJt, + v L («), + uv S . 

8-1 8-1 L 8-1 J 

The 9^dimenj9ioiial form of the theorem for transforming a surfaoe 

integral into a volume integral may be written in the form 

II S^(Qr)r d!®i ... da5„ = - II ^nrQrdS, 

where n,, ... are the direction cosines of the normal to the hyi)er- 
sniface 8, the normal being drawn into the region of integration. Hence 
we have the equation 


||[eX («) — vZ ... i*, = — ||{t)2)„tt - uD^v — uvPnjdS, 


where 


!>„(«)= £ £»,.4„(tt)„ 

r>l «-l 

m r m "i 

P.= £ £ , 

r-l L«“l J 


S n^Afg =■ 

8-1 


Let us write 

where vj, Vg, ... are the direction ooainea of a line which may be called 
the oonormal*, then 

m 

D„ (u) = A L Vr {u)r = A (u)„. 
r-l 


§ 2-24. TJie charaderiatics of a partial differential equation of the second 
order. Let the values of the first derivatives (u)i, (u)#, ... (u)^ be given at 
points of the hypersurface 6 (Xi, ... x^) = 0, If dx^, dx^^ ... dx„ are 
increments connected by the equation 

+ (fl)* dx^ + ... (®)m 

* This ia a term introdnoed R. d'Adh^niaT. 
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and if (B)i ^ 0, we may regard the increments , dx^ , dx^ as arbitrary, 

and since 

^ [Wj»] = Mpidxi + {u)^dx^ + ... 

{d)i d [(i/r)^] = [(^)j — (0)a (u)j,^ das^ + ... [(fi)i {y)p\\ 

the quantities (0)i - (0)^ (w),i 

may be regarded as known. Similarly the quantities 


(0)i (u)i^ — (fl)p {u)ii 

may be regarded as known and so the quantities 

(»)i (^)i {uU - (6), {e)s Mn 

may be regarded as known. Substituting the values of in the partiaJ 
differential equation 

mm m 

L {u) = S S ('^)ra + 2j S,. {u)f. + Fu =0, (I) 

r-1 fl-1 r-1 

we see that we have a linear equation to determine {u)^^ in which the 
coefficient of {u)-^ is mm 

^ ^ E S (H) 

r-1 fl-1 

If this quantity is different from zero the equation determines (ix)u 
uniquely, but if the quantity A is zero the equation fails to determine 
{u)y^ and the derivatives {u) are likewise not determined. In this case the 
hypersurface 6 ... = 0 is called a characteristic and the dif- 

ferential equation ^ = 0 is called the partial differential equation of the 
characteristics . 

The equations of Cauchy’s characteristics for this partial differential 
equation of the first order are 

dxy _ Ax^ 

and these are called the bicharaoteristics of the original partial differential 
equation. All the bicharacteristics passing through a point x^) 

generate a hypersurface or conoid with a singular point at x^, ... x^). 
When all the quantities A^ are constants this conoid is identical with the 
characteristic cone which is tangent to all the characteristic hypersurf aces 
through the point ... x^). 

For the theory of characteristics of equations of higher order reference 
may be made to papers by Levi* and Sanniaj*. These authors have also 
considered multiple characteristics and Sannia gives a complete classifica- 
tion of linear partial differential equations in two variables of orders up to 6. 


• B. E. Levi, Ann, di Mat. (3 a), vol. xvi, p. 161 (1909). 

I O', Sannia, Mem. d. R. Acc. di Toriw (2), voL LXiy (1914); voL LXVI (1016), 
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§ 2*25. The classification of 'partial differential equations of the second 
order . A partial differential eq^uation with real coeflB.cients is said to be of 
elliptic type when the quadratic form 

is always positive except when — ... = X„ = 0. 

The use of the words ellipticj hyperbolic and parabolic seems natural in 
the case ?i = 2, the term to be used depending upon the nature of the conic 

2A12X1X2 + A22X2® = 1 . 

For a non-linear equation F (r, s, t, p, 2 ) = 0 

there is a similar classification depending on the nature of the quadratic 
form 

X ^ 4- 2X X 4- X 2 

JCl +2i^A-9-+Xs**-g--. 

When ^ > 2 the classification is not so simple ; for instance, when ti. = 3 
it may be based on the different types of quadric surface and it is known 
that there are two different types of hyperboloid. 

The word ellipsoidal might be used in this case Instead of elliptic, but 
it seems better to use the same term for all values of n because the im- 
portant question from the standpoint of the theory of partial differential 
equations is whether the equation is or is not of elliptic type. For an 
equation of elliptic type the characteristics are all imaginary and this fact 
has a marked mfiuence on the properties of the solutions of the equation. 
When n = 2 typical equations of the three types are 


dHi 

dhi 

du 

. du 

8x^ 



+ *5- 


dhi 

, du 

, du 


dxdy 




dhi 

, du 



dx^ 

4- a 

dx 

dy 


4- = 0 (paraboUc). 

A notable difference between elliptic and hyperbolic equations arises 
when a solution is required to assume prescribed values at points of a 
closed curve and be regular within the curve. For illustration let us con- 
sider the case when the curve is the circle I . If the boundary 

condition is F = sin 2nd when x = cos 6^ y = sin 6, where 7 ^ is a positive 

integer, there is no solution of the equation == 0 which is continuous 
(D, 1) and single-valued within and on the circle*, but there is a regular 

* When n = l there ia a solution F=2y (1 — whioh satisfies the boundary condition but 
dV 

its derivative ^ is infinite on the oirole. 
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027 327 

solution of = 0, namely, 7 = sin 2nd. On the other hand, 

if the boundary condition is F = sin i2n -|- 1) B, there is a solution of 
087 

= 0 of type 7 = f{y) which satisfies the conditions and is single- 
valued and continuous in the circle, but this solution is not unique because 

027 

F=l — v*isa solution of = 0 which is zero on the circle and 
^ dxdy 

single-valued and continuous inside the circle. 

When the solution of a problem is not unique or when there is some 

uncertainty regarding the existence of a solution the problem may be 

regarded as not having been formulated correctly. An important property 

of the boundary problems of mathematical physics is that the correct 

formulation of the problem is indicated by the physical requirements in 

nearly every case. 


§ 2-26. A 'property of equations of elliptic type. Picard*, Bernsteinf 
and Lichtenstein:!: have shown that the solutions of certain general 
differential equations of elliptic type cannot have maximum or miniTmim 
values in the interior of a region within which they are regular. This 
property, which has been known for a long time for the case of Laplace’s 
equation, has been proved recently in the following elementary way§. 

Let Liu) ^ S (u)^y -h S (u)^ 

1,1 1 

be a partial differential equation of the second order whose ooeffioients 
are continuous functions of the co-ordinates (^, ... ain) ^ 

point P of an 71 -dimensional region T. For convenience we shall sometimes 
use a symbol such as u (P) to denote a quantity which depends on the co- 
ordinates of the point P. We can then state the following theorem : 

If u (P) is continuous (Z), 2) and satisfies the inequality L {u)> 0 every- 
where in T, an inequality of type u (P) < u (Pq) can only be satisfied through- 
out T, where Pq is a fixed internal pointy when the inequality reduces to the 
equality u (P) = u (Pq). Similarly, if L {u) <0 throughout T, the inequality 
u (P) > u (Pq) in T implies that u (P) = u (Pq). 

The proof will be given for the case n ^ 2 bo that we can use the famih^ 
terminology of plane geometry, but the method is perfectly general. 

Let us suppose that L (u) > 0 in T and that u (Pq) == M, while u (P) < M 
if P is in T. 

Ji u ^ M there will be a circle C within T such that at some point P 
of its boxmdary, say at P^, we have u (P^) = M, whilst in the interior of 
the circle u< M. 


* E. Picard, Traitd d'Ana^ae, t, n, 2nd ed., p. 29 (Paris, 1906). 
t S. Bernstein, Math. Ann. Bd. Lix, S. 69 (1904). 

t L. Lichtenstein, Pal&rmo Rend. t. xxxnr, p. 211 (1012); Maih. Zeitaohr. voL xi, p. 206 (1924). 
§ E. Hopf, Berlin. Sitssungaber. S. 147 (1927). 
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Let ^ be a oirculor realm of radius R whose ciroular boundary touches 
0 internally at P , then with the exception of the point P ^ , we have every- 
where in JST the inequality u< M. 

Next let a circle K-^ of radius -Bi < be drawn so as to lie entirely 
^thin T. The boundary of then consists of an arc 8^ (the end points 
included) which belongs to K and an arc 8^ which does not belong to K. 
On 8i we have the inequality < Jf — e, where € is a suitable small 
quantity, while on 8^ we have < M. (A) 

We now choose the centre of £ as origin and consider the function 
h (P) 

where r*«a;a + j/aa^da> 0 . If a?, y and 

L [U) = -h + CUyy + DUf, + EUy, 

a simple calculation gives 

e**-*!- (A) = 4a* (^ar* + 2Bxy + Cy^) - 2a (^ + C + Da: + Ey). 

Since the equation is of elliptic tj:pe we have in the interior and on the 
boundary oi K 

Ax* + 2Bxy + Oy* > h > 0, 

where A is a suitable constant. By choosing a sufficiently large value of a 
we can make 

L {]i)> 0 

in and so i (w + 8A) > 0 

if 8 > 0. We have, moreover, A (P) < 0 when P is on ;8'a, A (P^) = 0, 

(B) 

We now put v (P) = u (P) + 8 . A (P), 8 > 0, where 8 is also chosen so 
small that, in view of (A), we have v < Af on iS,. On account of (A) and 
(B) we have further v<M on S^. Hence v<M on the whole of the 
boundary of and at the centre we have v = M. Thus v should have a 
maximum value at some point in the interior of . This, however, may 
be shown to be incompatible with the inequality L (v) > 0, for at a place 
where v is a maximum we have by the usual rule of the differential calculus 

A* + 2VayXfJi + < 0 

for arbitrary real values of A and /*. Now, by hypothesis, 

AA® + 2B\fx. + By,* > 0, 

therefore by the theorem of Paraf and Fej^r (§ 1'36) 

AV,, + 2DV„„ + BVyy < 0. 

But the expression on the left-hand side is precisely L (v) since = 0, 

and BO we have L (v) < 0 which is incompatible with L {«) >0. 

The case in which L {%) < 0, a (P) > u (Pq) can be treated in a similar 
way. 
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In paitLoular, if iy (u) = 0 in 7 , where u is not constant, neither of the 
inequaJities u(P) <u (Pg), u (P) > u (Pg) can hold throughout T when P 
is an internal point. This means that u (P) cannot have a maximum or 
Tninimiim value in the interior of a region T within which it is regular. 

This theorem has been extended by Hopf to the case in which the 
functions A, B, C, D, E axe not continuous throughout T but are bounded 
functions such that an inequality of type 

^A* + + Oh»>N (A* +/*«)> 0 

holds, with a suitable value of the constant N, for aJl real values of A and 
IM and for all points P in P. 

The work of Picard has also been generalised by Moutard* and FejArf. 
The latter gives the theorem the following form : 

Let 

n,...n n 

E aa (Xi, iCa, »„) + E 6 ^ (a^i, x^) {u)r + c ... u = 0 , 

1 

{Xi 9 X2, ... Xn) s X29 ... Xn) 

be a homogeneous linear partial differential equation of the second order 
with real independent variables ayg* ••• ^ real unknown function 

y' (X19X29 Xn)- The coefficients 

(^ 1 > X29 ... iCn)j ^fi)» ^ ^n) 

are all real functions which can be expanded in convergent power series of 

c (* 1 , a;j, ... *„) = c + + ... c„a;„ + <^0^“ + .... 

6, (* 1 , a^, ... a:„) = 6,. + t>n^ + — ^m»n + + ••• • 

(Xi9 Xg, ... Xn) = (Zik -h + •••! 

for I ^ I ^ ( ^^2 I < I I ^ 

where Zi,Z2j ... are suitable constants. Then, if 

n,n 

S a^k^i^k > 0 
hi 

for all real values of yi, ^2* 2 /n> quadratic form is non- 

negative, and if c < 0 , the differential equation has no solution which is 
regular at the origin and has there either a negative minimum or a positive 
maximum. If, however, the quadratic form is not negative, that is, if 

n,n 

S a^^ViVk < 0 

1,1 

for some set of values tji, 7^2, ... there is always a solution regular at 
the origin which, if c < 0 , has either a negative minimum or a positive 
maximum. Thus when c < 0 the requirement that the quadratic form 

* Th. Moatard, i/oum. de VjSoole Polytechnigue, t. LXiv, p. 55 (1894); see also A. Paraf, AnnaUs 
de Toulouatj t. vi, H, p. 1 (1802). 
t Loc. dU 
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should not be of the non-negative type is a necessary And sufiGioient con- 
dition for the existence of a negative minimnin or positive maximum at 
the origin for some regular solution of the differential equation. 


§ 2*81. Green’s theorem for Laplace’s equation. Let us now write in 
equation (A) of § 2-11 


the equation then takes the form 


dy 


dY 

where the symbol g— is used for the normal component of VF, 


dn 

dV 


Interohanging U and V we have likewise 

Subtracting we obtain Green’s theorem, 

In this equation the functions U and F are supposed to be continuous 
(Z>, 2) ^thin the region over which the volume integrals are taken. This 
supposition is really too restrictive but it will be replaced later by one 
which is not quite so restrictive. If the functions U and F are solutions 
of the same differential equation and one which has the same characteristic 
as Laplace’s equation, an interesting result is obtained. In particular, if 

V*>?7 + k^U = 0,] 

y*F-|-PF = 0,J 

where k is either a constant or a function of x, y and z, the volume integral 
vanishes and we have the relation 


In the special case when the surface /S is a sphere and 

F./.Mr.g,?,?), 

which are continuous over the sphere and 
W/" W sphere 

we obtain the imT)ortfl.Tit in+.ftrrPQi ^ 


we obtain the important integral relation 

jY„Y„dS = 0, 

which implies that the functions Y„ form an orthogonal system 
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An appropriate set of such funotions wQ be oonstruoted in § 6- 34. 
When i is a constant the equations (B) may be derived from the ■wave- 
equations □*« = 0, = 0 by supposing that u and v have the forms 

« = sin {kct + a), v = V aia (kct -I- )9) 

respectively. WTien k is real these wave-functions are periodic. WThen 
k = 0, U and V are solutions of Laplace’s equation. 

The equation may also be derived from the equation of the conduction 
of heat, - 

s <°) 

by supposing that this possesses a solution of type v = V(x, y, z). 

Green’s theorem is particularly useful for proofs of the uniqueness of 
the solution of a boundary problem for one of our difierential equations . 
Suppose, for instance, that we wish to find a solution of Laplace’s equation 
which is continuous (D, 2) within the region bounded by the surface 8 and 
which takes an assigned value F {x, y, z) on the boundary of 8. If there are 
two such solutions U and V the difference IF = Z7 — F will be a solution 
of Laplace’s equation which is zero on the boundary and continuous {D, 2) 
within the region bounded by 8. Green’s theorem now gives 


0 = jw~dS = 


[r/dW\o^fdW\»/dWY' 
. LV 9^ / ^\dy) ’^[dz ) _ 


dr. 


and this equation implies that 


dx 


0 , 



dz 


= 0 ; 


W is consequently constant and therefore equal to its boundary value zero. 
Hence {7=7 and the solution of the problem is unique. A similar con- 

3IF dW 

elusion may be drawn if the boundary condition is = 0 or 

where h is positive. If the equation is V®7 -I- XV = 0 instead of Laplace’s 
equation the foregoing argument still holds when A is negative, for we have 


the additional term — A j W^dr on the right-hand side. The argument 

breaks down, however, when A is positive. 

In the case of the equation of heat conduction (C) there are some 
similar theorems relating to the uniqueness of solutions. If possible, let 

there be two independent solutions Vj, V 2 of the equation = and 
the supplementary conditions 


v=f{Xj y, z) for i = 0 for points within 8, 
v = <f>{x, y, Zy t) on 8 {t> 0), 

V continuous (D, 2) within region bounded by 8, 
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Let y = -yj — V 2 , then F = 0 f or ^ = 0 within 8, V = 0 on S. 


Putting 



we have 


Since V 



0 on 8 the first integral vanishes, and so 


37 _ 

dt 



{t>0). 


But 7=0 for ^ = 0, therefore 7 < 0, but on the other hand the integral 
for 7 indicates that 7 > 0, consequently we must have 7=0, F = 0. 

These theorems prove the uniqueness of solutions of certain boundary 
problems but they do not show that such solutions exist. Many existence 
theorems have been established by the methods of advanced analysis and 
the literature on this subject is now very extensive. 


§ 2*32. Of em^ 8 functions. The solution of a problem in which a solution 
of Laplace’s equation or a periodic wave-function is to be determined from 
a knowledge of its behaviour at certain boundaries can be made to depend 
on that of another problem — the determination of the appropriate Green’s 
function*. 

Let G (ic, 2 /, 2 ; iCi, 1 / 1 , Zi) be a solution of + W = 0 with the 
following properties: It is finite and continuous (7), 2 ) with respect to 
either aj, 1 /, » or ?/i, % in a region bounded by a surface 8, except in the 
neighbourhood of the point i/i, zf) where it is infinite like 7?“^ cos kR 
as 5 0 , 7? being the distance between the points {x, y, z) and (a;i, yi,Zi)- 

At the surface 8, some boundary condition such as ( 1 ) G = 0 , ( 2 ) 3G/3n = 0, 
or ( 3 ) dO/dn + AG = 0 is satisfied, A being a positive constant. 

Adopting the notation of Plemeljf and Kneserf, we shall denote the 
values of a function <f> (^, 17 , J) at the points (x, y, z), {x^, y^, z^) respectively 
by the symbols <f> ( 0 ) and <f> ( 1 ). 

When a fimotion like the Green’s function depends upon the co- 
ordine^tes of both points it wiU be denoted by a symbol such as G ( 0 , 1 ). 
The importance of the Green’s function depends chiefly upon the following 
theorem : 

Let be a solution of 

V2J7 + k^U -f 477 / {x, y,z) = 0, (A) 

* Q. Green, Math. Papers, p. 31. 

f MonatsheftefUr Math. u. Phya. Bd. xv, S. 837 (1904). 

I A. Kneser, Die IrUegraigleichurigen und ih/re AnwefnAwfigen in der mathemcUischen Phyaik 
(Vieweg, teinswick, 1911). 
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which is finite and continuous (D, 2) throughout the interior of a 
^ bounded by a surface 8 and let / (a;, y, z) be a function which h 
and continuous throughout We shall also allow / {x, y, z) to be 
and continuous throughout parts of the region and zero elsewhere. 

Applying Green’s theorem to the region between a small sphere whose 
centre is at (a^, yi, Zi) and the surface 8, we have 

- OT-PMr. - - I - ef ) iH, +/(cr I - fl g) JS, 

Now V®G' = — and the first integral on the right may be found by 
a simple extension of the analysis already used in a similar case when 
O = l/R, consequently we have the equation 

4^U (1) = 4^ jo (0. 1)/ (0) dr, + l(^U^-0^^')dSo (B) 

K U satisfies the same boundary conditions as G on the surface 8 the 
surface integral vanishes and we have* 

[/■(!) = + |9(0, l)/(0)d0. (C) 

If, on the other hand, / (x, y, z) = 0 and G = 0 on we have 

4^U(l)^[u(0)^dS„ (D) 

the value of U is thus determined completely and uniquely by its boundary 

dG 

values. Similarly, it the boundary condition is = 0 on /S we have 

47rU(l) = -I^^G(0,l)dSo, (E) 


and the value of U is determined by the boundary values of dUjdn. 

dQ 

Finally, if the boundary condition satisfied by G is ^ + AG = 0, we 

07h 

have rr arr 

4^U (1) = - J + hU) O (0, 1) dS„ (P) 

0J7 

and U is expressed in terms of the boundary values of ^ + liU, 

If 9 {^ 2 , y 29 y> the Green’s function for the same boundary 
condition as G (0, 1) but for the value a of A, we must also surround the 


* It has not boon proved that whenever the function / is finite and oontinuouB throughout D 
the formula (C) gives a solution of (A). Fetrini has shown in fact that when/ is merely continuous 
the second derivatives of the integral may not exist or may not be finite. Acta Math. t. xxxi, p. 127 
(1908). It should be remarked that Gauss in 1840 derived Poisson's equation (§ 2-61) on the 
supposition that the density function / is continuous {!), 1). With this supposition (0) does give 
a solution of (A). Poisson’s equation and the solution of (A) are u^ally derived now for the case of a 
function / which satisfies a Holder condition. See Kellogg's FoundaXiom of Potential Theory, 
oh. VI. 
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point (Xi, Hi, 2 *) by a small sphere when we apply Green’s theorem with 
G {*3 *) = ? (23 0). We then obtain the equation 

g (2, 1) = G (2, 1) - \g (23 0) G (0, 1) dr, (G) 

This may be regarded as an integral equation for the determination of 
g (2, 0) when (0, 1) is known or for the determination of 0 {0, 1) when 
g (2, 1) is known. In some cases the Green’s function for Laplace’s equation 
{k == 0) can be found and then the integral equation can be used to calculate 
g (2, 0) or to establish its existence. The Green’s function for Laplace’s 
equation, when it exists, is unique, for if Q (0, 1), flT (0, 1) were two different 
Green’s functions the function 

F (0) =: G (0, l)^H (0, 1) 


would be continuous (i), 2) throughout the region bounded by the surface 
S and satisfy the boundary condition that was assigned, but such a function 
is known to be zero. 

For small values of the function-gr (2, 0) can be obtained by expanding 
it in the form ^ (2, 0) = a (2, 0) + a*** (2, 0) + (H) 


The first term is the corresponding Green’s function for Laplace’s 
equation and is known, the other terms may be obtained successively by 
substituting the series in the integral equation (with A = 0) and equating 
coefl&cients of the different powers of <t*. So long as the series converges 
this method gives a unique value of g (2, 0). The value of g (2, 0), if it 
exists, will certainly not be unique when o-^ has a singular or characteristic 
value for which the ‘‘homogeneous integral equation” has a solution <f) 
which is different from zero. In this case 

47r<^ (1) = (a* - P) (0) Q (0, 1) dro, (I) 

and the formula (C) indicates that this function (ji (0) = U (x, y, z) is a 
solution of + a^U = 0, which satisfies the assigned boundary con- 
ditions and the other conditions imposed on U, The solutions of this type 
are of great importance in many branches of mathematical physics, 
particularly in the theory of vibrations, and have been discussed by many 
writers. 

The characteristic values of a® are called Eigenwerte by the Germans 
and the corresponding functions <f) Eigenf unktionen . These terms are 
now being used by American writers, but it seems worth while to shorten 
them and use eit in place of Eigenwert and eif in place of Eigen- 
funktion. The same terms may be used also in connection with the 
homogeneous integral equation (I). In discussing this equation it is 
convenient, however, to put A = 0, so that 0 becomes the Green’s function 
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for Laplaoe's equation and the assigned boundary conditions. Denoting 
this function by the symbol 4mK (0, 1) we have the integral equation 

= (O)Z(O. l)rfr„ 

for the determination of the solution of = 0 and the assigned 

boundary conditions, that is, for the determination of the eifs and eits. 
The function K (0, 1) is called the kernel of the integral equation; it has 
the important property of symmetry expressed by the equation 

K (0, 1) = Z (1, 0). 

This may be seen as follows. 

If we put 47r/ (0) = — k^) g (0, 2) in the formula (B) and proceed 

as before, Green's theorem gives 

g ( 1 . 2) = 0 ( 2 , 1 ) - J g ( 0 , 2 ) Q ( 0 , 1 ) 

Putting a = k and comparing this equation with the previous one we 
obtain the desired relation. When k=^Q the relation gives 

G (1, 2) = G (2, 1). 

When the boundary condition is ^ = 0 this result is equivalent to one 

given by He lmh oltz in the theory of sound. If ^ (0) is an eif corresponding 
to an eit v* which is different from we have 

^ (1) = K*! ^ (0) K (0, 1) dr„ 

and, if the order of integration can be changed, 

0-^1^ (1) ijt (1) dri = ^ ^ dr^dr^ 

= V® J<^ (0) ^ (0) dTo = »/* (1) ^ (1) dr^. 

Hence the eifs ^ and xfs satisfy the orthogonal relation 

|<^ ( 1 ) 0 ( 1 ) dr-i =0 ^ 

This result may be used to prove that the eits a* are all real. If, 
indeed, were a complex quantity a + ip the corresponding eif 0 (0) 
would also be a complex quantity x (0) + since K is real the 

function if) (0) = x (^) “ (^) "would be an eif corresponding to the eit 

V* = a — ip, and the orthogonal relation 

0=l<f>{0),/, (0) dro = I {[x (0)]® + [CO (0)]®} dr, 

would be satisfied. This, however, is impossible because the integraud is 
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either zero for all values of the variables or positive for some, but 
only when 

X (0) = CO (0) = 0, ^ (0) = 0. 

To prove that the eits are all positive we make use of the eq^uation 



-/ 




+ 


(l)‘ 




(f)’: 


dr. 


The Green's function is usually found in practice by finding the eifs 
and eits directly from the differential equation and then writing down a 
suitable expansion for 0 in terms of these eifs. The question of convergence 
is, however, a difl&cult one which- needs careful study. The method has been 
used with considerable success by Heine in his Kugdfunktionen, by Hilbert 
and his co-workers, by Sommerfeld, Kneser and Macdonald. 


§ 2'33. Partial difference equations. The partial difference equations 
analogous to the partial differential equations satisfied by conjugate 
fimctions are 


= 


and these lead to the equations of § 1*62 


+ y'vU = 0, -f = 0, 

which are analogous to Laplace’s equation. These difference equations 
have been used in recent years to find approximate solutions of Laplace’s 
equation when certain boundary conditions are prescribed* and also to 
establish the existence of a solution coiresponding to prescribed boundary 
conditions. 

Let us consider, for instance, a square whose sides are x = ± 2h, 
y = 2h and let us introduce the abbreviations 


Or = A, 6 = 2/i, cc = — A, j8 = — 2A, u (x, y) = {xy), 

(6> y) = (?/)> y) = (y); u (x, b) = [x], u (x, p) = [z], 

then we have eight non-homogeneous equations (?i-A-equations) 

- (Oa) ~ (aO) + 4 {aa) = (a) + [a], (Oa) + (aO) ~ 4 (oa) = (a) + [a], 

- (osO) - (Oa) -i- 4 (oa) = (a) + [d] , (Oa) + (aO) ~ 4 (aa) = (a) -f [a], 

(aa) + (00) (oa) - 4 (aO) = - (0), {aa) -f (00) + (aa) - 4 (aO) = - (0), 

(oa) -1- (00) + (aa) — 4 (Oa) = — [0], (m) + (00) -h (aa) — 4 (Oa) = — [0], 

and one homogeneous equation (A-equation) 

(Oa) -4- (aO) + (Oa) + (aO) = 4 (00). 

The first step in the solution is to ehminate the quantities (oa), (aa), 
(aa)y (aa) which do not occur in the A-equation. This gives the equations 
4 (00) 4- (Oa) -h (Oa) - 14 (aO) + (a) + (a) + [a] 4- [a] -h 4 (6) - 0, 

4 (00) 4- (Oa) 4- (Oa) - 14 (aO) 4- (a) -h (a) 4- [a] 4- [a] + 4 (0) = 0, 

4 (00) 4" (aO) H- (aO) — 14 (Oa) 4- (a) 4- [a] 4" (a) 4- [a] 4- 4 [0] = 0, 

4 (00) 4- (aO) 4" (aO) —14 (Oa) 4- (a) -h [a] 4* (a) 4“ [a] + 4 [0] = 0. 

* L. r. Ricliardson, Tran^. A, vol. oox, p. 307 (1911); Math. Gazette (July, 1925). 
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Adding these equations we have 

- 16 (00) + 12 (aO) + 12 (Oa) + 12 (aO) + 12 (Oa) 

— 2 (tt) -|- 2 (ft) -f- 2 (ft) + 2 (ft) -j- 2 [ftj 4“ 2 [ft] + 2 [ft] + 2 [cc] 

+ 4(0) + 4(0) + 4[0]+4[0]. 

Combining this with the homogeneous equation we see that the quantity 
on the right-hand side of the last equation is equal to -f- 32 (00) and so 
the quantity (00) is obtained uniquely. 

Similarly, if the sides of the square are x = ± Sh, y ± 3h there are 
16 9 ^-A-equations and 9 A-equations which may be solved by first eliminating 
the quantities which do not occur in the A-equationa. We have then to 
solve 9 linear equations in order to obtain the remaining quantities, but 
these 9 equations may be treated in exactly the same way as the^ previous 
set of 9 linear equations, quantities being eliminated which do not occur 
in the central equation. In this way a value is finally found for (00). 

A similar method may be used for a more general type of square net- 
work or lattice. Let the four points (a? + A, y)y (x — A, y), {x, y -|- A), 
(x, i/ — A) be called the neighbours of the point (a?, y) and let the lattice L 
consist of interior points P, each of which has four neighbours belonging 
to the lattice, and boundary points Q, each of which has at least one 
neighbour belonging to the lattice and at least one neighbour which does 
not belong to the lattice. A chain of lattice points Aj, Aa, ... A„+i is said 
to be connected when Aj+i is one of the neighbours of A, for each value 
of s in the series 1, 2, ... A lattice L is said to be connected when any 
two of its points belong to a connected chain of lattice points, whether the 
two points are interior points or boundary points. The lattice has a simple 
boundary when any two boundary points belong to a chain for which no 
two consecutive points are internal points and no internal point P is 
consecutive to two boundary points having the same x or the same y as P. 

The solubility of the set of linear equations represented by the equation 

+ (A) 

for such a lattice may be inferred from the fact that this set of linear 
equations is associated with a certain quadratic form 

where the summation extends .over all the lattice points, and a difference 
quotient associated with a boundary point is regarded as zero when a point 
not belonging to the lattice would be needed for its definition. This sum- 
mation can, by the so-called Green’s formula, be expressed in the form 

— + Uy^) - A S wP {u), (B) 

p Q 

where the boundary expression R [u) associated with a boundary point Uq 
is defined by the equation 

AP {Uq) = -h Ug + ... — SUq, 


B 


10 
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where Vry,u^, ... u, are the a neighbouring points of Uq (a < 3). Sinoe 
«ea + = 0 the quadratic form can be expressed in terms of boundary 

values. If there were two solutions of the partial diSerence equation with 
the same boundary values, the foregoing identity could be applied to their 
difierence u — v, and since the boundary values oi u — v are all zero the 
identity would give the relation 

S [(«. - V,)* + {Uy - V,)*] = 0, 

which imphes that — v, = 0, Uy — Vy=0 for all points (x, y) of the 
lattice; consequently, since « — w is zero on the boundary it must be z6ro 
throughout the lattice. 

There is another identity 

0 = A* S (vUgs + vuy^ — uvg^ — uVyj) + A S {vR («) — uR (v)] 

P Q 

which, when applied to the case in which = 0 and the boundary 

value of V is zero, gives 

s [(We + ««)* + {Uy + v,)»] = - S (m + «) (v «5 + Vys) — h-^ S (ti) [jB (v) + .8 («)] 

P Q 

= — h~^ S [vR (u) — ^lR («)] + S (Vj,® + Vy^ + ttj,® + “»®) 

Q 

+ h~^ S uR (u) — h~^ S [mjB (m) + uR (t>)] 

Q Q 

= S (v,® + V,® + u*® + u„®) 

> S (ttj® + M,®), 

the transformations being made with the aid of Green’s formula (B). 

This equation shows that the solution of Ug ,3 + Uyj = 0 and the pre- 
scribed boundary condition gives the least possible value to the quadratic 
form. The system of linear equations -i- Uy 3 = 0 can, indeed, be ob- 
tained by writing down the conditions that the quadratic form should be 
a minimum when the boundary values of u are assigned. 

With a change of notation the quadratic form may be written in the 

N N N 

s s e„„u„u„ - 2 S a„u„ + b, 

m-1 n-l n-1 

where the quadratic form is never negative. The corresponding set of linear 
equations 

+ ... CijgUjj = Uj, 


+ ••• = aj^ 

has a (determinant | f which is not zero and so can be solved. 

For the sake of illustration we consider a lattice in which the internal 
lattice points are represented in the diagram by the corresponding values 
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of the variable « and the boundary lattice points by oorrespum 
denoted by v’s. 

Va Vi 

VlQ 'Mq 1>2 

V9 ^ ^2 ^8 

Vs Ui Us 

^7 Vs 

The quadratic form is in this case 

(t'o - “0)® + (®1 - Ml)® + (Mo - lis)® + (Ml - Mj)® + (Ma - M4)® + («a -«s)®+ (Mo-v?)®. 

(Mb - M,)® + (Ml - Mo)® + (Mo - Mio)® +{U 2 - %)® + (^2 " '“x)® + (Mg - Vg)®, 

(Ms - Mj)® + (M4 - Mg)® + (Ms - Mo)* + (Mo - Mg)®, 

and it is easy to see that the equations obtained by difEerentiating xrith 
respect to Mi, Mg respectively are 

4Mi = Mo + Mj + Mi + Mg, 4Mis = Mi + Ma + Ms + Mg, 

and are of the required type. The quadratic form is, moreover, equal to 
the sum of the quantities 

Mo (4 Mo -M l -Mg-Mio -Mo) +Mi (4 Mi -M o - Mg-Mi -Mg) +Mj (4Mg -Ml -Mg -Mg -Mg), 
Mg (42t3 - tto — Mg — Mo - Mg) + Mo (4 Mo -Mg -145 -M 7 -M 8 )+Mb (4Ms -Mg -Mo-M, -Mg), 
Mo (Mo - Mo) + Ml (Mi - Ml) + Mg (Mg - Mj) + Mg (Mg - Mg) + Mg (Mg - Mg) 

+ M, (Mg - Mg) + M, (m, - Mg) + Mg (Mg - Mg) + M9 (Mg - Mg) + M^ (m^ - Mg). 

§ 2-34. The limiting processt- We assume that G is a simply connected 
region in the 2 ;y-plane with a boundary F formed of a finite number of arcs 
with continuously turning tangents. If m is an integrable function defined 
within 0 we shall use the s 3 mibol Q {m} to denote the integral of v over the 
area 0 and a similar notation will be used for integrals of m over portions 
of G which are denoted by capital letters. 

Let QJ^ be the lattice region associated with the mesh-width h and the 
region 0, and let the symbol 0,^ [m] be used to denote the sum of the 
values of v over the lattice points of G. Also let the symbol F j (m) be used 
for the sum of the values of v over the boundary points which form the 
boundary F* of G^. This notation wiD be used also for a portion of G^^ 
denoted by a capital letter and for the lattice region G^* belonging to a 
partial region G* of G. 

Now let / (x, y) be a given function which is continuous (D, 2) in a 
region nrinlnHing G SJid let M (x, y) be the solution of (A) which takes the 
same value as / {x, y) at the boundary points of G]^. We shall prove that 
as A -> 0 the function m^ (x, y) converges towards a function m (», y) which 

I it. Couraoit, K. Friedrioha and H. Lewy, Math. Ann. vol. o, p. 32 (1028). See also J. le 
Boils, Joum. de Math. (6), vol. x, p. 180 (1914:); R. G. D. Riohordflon, Trans. Amer. Math. Soc. 
vol. xvm, p. 480 (1917); H. B. Phillips and N. Wiener, Joum. Math, and Phya. Maas. Inst. Tech. 
voL n. p. 106 (1923). 
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satisfies the partial differential equation = 0 and takes the same value 
as / (x, y) at each of the points of F. We shall further show that for any 
region lying entirely within G the difference quotients of of arbitrary 
order tend uniformly towards the corresponding partial derivatives of 
n (x, y). 

In the convergence proof it is convenient to replace the boundary 
condition w = / on F by the weaker requirement that 

{(^ — f)^} ^ as r 0, 

where 3^ is that strip of G whose points are at a distance from F smaller 
than r. 

The convergence proof depends on the fact that for any partial region 
G* lying entirely within G, the function (a;, y) and each of its difference 
quotients remains bounded and uniformly continuous as A ->■ 0, where 
uniform continuity is given the following meaning; 

There is for any of these functions (x, y) a quantity S (e), depending 
only on the region and not on A, such that if denote the value of the 
function at the point P we have the inequality 

I 1 < e 

whenever the two lattice points P and of the lattice region G^ lie in the 
same partial region and are separated by a distance less than S (e). 

As soon as the foregoing type of uniform continuity has been established 
we can in a well-known manner f select from our functions a partial 
sequence of functions which tend uniformly in any partial region 0* 
towards a limit function u {x, y) while the difference quotients of tend 
uniformly towards that of u (a;, i/) differential coefficients. The limit func- 
tion then possesses derivatives of order n in any partial region G* of 0 and 
satisfies = 0 in this region. If we can also show that satisfies the 
boundary condition we can regard it as the solution of our boundary 
problem for the region G. Since this solution is uniquely determined, it 
appears then that not only a partial sequence of the functions but this 
sequence of functions itself possesses the desired convergence property as 
A 0. 

The uniform continuity of our quantities may be established by proving 
the following lemmas : 

(1) As A -V 0 the sums A^G* [u®] and A^G/^ + Uy^'\ remain bounded. 

(2) 11 w = satisfies the difference equation (A) at a lattice point 
of Gft and if , as A 0 the sum A^** [w ^] , extended over a lattice region 
G;^* associated with a partial region G* of G, remains bounded, then for 
any &s.ed partial region G** lying entirely within G* the sum 

[{W^^ + Wy^)] 

t See for instanoe, Kellogg’s Foundations of Potential Theoryt p. 266. The theorem to be 
used is known as Asooli’e theorem; it is discussed in § 446. 
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over the lattice region associated with (?**, likewise remains bounded 
* as A->- 0. When this is combined with (1) it follows that, because all the 
difference quotients w of the function also satisfy the difference equation 
(A), each of the sums [w^] is bounded. 

(3) From the boundedness of these sums it follows that the difference 
quotients themselves are bounded and uniformly continuous as fe 0. 

The proof of (1) follows from the fact that the functional values are 
themselves bounded. For the greatest (or least) value of the function is 
assumed on the boundary f and so tends towards a prescribed finite value. 
The boundedness of the sum is an immediate consequence 

of the minimum property of our lattice function which gives in particular 

+ //], 




^\dy} 


, which, by 


but as A -► 0 the sum on the right tends to O 

hypothesis, exists. 

To prove (2) we consider the sum + Wy^ -f- where 

the summation extends over all the interior points of a square Now 
Green’s formula gives • 


= 2 {w^) — S {w^), 

1 0 

where and Eq are respectively the boundary of Qj and the square 
boundary of the lattice points lying within 

We now consider a series of concentric squares Qq, Q^, ... with the 
boundaries Sq, Si, ... Sj^. Applying our formula to each of these squares 
and observing that we have always 

^h^Qo < Ti^Qt, 4 - + Wy^ + {k> 1 ), 

we obtain 


< S — S (w^) {0< k<n). 

k+l k 

Adding n inequalities of this tjpe we obtain 

2nh^Q^ + Wy^] < S (w^) - S (w^) < S (w^), 

n 0 71 

Summing this inequality from n=lto7^=iV'we get 
N^^Qo + Wy^] < [w^]. 


Diminishing the mesh -width h we can make the squares Qq and 
converge towards two fixed squares lying within 0 and having corre- 
sponding sides separated by a distance a. In this process Nh-^ a and we 
have independently of the mesh-width 

7>2 

[M’a* + < -a [M’®] ■ 

u 


4 On acoount of equation (A) the value of at an internal point is the mean of the values 
at the four neighbouring points and so cannot be greater than all of them, consequently the greatest 
value of UJ^ cannot occur at an internal point. 
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With a sufi&oiently small value of h this inequality holds with another 

constant a for any two partial regions of 0, one of which lies entirely 

within the other. Hence the surmise in (2) is proved. 

To prove that and all its partial difference quotients w remain 

bounded and uniformly continuous as A 0 we consider a rectangle E 

with comers Pq, Qo, P, Q and with sides PqQq, PQ which are aj-linesf of 

length a. Denoting these lines by the symbols Zq j ^ respectively we start 

from the formula . „ nr / v . xon r ^ 

hX (Wg.) + h^E [w^y\ 

and the- inequality 


hX (I Wa, I) + [1 w„y |] (C) 

which is a consequence of it. We now let X vary continuously between an 
initial position X^ at a distance b from Xq and a final position X^ at a 
distance 2b from Xq and sum the (bjh) -f 1 inequalities (C) associated with 
X’a which pass through lattice points. We thus obtain the inequality 




y;Po ^ I < _ [| |] + [1 |], 


where the summations on the right are extended over the whole rectangle 
PoQoPzQi- ®y Schwarz’s inequality it then follows that 
[ - wA I < (2a/6)i {h^B^ + {2ab)i (h^B^ 

Since, by hypothesis, the sums which occur here multiplied by A* 
remain bounded, it follows that os a -► 0 the difference | | 0 

independently of the mesh-width, since for each partial region G* of 0 
the quantity b can be held fixed. Consequently, the uniform continuity of 
w = WJ^ is proved for the r-direction. Similarly, it holds for the y-direction 
and so also for any partial region Q* of 6?. The boundedness of the function 
w,^ in 0* finally follows from its uniform continuity and the boundedness 
of 

By this proof we establish the existence of a partiat sequence of 
functions which converge towards a limi t function u (x, y) and are, 
indeed, continuous, together with all their difference quotients, in the 
sense already explained, for each inner partial region of O. This limit 
function u (x, y) is thus continuous (D, n) throughout 0, where n is 
arbitrary, hnd it satisfies the potential equation 

In order to prove that the solution fulfils the boundary condition 
formulated above we shall first of all establish the inequality 

W < Ar%»8r,^ [V + V] + -BrAF;, (v®) (D) 

where 8r,h is that part of the lattice region 0^ which lies within the 

t This torm ia naed here to denote lines parallel to the axis of x. 
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boundary strip 8^, which is bounded by T and another curve F,. The 
constants A, B depend only on the region and not on the function v or 
the mesh-width A. 

To do this we divide the boundary F of G into a finite number of pieces 
for which the angle of the tangent with either the x or y-axis is greater 
than 30°. Let y, for instance, be a piece of F which is sufficiently steep 
(in the above sense) relative to the a;-axis. The aj-Knes through the end- 
points of the piece y cut out on F^ a piece and together with y and y^ 
enclose a piece s^ of the boundary strip Sr • We use the symbol Sr, ^ to denote 
the portion of contained in Sr and denote the associated portion of the 
boundary F;^ by yj^. 

We now imagine an aj-line to be drawn throi^h a lattice point Pj^ of 

ft. Let it meet the boundary in a point P;^. The portion of this 
aj-hne which lies in Sr^p^ we call p,. Its length is certainly smaller 
than cr, where the constant c depends only on the smallest angle of in- 
clination of a tangent of y to the a;-axis. _ 

Now between the values of v at and P^ we have the relation 

V^A = V^A± hXj, (Vfl,). 

Squaring both sides and applying Schwarz's inequality, we obtain 
{v^hY < 2 (v^A)a + 2crhpr,n 

Summing with respect to P^ in the a;-direotion, we get 

(v^a)^ + 2cH^hpr,A K*)- 

Summing again in the j/-direction we obtain the relation 

hSr^A < 2crF* (r^hY + 2cH^Sr^p, 

Writing down the inequalities associated with the other portions of F 
and adding all the inequalities together we obtain the desired inequality 
(D). 

By similar reasoning we can also establish the inequality 

< c^hTp, (v^) + c^h^Gj, [V + 

in which the constants c^, C 2 depend only on the region G and not on the 
mesh division. 

We now put = so that = 0 on F*. 

Then, since [v„^ + Vy^'\ remains bounded as A ^ 0, we obtain from 

(AV»-) M < 'rt-. (E) 

where /c is a constant which does not depend on the function v or the mesh- 
width. Extending the sum on the left to the difference jSk,a ” ^p,h 
boundary strips, the inequality (E) still holds with the same constant k 
and we can pass to the Limit A 0. 

From the inequality (D) we then get 

(1/r) 8 [v^] < KT, 
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where 3 = S^ — 8 f and v = u — f. Now letting p -»• 0, we obtain the 


ineqnaJity ^ 

which signifies that the limit function satisfies the prescribed boundary 
condition. 


§ 2*41. The derivation of physical eqtLotions from a variational principle. 
A concise expression may be given to the principles from which an equation 
or set of equations is derived by using the ideas of the ‘'"Caloidus of 
Variations*.” This expression is useful for several purposes. In the first 
place a few methods are now available for the direct solution of problems 
in the “Calculus of Variations ’ and these can sometimes be used with 
advantage when the differential equations are hard to solve. Secondly, 
when an integral’s first variation furnishes the desired physical equations 
the expression under the integral sign may be used with advantage to 
obtain a transformation of the physical equations to a new set of co- 
ordinates, for the transformation of the integral is generally much easier 
than the transformation of the differential equations and the transformed 
equations can generally be derived from the transformed integral by the 
methods of the “Calculus of Variations,” that is, by the Eulerian rule. 

To illustrate the method we consider the variation of the integral 




dV\^ , fdvy ^ (dV 

dx) ^ \.0^J 


(S 


dxdydz 


when the dependent variable F is alone varied and its variation is chosen 
so that it vanishes on the boundary of the region of integration. We have 

Now by a fundamental property of the signs of variation and differentia- 


tion 




Hence 


8 / 


07 


dx 

0 


dx dx 
rdV 


(87) -t- ... dxdydz 


-m 

= 11 87^dS-|jj87.V*7dicdy<iz. 

/ The surface integral vanishes because SF — 0 on the boundfu'y, conse- 
quently the first variation 8/ vanishes altogether if F satisfies everywhere 
^e differential equation ^27 ^ q 

The condition 8F = 0 on the boundary means that as far as the possible 
variations of F are concerned F is specified on the boundary. It is easily 


* The reader may obtain a clear grasp of the fundamental ideas from the monograph of 
G. A. Bliss, “Calculus of Variations,” The Oarua McUhcTnoHcal Monographs (1025)., 
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seen that a function V with the specified boundary ralues 
value of I when it is a solution of V®7 = 0, regular within th 
if it is any other regular function having the assigned valu 
boundary. 

In the foregoing analysis it is tacitly assumed that V® V exists and is 
such that the transformation from the volume integral to the surface 
integral is valid. If F is asaumed to be continuous (D, 2) there is no diflSlculty 
but, as Du Bois-Reymond pointed out*, it is not evident that a function F 
which makes 8/ = 0 does have second derivatives. This difficulty, which 
has been emphasised by Hadamardf and LichtensteinJ, has been partly 
overcome by the work of Haar§. There are in fact some sufficient conditions 
which indicate when the derivation of the differential equation of a varia- 
tion problem is permissible. 

For the corresponding variation problem in one dimension there is 
a very simple lemma which leads immediately to the desired result. The 
variation problem is 



doo = Q, 


where x-^ and are constants and 8 F is supposed to be zero for x= 
and for x = x^. 

dV 

Writing ^ = Jf, 8 F = we have to show that if 

JXi 

for all admissible functions U which satisfy the conditions 

U (*,) = U(x,) = 0 

then if is a constant (Du Bois-Beymond’s Lemma). 

To prove the lemma we consider the particular function 


.(A) 


.(B) 


U (x) = (zj, - a:) f if (0 - (z - zj [ ’if (^) d^, 

Jxt Jx 

which satisfies (B) and gives at any point x where M {x) is continuous 

d TT r®i 

= (^2 ~ M(x) - 

= (Za - Zj) [if (z) - c], say. 


* P. du Bois-Beymond, Math. Ann. vol. xv, pp. 283, 664 (1879). 
t J. Hodamard, Compiea Bendus, vol. oxliv, p. 1092 (1007). 
i L. Laohtenstein, Math Ann. vol. Lxnc, p. 614 (1910). 

§ A. Eaar, Joum. filr Math. Bd. oxux, S. 1 (1919); Szeged Acta, t. m, p. 224 (1927). Haar 
shows that in the oaee of a two-dimensional variation problem the equation 37 = 0 leads to a pair 
of simultaneous equations of the first order in which there is an auxiliary function W whose 
elimination would lead to the Eulerion difiorential equation if the necessary differentiations 
oould be performed. Many inferences may, however, be derived directly from the simultaneous 
equations without an appeal to the Eulerian equation. 
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We duJl =»w that ma) a eee^rT “f ^ 

ttmoa.) » that fl* aj»»ti« hoi* ^ «» iater^J^. a.) except poeetWj 

etefcdtenmnteofEKtote. Thetotioo. K (x). ^ ere then undoubtedlj 

integteUe ever the range (x., «i) an4 on aeoonnt ef the end oondition. (B) 

satisfied by TJ (a?), we may wnte (A) in the form 


r[M{a!)-c-]^da;= 0. 

J Xi 

the value adopted for U this equation becomes 
p[Jf (») - c]* <?a: = 0, 

Ja^ 

dM ^ 

and implies that M (x) = e, hence ^ 

An extension of this analysis to the three-dimensional case is difficult. 
To avoid this difficulty it is customary* to limit the variation problem and 
to consider only functions that are continuous (D, 2) throughout the region 
of integration. The function F and the comparison function F -I- 17 are 
supposed to belong to the JieW of functions with the foregoing property. 
The problem is to find, if possible, a function F of the field such that Si 
is zero whenever TJ belongs to the field and is zero on the boundary of the 
region of integration. 

Sven when the problem is presented in this restricted form a lemma is 
needed to show that F necessarily satisfies the differential equation. We 
have, in fact, to show that if 


111 


C7.V*F dxdydz = 0, 


for all admissible functions ?7, then F =* 0. 

The nature of the proof may be made clear by considering the one- 
dimensional case. We then have the equations 


[ (f>{x) U (x) da; = 0, 

JXi 


C7(a;,) = 0, 

and the conditions: 

TJ (a;) is continuous (J9, 2), <f> (a;) is continuous in (x^ , a;,). 

Since U (a;) is otherwise arbitrary we may choose the particular function 
U (x) = (a; — a)* (6 — x)^ x^< a < x < b < 

= 0 otherwise. 

If ^{x) were not zero throughout the interval x^) it would have a 
defiiute sign (positive, say) in some interval (u, 6) contained within {Xi , 

* See, for instance, HUbert-Conrant, Metloden der McUhemcUischen Phyaik, vol. I, p, 185. 
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but this is impossible because with the above form of U {x) the integral 
<p (x) U(x)dx is positive. 

To extend this lemma to the three-dimensional problem it is sufficient 
to consider a function U{x,y^ z) which has a form such as 

{x - (6a -xY {y - (hY (^2 - V)^ (^s - «)^ 

within a small cube with (oi, c^, Og), (6a, 63, 63) as ends of a diagonal, the 
value of U outside the cube being zero. 

In this way it can be shown that a field function V for which 81 = 0 
is necessarily a solution of F = 0. The foregoing analysis does not prove, 
however, that such a function exists. 

Similar analysis may be used to derive the equation + k^(f> = 0 from 
a variational principle in which 

8 JJI Ldxdydz = 0 , 

where i . > - hv] , 

When the potential is of the^ form i cos hr the volume integral is 
finite although the integral [ I [ is not*. 


1. If 


EXAMPLES 

'//[©■- (f)j 


dxdy^ 


the equation Oiinay be satisfied by making V + y) + g(x y) where / and g 
have first derivatives but not necessarily second derivatives. [Hadamard.] 

2. The variation problem 

a jjF(Vg, Vf, X, y)dxdy=0 
leads to the simultaneous equations 


the suffixes x, y denoting differentiations with respect to these variables. 


[A. Haar.] 


§ 2 - 42 . The general Eulerian rvle. To formulate the general rule for 
finding the equations which express that the first variation of an integral 
is zero we consider the variation of an integral 

I — jj...lLdXidx2 ... dxn, 

where is a function of certain quantities and their derivatives. For 

* See, for inafcanoe, the remarks made by J. Lennard- Jones, Pfoc, London Math» 8oc. vol. xx, 
p. 347 (1022). 


m Api,UcaHcns of the IrUegral Theory of „«* stokeo 
pendently except for certain pon,l +- ’ ”• are varied inde- 


n 

2 


n 

s 


n 

2 


a» 


.1 . ^ ^ «•-! «-i t-1 dx-dx.dx, [du + ••• j •••(A) 

the boendery, 4e hooJI^Z^^Ze^i^tZ^"^ ‘° “ °' 

» rar , » J'l^° 


0= 2 Z, 
0 = 


[—--It 3 / ai\ 1 

lSw, 2 ! 3xj V"* J + S 


31 


n 

2 


( dL\ .1 
0 a;, 9 a:j V"' 3 «„, j "-J ' 

.r2!e.*|^_3i 2. ® 1 

fs-’eatu - 4! 2 c , -i. / \ 1 


0 = 


n 

s z. 
-1 


rrk ^ r-1 da;, \du . J ^ '•• I ' 

tfr r 

dZedS ^rw~ 

®a< = 1 s ^ t, 

= 2 5 = i, 

e„« = 1 

= 2 r = 8=fot, 

integ^rtfor^^,^^^^^ the integral to'repeated 

boundary and the other part is oHy^ ™ 

fj...J[CZ8«+ y8«;+ PFaw + ...] dar, ... da:„. 

The equations 

^=0, F=0 F'=0 

<tre then the Enlenra diftontiel equetdons*. while the benndMy integml is 

JJ <W[ClSn + 2 c;,s», + 2 t}„H„ +,..], 

and the boimdary conditions are 
V = Q, Vt=Q (< = 1, 2, ...), j7,, = 0 (r - 1 2 • < = i 9 

P-’^si-d the 
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lypical integrations by parts are 

= a!" 9^ idi^) 

“ 9^J " ^ dxi (aitj] 

ai; alt] " 4 [^“ si* (s^)] 
^ awji aaii I ^ a«ij arci [ ^ a®! laVu jj 


^ s 


a® _ /a£\ 

i^dx^ lawu/ 

a*_ /aiiN 

’1^X2 


The reason for the introduction of the factors eg* is now apparent. 

When L depends only on a single quantity u and its first derivatives 
the Eulerian equation is of the second order. The variation problem is 
then said to be regular when this partial differential equation is of elliptic 
type. The distinction between regular and irregular variation problems 
becomes apparent when terms involving the square of Su are retained and 
the sign of the sum of these terms is investigated (Legendre’s rule). 

When a variation problem is irregular it is not certain that the boundary 
conditions suggested by the variation problem will be equivalent to those 
which are indicated by physical considerations. 

For a physically correct variation problem a direct method of solution 
is often advantageous. The well-known method of Rayleigh and Ritz 
is essentially a method of approximation in which the unknown function 
is approximated by a finite series of functions, each of which satisfies the 
specified boundary conditions, The coeffioients in the series are chosen 
so as to make 8/ = 0 when each coefficient is varied. The problem is thus 
reduced to an algebraic problem. 


§ 2*431. The transformation of physical equations. In searching for 
simple solutions of the partial differential equations of physics it is often 
useful to transform the equations to a new set of co-ordinatos and to look 
for solutions which are simple functions of those co-ordinates. The necessary 
transformations can be made without difficulty by the rules of tensor 
analysis and the absolute calculus, but sometimes they may ho obtained 
very conveniently by transforming to the now co-ordinatos tho integral 
which occurs in a variational problem from which they are derived, The 
principle which is used here is that the Eulerian equations which arc 
derived from the transformed integral must be equivalent to the Eulerian 
equations which were derived from the original integral because each set 
of equations means the same thing, namely, that the first variation of the 
integral is zero. A formal proof of the general theorem of the covariance 
of the Eulerian equations can, of course, bo given *, but in this book we shall 
* L. Koachmieder, Math, Zeita, Bd. xxiv, 8. 181, Bd. xxv, 8. 74 (1920); Hilbert and 
Oourant, l.c, p. 193. 
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regard property of oovariano© as a postulate. It is well known, 
course, that the postulate leads to the Lagrangian eq^uations of motion 
the simple case when the integral is of type 

^ Ldtj 

where L =/ [?i, q», ... ?»; ft, ft, ••• ft] 

= T-V, 


the Lagrangian equations being of type 

. dL d (^I‘\ 

The quantity T here denotes the kinetio energy and V the potential 
energy. F is a function of the co-ordinates which specify a oonfigumtion 
of the dynamical system, while T is a positive quantity which depends on 
both the g’s and their rates of change, which are denoted here by g’s. 

In the simple case when 

T = JSSa„g,g„ 

1 1 


F = iESc„?,g„ 

1 1 

where the coefficients a„, c„ are constants, the covariance of the equations 

is easily confirmed by considering a linear transformation of type 

Ql = ^ft -I- ... 


Qn — ^nift -t- ... InnQnt 
in which the coefficients are constants. 

The advantage of making a transformation is well illustrated by this 
case, because when the transformation is chosen so that the exprosaions 
for T and F take the forms 


F=iS<7,(2.*, 

respectively, the Eulerian equations are simply 

A,^, + 0„Q, = 0, 

and indicate that there are solutions of type 


Q, = a, cos {n,t + p,), {n*A, = C,) 


5*8, 
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§ 2‘432, To tranaform Laplace’s ecjuation to new oo-ordinates i v t 
such that ’ 

+ dy* + (foa = od^a + bdrj* + cdfa + 2/d^d^ + 2gd^d^ + 2Adf dij, 
where a, b, c, /, g, h, are functions of ij, we use sufQxes a;, y, 2 to 
denote differentiations with respect to «, y, 2 and suffixes 1, 2, 3 to denote 
differentiations with respect to We then have 


dxdydz = ^ ^ df drjdf, say, 

i _ 9 (g. y. g) _ 9 (g, y, g) 9 (^, 1?, 0 ,, . 

" 9 (»jy,g) 9 (®. y, 2) 

= d* [(y823 - y,2g)a + {2ga;g - + (w^y, - a:,yj)a] 

= d* [(*3* + yg* + «ga) (*32 + y.a + 2,2) 

“ (^^3 “f” 3/22/3 + 


Therefore 


-T 2!/ 9 ~ 

= (6c — p) = J^A, say, 

Vn^a “i“ ^ — Q/f) = J^F ^ say. 


= i IIP d^d»jd^ Fj* + 5Fg2 + (7Fa* + 2^7* F, + 2©F* Fj + 2ff Fj F,] 

= f|[Ldfd,,d^ 


By Euler’s rule 8/ = 0 when 

d ( dL\ , d /dL 


9| V3 fJ + dr, U vj ^ a? 1 ,P ^3 j ~ 

The new form of Laplace’s equation is thus 

If the original integral is 

i jj|[T".‘* + V + F.» - AF*] dxdydz, (A) 

the transformed integral is 

''\ud^di,di, (B) 


where L' = L- \XV^IJ, 

and so the equation V®F + AF = 0, 

which is derived from (A) by Euler’s rule, transforms into the equation 

jDF+ AF/J = 0 
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which is derived from (B) by Euler’s rule. This shows that transforms 

J.DV, 


into 


where 




= 1 . 


a n g 
h b f 
9 f c 

This result was given by Jacobi* with the foregoing derivation. The 
particular case in which 

-rw^ V V V 

was worked out by Lam6. The result w that 

VF - [I ()^ I) + 4 + k ■ 

This result is of great importance and will be used in the succeeding 
chapters to find potential functions and wave-functions which are simple 
functions of polar co-ordinates, cyhndrioal co-ordinates and other co- 
ordinates which form an orthogonal system. 

In the special case when 

dx^ + dy^ + dz^ = /c^ 

Laplace’s equation becomes 


3 ( 

0F 


( 

^ 9 / 

' 3F\ 




V'dT]) 

+ 3i( 

dU 


is a 1 

solution of 






d^U 

d^U 





dr]^^ 

11 

Ico 

0 


if /ci is a solution of this equation. 

Inversion is one transformation which satisfies the requirements, for in 
thisoa^e a: = f/J?*, 3 / = ^/i2*. 

ija = 

K» = B-*. 

The inference is that if F (a;, z) is a solution of Laplace’s equation, 
the f unctiont 


lip(?L y 

r \r®’ r^’ rV 


is also a solution. Another transformation which satisfies the requirements 
ax , — 


a;'== 


y = 


^ 2i{y+izy 

* Joum. fUr Math. vol. xxxvi, p. 113 (1848). See also J. Larmor, Camb. Phil Traiia. voL 
xrt, p. 466 (1884); voL xrv, p. 128 (1886). H. Hilton, Proc. London McUh. Soc. (2), vol. xix, 
Beoords of Ptooeedings, vii (1921). Some veiy general transformation formulae are given by 
V. Volterra, Bend. lAncei, ser. 4, vol. v, pp. 699, 630 (1889). 
j* This result was given by Lord Kelvin in 1846. 
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In this case 


cto'* + ldx» + dy^ + dz^l 

and we have the result that if F (*, y, a) is a solution of Laplace^s equation, 


(y + 

is also a solution. 


iz)~iF 


r>-o» 


y + tz * 2 (y + iz) ’ 2i (y ' 


These two results may be extended to Laplace’s equation in a space of 
n dimensions 

^ a*F 

^ (^> ®a> ®n) is S' solution of this equation, and if 

r» = a^a + + ... *^2^ 


is also a solution*, and 


■ F ?* 5?^ 

^ r*’ - rV 


[2(0:1 + 20:2)’ 22(0:1 + 20:2)’ 0:1+ 20:2’ ■"0^+ 20:^ 

is a s6conci solution. W© shall now us© this to obtain Brill’s theorem. 

Putting Qc^ + ioc2 = ty 1X2 = fi, the differential equation becomes 
^ 327 * 

and the result is that i[ It^ = + ... ^c„^ and if 

^ (^9 ^9 ^39 ••• ^n) 


is a solution, then 


/ 2 35 T 

^ “T’ T’-"rj 

is also a solution. Now a particular solution is given by 

a 

F = e ** j 7 (<, o:8,a:4, ... x„), 

where U (t,x^,x^, ... x„) is a solution of the equation of heat conduction 

du^ r?!^ w w' 

dt [axa^'^ao:!® ’••ao:„*J’ 

which is suitable for a space of rz, — 2 dimensions. The inference is that if 
U is one solution of this equation, the function 

\ t t t / 


The first result is given by Bdoher, BuU, Amer. Math, 80 c. vol. ix, p. 469 (1903). 


II 
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is a second solution. When 17 is a constant the theorem gives Uff the 
particular solution 




which may be regarded as fundamental. 


1 , Prove that if 

o -• 2 — 


TCYATVTPT.™ 


the relaticms 


h 

y 


■ X - iy, 

-iy. 


2. Prove that if 
the relationa of Ex. 1 give 


where 


^x + iy, a^z + ct, 
o' - z' + c^', ^ - a/ 4 . a' ct\ 
a' (Zo - - _p) « - no 4 - Wi3 + r + ( - 77ia + + ^), 

a' (tw + a - e) - - - w6 + gr - ^ ^ 

y (-ma’\‘VP + q)^1ha+jp + k- y (la^uP -‘p), 
y[va + mb -/) ^ja-^hb-^a + h'iua + lh^ e), 

mwhich l,fti,n,u,v, wj, g, k, p, q, r, s, e,j, h are arbitrary oonstants, lead to a relation of type 
dx'^ + + &'a _ ^2^2 ^ ;^2 ^^2 + ^2 _ 

* ~ ^ + (® + ^) s, 

{Z + Ct)8 =• — (X — iy)^ 

z'-Sf ~4‘' + e'(x' + i^), 

S' (^ + cT) (x' - iy')^ 

XS = lofl' — ^ 

Xi^rr-q^'+p^' + i.^ 

X<^ = ge' -U' + e^'-s, 

X = n9'-m4' + _ A. 

Let^«^ o/ a» isotropic elastic solid. 

7^ displacement of a particle. 

be^e compokekS ^ 

variation of the integral ^ consider the 

^^IjlLdxdydz, 

where i = 

W = p {uX + vT + wZ), 

2^ - (A + V) («. +..+».).+ ^ [(», + ^ ^ 

y ar^A V. • (^aJ 4" Uy)^ — iVyW^ — 4flV.Ua. — « 1 

StoM L^gj, “Y d° 

^ “‘i®®* <» tke condition that the 
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values of u, v and w are specified at the boundary of the solid. The Eulerian 
equations of the “ Calculus of Variations ” give 

I I , jr _ 


dy 

ar 97 87 


dx 


dZg dZ^ dZ, „ 
'dx + 


0 , 


0 , 


where 


Xa = 2fiu„ + A {«B + «v + «'»). T, = Zy= fj. {w^ + V,), 

7, = 2iiVy + A (m„ + »y + w,). Z, = fi («, + w„), 

Zi, = 2/iw;g + A («„ + w, + tt),), Xy= Y„= fjL {v„ + u„). 

The quantities X^, T^, Z^, 7,, Z,, Zy, are called the six components 

of stress, and the quantities 

^ ^ai > j > 

e„ = iCy + e,« = M, + w„, e„y =v^+ Uy, 

axe called the six components of strain. In terms of these quantities 25 
may he expressed in the form 

25 = + Y y6yy + + ^z^vz “f“ ”1“ ^y^xv> 

while the relations between the components of stress and strain are 
= 2/zea,a, H- AA, Y^^ = Zy — fMCyi, 

Yy = 2fjLeyy + AA, Z„ = Xy = 

Z^ = 2/>ie„ + AA, Xy=Y^ = 

A = Vy = Cfpgj + 6yy + Bgg . 

The relations may also be written in the form 

Xe^g, = Xg, — O- (Yy+ Zg), 

Eeyy = Yy ^ G {Z g 4" X^), 

~ ^ (X® + Yy), 

The coefficient E is Young’s modulus, the number o- is Poisson’s ratio, 
and /X is the modulus of rigidity. The quantity A is the dilatation and 
~ A the cubical compression. When 

Xjj = Yy = Zg = — P, Yg = Zgi = Xy = 0, 

we have Cg.^ = Cyy = e,, = - p/(3A + 2 /ll), 

— A = p/{X + §/i), 
hence the quantity h defined by the equation 

X + ^fi 


11-2 
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is called the modulus of compression. The different elastic constants are 
connected by the equations 


p; ^ I* 

^ A+y-’ 


2(x + fj,y 


E 

3- 6ff' 


On account of the equations of equilibrium the expression for 81 may 
be written in the form 


111 ^ {X^8u + Y„8v + Zy8w) 

+ ^ {X^Su + Y^Sv + dxdydz, 

and may be transformed into the surface integral 
[ J [Z.Sw + r,8i; + dS, 

where = IX a, + mXy + nX„, 

= ^1^05 + rnYy -h nT^, 

= JZfl. + mZy + nZg, 


The quantities are called the components of the surface 

traction across the tangent plane to the surface at a point under coU' 
sideration. In many problems of the equilibrium of an elastic solid these 
quantities are specified and the expressions for the displacements are to be 
found. 

The equations of motion of an elastic solid may be obtained by re- 
d^u 

garding — — ^ 2 . — as the components of an additional body 

force per unit mass. The equations are thus of type 


dXy 3Z, y 
-^ + ^ + ^^- + pX = p^. 


0^ 0y 


§ 2’6Ss. The egtiaiions of motion of an inviacid fluid. Let us consider the 
variation of the integral 

/ = 1111 Ldxdydzdt, 

L = + ^ {u’^ + V* + +/(p), 


where 


-<1 

Varying the quantities (f>, a, j8 and p in such a manner that the variations 
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of <l> and ^ Tanish on a boundary of the region of integration wherever 
particles of fluid cross this boundary, the Buierian equations give 


|+4m+|^(h+^(p«’)=o, 


a*' 


^=0 -^- = 0 
dt dt ’ 

It + “ I? + ^ 

d d , d S d 

If jj = pf (p) — / (p) it is readily seen that 

^ 1 0p dv _ 1 0p dw _ 1 

dt p dx’ dt p di ~ p dz’ 


.(B) 

.(C) 


where 


where 


.(D) 

.(E) 


\~p + + + = 

lip is interpreted as the pressure, the last equation is the usual pressure 

equation of hydrodynamics for the case when there are no body forces 

acting. The quantities u, v, w are the component velocities and p is the 

density of the fluid at the point a;, y, z. The equation (B) is the equation 

of continuity and the equations (D) the dynamical equations of motion. 

The relation p = pf' {p) — f (p) implies that the fluid is a so-called baro- 

tropio fluid in which the density is a function of the pressure. It should 

be noticed that with this expression for the pressure the formula for L 

becomes ^ „ 

L = F (t) — p 

when use is made of the relation (E). 

The foregoing analysis is an extension of that given by Clebsch*. The 
fact that L is closely related to the expression for the pressure recalls to 
memory some remarks made by R. Hargreavesj in his paper ‘'A pressure 
integral as a kinetic potential.” The equations of hydrodynamics may also 
be obtained by writing 

^ [S ~ ^ 

and varying a, j8, u, v, w and p independently. 

The equations (A) are then obtained by considering the variations of 
u, V and lo. These equations give the following expressions for the com- 
ponenteofTortioity: 

^ dy dz d (y, z) ’ 

_ ^ dw {a, P) 
dz dx~ d [z, x) ’ 
y _dv du _^d {a, P) 

^''dx ~dy''d(x,y)’ 


• CreUe'a Joum. vol. lvi (1850). 


t Phil Mag. vol. xvi, p. 436 (1908). 



where 
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equations a oonstant, ^ - constant ue the 

tlaln eonetlZ^Z mZoTjTt°^, ® 

vortex line moves mth the flllit^ ,1 1 consequently a 

need be imposed on the smaU variatiX sT^Sfi 7 restrictions 
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This equation, which also occurs in Bichardson’s theory of the space 
charge of electricity round a glowing wire*, has been solwed by LiouviUef, 
the complete solution being given by 


A%*e*** (a* + T* + 




where er and t are real functions of x and y defined by the equation 
<r + IT = (a: + iy) and F (z) is an arbitrary function. 

Special forms of F which lead to usefid results have been found by 
G. W. WalkerJ. In particular, if r* = a:® + y\ there is a solution of type 


p-kilr , 


Ahr 

2 


+f?r 


and when » = 1 the component velocities are given by the expressions 

2y 2x 


u = 


A(a*+r®)’ 
A = 2 /ah, 


v = — 


f = 


h{a* + r*y 

2 


( 0 ) 


A{o» + r»)’ 

which are very like those for a line vortex but have the advantage that 
they do not become infinite at the origin. If we write 


ds 


da , da 




the quantity a may be defined by the equation 

a = — a tan-^ (y/»). 

and has a simple geometrical meaning. The quantity a may also be inter- 
preted as the velocity of an associated point on the circle* r = a which is 
the locus of points at which the velocity is a maximum. 

It should be noticed that if we use the variational principle 


8 I" [ («* + r® — s*) dxdy = 0, (D) 

the corresponding equation is 

m 

and the solution corresponding to (0) is of type 

2y 2x 

““"■h(a®-V®T ®“A(o*-r*)- 

This gives an infinite velocity on the circle r = a, 

• O. W. Biohardflon, The, Emiaaion of Electricity from hot bodies, Longmans (1921), p. 60. The 
differential eq^nation waB formulated explicitly by M. v. Laue, Jah^buch d. Radtoaktivitdt «• 
Elektronih, vol. xy, pp. 205, 257 (1918). 

t LiouviUe's Journal, voL xvm, p. 71 (1853). 

t G. W. Walker, Proc. Boy. Soc. London, voL xoi, p. 410 (1916); BoUzmann Pestsdhrifi, p. 242 
(1904). 
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Other solutions of (B) ■which give infinite velocities have been discussed 
by Brodetsky*. It seems that the variational principle (A) may have the 
advantage over (D) in giving solutions of greater physical interest. It 
should be noticed that if a boundary of the region of integration is a stream- 
line t/f = constant, it is not necessary for 8s to be zero on this boundary. 

When the motion is in three dimensions an appropriate variation 
principle is 8/ = 0, where 


1 i I j J(tt® + -f- IS* ± s®) dxdydz, 

and the upper or lower sign is chosen according as the vortex motion is of 
the first or second type. To satisfy the equation of continuity when tihe 
fluid is incompressible and the density uniform, we may put 


u = 


_ 8 (g, t ) 


3(«, a:)’ 


9 (or, r) 

y} ^ i — i * 

d(x, y)’ 


s = 


d (s, or, t) 


d{y,z)’ “ 3(«,a:)’ 3(9:, y)’ “ d{x,y,z)' 

A set of equations of motion is now obtained by varying a, r and s in 
such a way that their variations vanish on the boundary of the region of 
integration. These equations are 

8 {s, <T, t ) 
d{x,y,z) 


0 , 


, 3<t . 0(7 . f, do 


' 0Z 
, 3t 

and are equivalent to the equations 

3(s,s) 


. 3t St , y ' 


d ... 


0 , i=± 




1? = ± 


8 {s, s, ( 7 ) 

- d(x,y,zy 
3 (a, 8, t ) 
^ 3(a:,y,z)’ 

d{8,s) 


3(z, x)’ 


^ = ± 


9 (s, s ) 

d(x, y)’ 


which imply that 


u ■ 




-T- • 9% . 9^ 


These equations give 

^ 1 9p dv I dp dw ^ 1 dp 

dt p dx' dt^ P dt ^ p dz* 

where the pressure v is given by the equation 

- + i (w* -H V* + ± 8^) = constant. 

P 

The equation of continuity may also be derived from the ‘Variation 
problem by adopting Lagrange’s method of the variable multiplier. In 

♦ S. Brodetsky, Proctedings of the IrUernationdl Congress for Applied Mechanics^ p. 374 (Delft, 
1924). 
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Equilihrivm of a Soap Film 

this method I is modified by adding + qnantity 

■withia brackets in the integrand. The quantities A, u, v, w are then varied 
independently. It is better, however, to further modify / by an integration 
by parts of the added terms. The variation problem then reduces to the 
type already considered in § 2-62. 

§ 2‘64. The equilibrvum of a soap fUm. The equilibrium of a soap film 
will be discussed here on the hypothesis that there is a certain type of 
surface energy of piechanioal type associated with each element of the 
surface. This energy will be called the tension-energy and will be repre- 
sented by the integral r r 

taken over the portion of surface under consideration, T being a constant, 
called the surface tension. This constant is not dependent in any way upon 
the shape and size of the film but it does depend upon the temperature. 
It should be emphasised that a soap film must be considered as having two 
surfaces which are endowed with tension-energy. The tension-energy is not, * 
moreover, the only type of surface energy ; perhaps it would be better to 
say film energy; for there is also a type of thermal energy associated with 
the film, and from the thermodynamical point of view it is generally 
necessary to consider the changes of both mechanical and thermal energy 
when the film is stretched. 

For mechanical purposes, however, useful results can be obtained by 
using the hypothesis that when a film stretched across a hole or attached 
to a wire is in equilibrium under the forces of tension alone, the total 
tension-energy is a minimum. 

Assuming, then, as our expression for the total tension-energy JE 
= 2T jj (1 + -h Zy^)^ dxdy, 

the z-co-ordinate of a point on the surface or rim being regarded as a 
function of x and «/, the Eulerian equation of the Calculus of Variations 
gives 

4 ^ = 0 . ^ = (1 + *.* + 

This is the differential equation of a minimal surface. 

When the film is subject to a difference of pressure on the two sides 
and the fluid on one side of the film is in a closed vessel whose pressure is 
jPi while the pressure on the other side of the film is pg, there is pressure- 
energy (jpi — Pa) V associated with the vessel closed by the film, where V 
is the volume of this vessel. Writing V in the form 

7= Fo + i|®d^. 



aurfacs e.e„». ,, o-^ *» «» 

r f 7-r ■» 


J|fl’efo:%f2!r- 


' + ^^(Pi-Pt)]. . 

«,»• 

to^/z = 2 — rez — «/y 

and 80 the <iifferenlW equation of the problei^’is 

O'di’S^ m'S'oS « *8 00 

where JtU*h ^- * ^ * * ~ 
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0 = j^l - iZ I J , 5 1. 
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Now the same differential equation and boundary conditions occur in 
a number of physical problems and a soap-film method of solving such 
problems in engineering practice was suggested by Prandtl and has been 
much developed by A. A. Griffith and G. I. Taylor*. The most important 
problems of this type are: 

(1) The torsion of a prism (Saint-Venant’s theory), 

(2) The flow of a viscous liquid under pressure in a straight pipe. 

These problems will now be considered. 


EXAMPLES 

1. The forces aoting on the rim of a soap film of tension T are equivalent to a force F 
at the origin and a couple Q. Prove that 


F j2T{n>c da), 
a=> j2T[rx(nxda)], 


where the vector da denotes a directed element of the rim and the vector n is a unit vector 
along the normal to the surface of the film. Show by transforming these integrals into surface 
integrals that the force and oouple are equivalent to a system of normal forces, the force 
ncumal to the element dS being of magnitude 


2T (1 + = 2T (0i + Oj), say. 


2. The surface of a film closing up a vessel of volume V can be regarded as one of a 
family of surfaces for which -h (72 is a constant. If within a limited region of space there 
is just one surfaoe of this family that can be associated with each point by some uniform rule 
and if is another surfaoe through the rim of the hole, e the angle which this surfaoe makes 
at a point {x, y, z) with the surface of the family through this point, the area of the outer 

surface of the film ^ I J cos e . dS'. Hence show that the area of the new surface is greater 
than that of the film if it encloses the same volume. 


• 3. If u 

show that the variation problem 


= + 


8 ^ 


leads to the partial difierential equation 

where c® [qO” (q) - O' (q)} = 0'(q), 

Show also that the two-dimensional adiabatic irrotational flow of a compressible fluid 
leads to an equation of this type for the velocity potential z, the function (?{^) being given 
by the equation ^ 

Q (q) = [2a* + (y - 1) (17® - q^)]^-\ 
where (7, a and y are constants. 

* See oh. vn of the Mechanical Propertiea of Fluids (Blaokie & Son, Ltd., 1923). 
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§ 2*66. The torsion of a prism. Aflanming that the mateiial of the piiam 
is isotropio, we take the axis of is in the diieotion of the generators of the 
surface and oonsider a distortion in which a point {x, y, z) is displaced to 
a new position (a? + «, y + v, « + w), where 


= — ryz, V = 7ZX, v)= rtft, 

and ^ is a function of x and y to be determined. The constant r is called 
the twist. This distortion is supposed to he produced by terminal couples 
applied in a suitable manner to the end faces. The portion of the surface 
generated by lines parallel to the axis of z (the mantle) is supposed to be 
free from stress. These are the simplifying assumptions of Saint-Venant. 
It is easily seen that 


du 

0**° 8y~ 02 
du dw 



0 M) . dv /dJ) , \ 

^ ~ ^ \3y ' 


Hence, if Z, = /is,., Z, /ie„, 
the equations of equilibrium 


X,= Yy~ Z,= Xy = 0 , 


—1? — n 
02 “ ’ 02 


0 , 


dZ„ dZy_ * 
■0F 0y “ ” 


show that Zy and Z, are independent of z and that 




0 /a 


or 


4.^-0 

aa:»^0y*“^- 


The boundary condition of no stress on the mantle gives 

IZy + mZy = 0 , 

where (2, m, 0) are the direction cosines of the normal to the mantle at 
the point (x, y, z). 

Let us now introduce the function ^ conjugate to then 

^ _ 0^ 0^ di(i 

dx~dy’ dy^ dx' 

where r* = ** + y*. The boundary condition may consequently be written 
in the form » 
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where x — ^ eis is a linear element of the cross-section. This 

equation signifies that x i® constant over the boundary and so the problem 
may be solved by determining a potential function ^ which ia regular 
within the prism and which takes a value differing by a constant from 
on the mantle of the prism. Without loss of generality this constant may 
be taken to be zero if there is only one mantle. 

It should be noticed that the function x satisfies the equation 

^ 2 

dx^^dy^~ ’ 

and, with the above choice of the constant, is zero on the mantle when 
this is unique. It is often more convenient to work with the function x> 
especially as ^ 


Since x vanishes on the mantle it is evident that 

jjZa;dxdi/ = 0 , = 0 . 

The tractions on a cross-section are thus statically equivalent to a 
couple about the axis of z of moment 

if = jj(® 3^ + S'ly) 

Integrating by parts we find that 

M = 2/xr Ijxdzdy. 

The direction of the tangential traction {Z^^ Zy) across the normal 
section of the prism by a plane z == constant is that of the tangent to the 
curve X = constant which passes through the point. The curves x = con- 
stant may thus be called ‘Mines of shearing stress,’’ The magnitude of the 
Sy dy 

traction is /lit where is the derivative of in a direction normal to 

the line of shearing stress. 

In the cose of a circular prism 

X=i(a^- r^h 

and in the case of an elliptic prism 

kr.2 'J/2% 




where a and d are the serai-axes of the eUipse and 


C 
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§ 2 * 66 . Flow of a viscotis liquid along a straight tube. Consider the 
motion of the portion contained between the cross-sections 2 — 2^1 and 
z = Zi + h, If^is the area of the cross-section and p the density of the 
fluid, the equation of motion is 

pAh^ = A{j?^-p,)-D, 

where p^ and p^ are the pressures at the two sections and D is the total 
frictional drag at the curved surface of the tube. If u is the velocity of 
flow in the direction of the axis of 2, u will be independent of 2 if the fluid 
is incompressible and so we may write 

u=^u(x, y, t). 


We now introduce the hypothesis that there is a constant coefficient 
of viscosity /jl such that 

where denotes a differentiation in the direction of the normal to the 
an 

surface^ of the tube. Transforming the surface integral into a volume 
integral, we have the equation of motion 


Since h is arbitrary this may be written in the form 

du _ Sp (dhL dhL\ 

P P' dyv ’ 

When the motion is steady this equation takes the form 


1 dp 


OK' 


.(I) 


where ~ 2 K = - and can be regarded as a constant, because is in- 
dependent of 2. This is the equation used by Stokes and Boussinesq. 

In the case of an elliptic tube 


where 




For an annular tube bounded by the cylinders r = a, r = 6 we may 
u=^iK (a» - r*) + (b^ - a*) log (b/r). 

The total flux Q is in this case 

irKa^ 






(52- 1)21 
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Rectilinear Viacoua Flow 


and BO the average velooity is 

j, Zo»f a* 

4 [8* — 1 log 8 J ‘ 

If there is no presBure gradient the equation of variable flow is 


where v = /i/p. This equation is the same as the equation of the oonduotion 
of heat in two dimensions. The fluid may be supposed in particular to lie 
above a plane « = 0 which has a prescribed motion, or to lie between two 
parallel planes with prescribed motions parallel to their surfaces. 

The simple type of steady motion of a viscous fluid which is given by 
the equation (I) does not always occur in practice. The experiments of 
Osborne Reynolds, Stanton and others have shown that when a viscous 
fluid flows through a straight pipe of circular section there is a certain 
critical velooity (which is not very definite) above which the flow becomes 
irregular or turbulent and is in no sense steady. From dimensional reason- 
ing it has been found advantageous to replace the idea of a critioal velocity 
by that of a critical dimensionless quantity or Reynolds number formed 
from a velocity, a length and the kiuematio viscosity v of the fluid. In the 
case of flow through a pipe the velooity V may be taken to be the mean 
velocity over the cross-section, the length, the diameter of the pipe (d). 
For steady “laminar flow” the ratio Vdjv must not exceed about 2300. 

In the case of the motion of air past a sphere a sitnilar Rejmolds 
number may be defined in which d is the diameter of the sphere. In order 
that the drag may be proportional to the velooity V the ratio Vdjv must 
be very small. 


EXAMPLES 


1. In viscoua flow between parallel planes a: * ± o the velooity is given by an equation 

where c is the maximum velooity. Prove that the mean velooity is two-thirds of the 
maximum. 

2. In a screw velooity pump the motion of the fluid is roughly oomparable with that of 
a viscous liquid between two parallel planes one of which moves parallel to the other and 
drags the fluid along, although there is a pressure gradient resisting the flow. Calculate 
the eflioienoy of the pump and find when it is greatest. 

Work out the distribution of velocity and the efficiency when the machine acts as a 
motor, that is, when the fluid is driven by the pressure and causes the motion of the upper 

^ [Rowell and Finlayson, Engineering^ vol. oxxvi. p. 249 (1928).] 

3. The Eulerian equation associated with the variation problem 

^ [(£)* (I)* 
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§ 2-56. Fhw of a viscovs liquid cdong a straight tube. Consider the 
motion of the portion contained between the cross-sections a = % and 
z=:z^-^h. If^is the area of the cross-section and p the density of the 
fluid, the equation of motion is 

pAh^ = A{p^-Pi)-D, 

where and pressures at the two sections and D is the total 

frictional drag at the curved surface of the tube. If u is the velocity of 
flow in the direction of the axis of z, u will be independent of 2 ; if the fluid 
is incompressible and so we may write 

u = u(x, y, t). 


We now introduce the hypothesis that there is a constant coefficient 
of viscosity ji such that 

where denotes a differentiation in the direction of the normal to the 

surface^ of the tube. Transforming the surface integral into a volume 
integral, we have the equation of motion 

Since h is arbitrary this may be written in the form 

^ "Sp /0*lt 0%\ 

dt dyy ■ 


When the motion is steady this equation tahes the form 


1 dp 


+ 2/r 


■(I) 


where - 2K = and can be regarded as a constant, because u is in- 
dependent of z. This is the equation used by Stokes and Boussinesq. 

In the case of an elliptic tube 

u^cK(i^^y"v 

\ a® 6 V 


where 


0 




For an annular tube bounded by the cylinders r = a, r = b vre may 
^ u=iK(a’^- r*) -t- (6« - o*) log (6/r). 

The total flux Q is in this case 

f6 


g.2^| 


irKa^ { 


mdr = 
a 4 


t 


logs 




(s = 6/a) 
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and so the average velocity is 


4 


92 - 


. 1 - 


— 1 log s ^ 

If there is no pressure gradient the equation of variable flow is 

du /d^u , 




ru 


where v iifp. This equation is the same as the equation of the oonduotion 
of heat in two dimensions. The fluid may be supposed in particular to lie 
above a plane z = ^ which has a prescribed motion, or to he between two 
parallel planes with prescribed motions parallel to their surfaces. 

The simple type of steady motion of a viscous fluid which is given by 
the equation (I) does not always occur in practice. The experiments of 
Osborne Reynolds, Stanton and others have shown that when a viscous 
fluid flows through a straight pipe of circular section there is a certain 
critical velocity (which is not very defiLoite) above which the flow becomes 
irregular or turbulent and is in no sense steady. From dimensional reason- 
ing it has been found advantageous to replace the idea of a critical velocity 
by that of a critical dimensionless quantity or Reynolds number formed 
from a velocity, a length and the kinematic viscosity v of the fluid. In the 
case of flow through a pipe the velocity V may be taken to be the mean 
velocity over the cross-section, the length, the diameter of the pipe (d). 
For steady “laminar flow’’ the ratio Vdjv must not exceed about 2300. 

In the case of the motion of air past a sphere a similar Reynolds 
number may be defined in which d is the diameter of the sphere. In order 
that the drag may be proportional to the velocity V the ratio Vdjv must 
be very small. 


EXAMPLES 


1. In viscous flow between parallel planes x 
of type 


u > 


± a the velocity is given by an equation 
c (1 - a^/a^). 


where c is the majcimum velocity. Prove that the mean velocity is two-thirds of the 
maximum. 


2. In a screw velocity pump the motion of the fluid is roughly comparable with that of 
a viscous liquid between two parallel planes one of which moves parallel to the other and 
drags the fluid along, although there is a pressure gradient resisting the flow. Oalculate 
the efficiency of the pump and find when it is greatest. 

Work out the distribution of volooity and the efficiency when the machine acts as a 
motor, that is, when the fluid is driven by the pressure and causes the motion of the upper 
plate. 

[Rowell and Pinla 3 rson, Engineering, vol. oxxvi. p. 249 (1928).] 

3. The Eulerian equation associated with the variation problem 

[(£)* + ©* + ~ 
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L. liohtenstem [Ma^, Ann- vol lxix, p. 614, 1910] has shown that when f(x, y) is merely 
oontinaoiiB there may be a function u which makes 82 « 0 and does not satisfy the Eulerian 
equation. 

§ 2-57. The vibration of a membrane. Let T be the tension of the 
membrane in the state of equilibrium and w the small lateral displacement 
of a point of the membrane from the plane in which the membrane is 
situated when in a- state of equilibrium, the vibrations which will be con- 
sidered are supposed to be so small that any change in area produced by 
the deflections w does not produce any appreciable percentage variation 
of T. The quantity T is thus treated as constant and the potential energy 

ifl replaced by the approximate expression 

Let pdxdy be the mass of the element dxdy. The equation of motion 
of the membrane will be obtained by considering the variation of 


where 


\'\E^ V)dt, 

Jti 




The integral to be varied is thus 

where w = 0 on the boundary curve for all values of t. The Eulerian 

equation of the Calculus of Variations gives 

d^w « fd^w d^w~\ f . 



where — Tjp. 

This is the equation of a vibrating membrane. The equation occurs also 

in eleotromagnetio theory and in the theory of sound. In the case when 

if; is of the form . . 

w = BmKy -V (x,t), 

the function v satisfies the equation 

dt^ W ) ’ 

which is of the same form as the equation of telegraphy. 

It should be noticed that a corresponding variation principle 


5 
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The Equation of Vibrations 

gives rise to the familiar wave-equation 

8‘w d^w 

dt»~^ 

which governs the propagation of sound in a uniform medium and the 
propagation of eleotromagnetio waves. A function w which satisfies this 
equation is called a wave-function. 

Love has shown* that the equation (A) occurs in the theory of the 
propagation of a simple type of elastic wave. 

Taking the positive direction of the axis of z upwards and the axis of 
35 in the direction of propagation, we assume that the transverse displace- 
ment V is given by the equation 


y are 


V = Y (z) cos (pt “ fx). 

The components of stress across an area perpendicular to the axis of 


V A V 


respectively and so the equation of motion 


takes the form 


^ dt^ dx dy dz 

d ( dv\ d ( dv\ 

^ dt^ ” dx V dx) dz V dz) 


(B) 


When p and p, are constants this is the same as the equation of a 
vibrating membrane, but when p and p are functions of z the equation is 
of a type which has been considered by Meissner f- 

Transverse waves of this type have been called by JefEreysf “Love 
■waves,” they are of some interest in connection with the interpretation of 
■fche surface waves which are observed after an earthquake. 

It may be mentioned that the general equation (B) may be obtained 
Toy considering the variation of the integral 


I 



dxdzdt, 


and an extension can be made to the case in which p and p are functions 
of X, z and t. 


§ 2-58. 
integral 


The electromtignetic equations. Consider the variation of the 

Jill Ld^dydzdt^ 


* Some Problems of OeodyTumics, p. 160 (Cambridge Univeraity Preea, 1911). 
t Proceedings of the Second Irdermtional Congress for Applied Mathemaiics (Ziirioh, 1926). 
t The Earth, p. 166 (Cambridge University Press, 1924). 
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+ - J?,* - 

dA„ ^ ^ 
dx’ 

dz 


where 

and 


TJ — ^A, 

dy dz ’ 


jr, OjHa ov 


„ _dA, „ 0^, a® 


„ dAy dA„ jp 


.(A) 


By’ 

= _ i-4* 

dx dy ’ dt dz ' ^ 

If the vaxiatioiis of A„, A^, A, and O vanish at the boundary of the 
r^on of integration, the Eulerian equations give 

8jg, ag, a^. 

dy dz di ’ 
ag, dH^ dEy 
dz dx dt ’ 
dS^ dH^ _ ag, 

Sx dy ~~W’ 

dK d_^ d^, 

dx dy dz 

In vector notation these equations may be written 

oodH.f. 

and equations (A) take the form 


These equations imply that 


curlE = — 


m 

dt’ 


div E = 0, 

(B) 

3A 

(0) 

divH= 0. 

P) 


Maxwell for ^ well-known equations of 

electromagnetic waves in the ether; the 

represented by mkty'^SrWoiij3 “ velocity of light is 

«< -7 be combined 

divQ = 0 . 

By analogy ^th (C) we may seek a solution for which 


.(E) 


Q=-tourlL=-|?-VA. 


rm 

^ -nleSon. lew. 1 ^ 

T 9G . . . » „ 


.(E) 


T 

af+»ourlG + Vg, A=-divG- 


dt 


.(G) 
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where G is a complex vector of type F + tH, while F and 11 are real ‘ Hertzian 
vectors ’ whose components aU satisfy the wave-equation 

= (H) 


When we differentiate to find an expression for Q in terms of G and K 
the terms involving K cancel and we find the Bighi- Whittaker formulae 

Q = curl ^ourl G — i ' 

H = curl ^ourl F -I- , k (I) 

E = curl ^curl 11 — . ) 

If L = B + iA, A = Y -f where A, B, O and Y are real, we have 

H- «nilA--S- VT.! 

“ • (J) 

A-^ + .,»ir, B-f-.«rin,l 


O = - div n, T = - div r, } 

where A, B, <6 and Y are wave-functions which are connected by the 
identical relations ™ 

divA + -g^“0, divB + -^ = 0. (L) 


The corresponding formulae for the case in which the unit of time is 
not chosen so that the velocity of light is unity are obtained from the 
foregoing by writing ct in plane of t wherever t occurs. 

If we write Q' = where 0 is a constant, it is evident that the vector 
satisfies the same differential equations as Q and can therefore be used 
to specify an electromagnetic field (E', H') associated with the original 
field (E, H). It will be noticed that the function L' for this associated field 
is not the same as L, for 

L' = F'a - E'^ = {H^ - E^) cos 26-2 (E.H) sin 26. 

Also (E' . H') = - E^) Bin 26 + 2 {E. H) cos 26. 

There are, however, certain quantities which are the same for the two 
fields. These quantities may be defined os follows: 

= + )■ (M) 

Y, = E,E. + HyH, = Z„ 


12-2 
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fnrm ^ to note that these (juautities may be arranged so as to 

form an orthogonal matrix* 


Z. 

iS^. 


Z, 

i8.. 


y. 

Z, 

iS. 


iO^ 

iO, 

iO, 

W 


We have, in fact, the relations 


where 


W* - ^f„ss - 8f ~ 8^^ = I, I 
y^ + Xy Ty + XgY, ~ OxOy = 0 , 
Xy^Sy, + XySy + X,8y + (J, = 0, 

/= (-E.-ff)*. j 


•m 


Up]} conservMim of energy and momentum in an electromagnetic 

ponents of the orthogonal matrix satisfy the equations 

^X„ ^ dXy dXy dOy, 

dy dz~~W' 

dG. 


, I 

dx 


9® 9y a* 

dx dy'^dz 


dt 


’' = 0, 


dx 


d_8y 

dy 


dz 


-^ = 0 
dt 


.(A) 


and^X^ stffi f ? components of a vector ^ 

nolTo ! J? component along the outward-drawn 

normal to a surface element dc of a surface (r, we have 


\j8„do = j\j 


div S . dr {dr = dxdydz) 

rf « V Jmd < 'Z» tatoMted are eontinnous hnotions 

of X y, Z and t. This will certainly be the case if the field vectors and their 
first denvatives are continuous functions of *, y, z and t. ^ 

• H. Minkowski, Odtt. Sachr. (1908). 
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Let us now regard W as the density of electromagnetic energy and 8 
as a vector specifying the flow of energy, then the foregoing equation can 
be interpreted to mean that the energy gained or lost by the region en- 
closed by cr is entirely accounted for by the flow of energy across the 
boundary. This is simply a statement of the Principle of the Conservation 
of Energy for the electromagnetic energy in the ether. 

The equations involving G^ may be regarded as expressing the 

Principle of the Conservation of Momentum. We shall, in fact, regard 
as the density of the rr-component of electromagnetic momentum and 
(— Xft,, — — Zj,) as the components of a vector specifying the flow of 

the aj-component of electromagnetic momentum. 

The vector 8 is generally called Poynting's vector as it was used to 
describe the energy changes by J. H. Poynting in 1884. The vector Q was 
introduced into electromagnetic theory by Abraham and Poinoar^. 

In the case of an electrostatic field 


111 


Wdr 






+ 


(I) 


dr 


1 

2 


^^^<f>pdxdydZy 


r + 





if there are only volume charges and the first integral is taken over all 
space, for then the surface integral may be taken over a sphere of infinite 
radius and may be supposed to vanish when the total amount of electricity 
is finite and there is no electricity at infinity. It should be noticed that in 
the present system of units Poisson’s equation takes the form 


W + P = 0, 

where p is the density of electricity. When there are charged surfaces an 
integral of type ^ 

"" 2 

must be added to the right-hand side for each charged surface. 

The new expression for the total energy may be written in the form 





This may be derived from first principles if it is assumed that is the 
work done in bringing up a small charge Se from an infinite distance 
without disturbing other charges. Now suppose that each charge in an 
electrostatic field is built up gradually in this way and that when an 
inventory is taken at any time each carrier of charge has a charge equal 
to A times the final amount and a potential equal to A times the final 
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potential. A being the same for aJl carriers. As A iaoreajses from A to A + <iA 
the work done on the system is 

dU=J: (A^) edX, 

Integrating with respect to A between 0 and 1 we get 

U = 

The carriers mentioned in the proof may be conducting surfaces capable 
(within limits) of holding any amount of electricity. If the earners are 
taken to be atoms or molecules there is the diSiouIty that, according to 
experimental evidence, the charge associated with, a carrier can only change 
by integral multiples of a certain elementary charge «, For this resmon it 
seems preferable to start with the assumption t^iat W represents the density 
of electromagnetic energy. 

On account of the symmetrical relations 


F, = Z^, etc., So, = etc., 


we can supplement the relations (A) by six additional equations of t}rpes 
- zF,) + 1 (yz, - zF,) + ^ (yZ, - zF,) - (yG. - zO,) - 0. 


dx 
3 

; (xa„ + tXg) + ^ (xSy + tXy) + ^ (xSy + tX,) 


+ - tO„) - 0. 


a*'' ”” ‘ ' ""v/ -r^ 

The equations of the first type may be supposed to express the Printuplc 
of the ^nservation of Angular Momentum. We shall, in fact, rt^gard 
f r~_ 7 ^ the density of the ar-component of angular momentum and 

* * ^ ~ y^v> ~ y^t) as the components of a vector which 

spe^es the flow of the ®-oomponent of angular momentum. 

The equations the second type are not so easily interpreted. Wo Hhall . 
wever, regard xW tO„ as the density of the moment of electromagnetic 

!^teTof SS de&niUon of the centre of mass of a 

of Einsteins relation 8 = G we have an indication 


V. V . (Mass) (square of the velocity of light) 

the well-known principle that the ®' stnking analogy with 



Conservation of Angular Momentum, 

EXAMPLES 

e^temaJ forces the equations of motion of tu 
***® foUowing equations which e-> 
ES^ni : momentum and angular momentum, the motion 1 L 

l< + 35 J ^ - 0. 

|(p«) + ^(p«»)+|(p«*) + ^ = 0, 

3< E'’ (•**" “J')] + ^ [/«(*»- «y) - KP] + ^ [p» (w - «y) + ay] - 0. 

Hraoe show that the foUowing integrals vanish when the oontour of integration does not 
any smgulanties of the flow or any body which Umits the flow, the motion being 

j p(v + iu){ul + vm)ds + j p{m + a)ds. 


j p[xv-yu) {ul + wn,)ds + j p{xm-yl)ds. 

oontain a body limiting the flow the integ 
ding integrals round the oontour of the body. 

= O^hi?'’ ®” •• • * function which is to be determined by a variational principle 


are ^ the contour 

are equal to oorrespondmg mtegrals round the oontour of the body. 


du 


BI 0, where 

^ ^ ■“ *•■ ^n) ... 

«r = g- • Suppose further that I is unaltered in value by the continuous group of 
transformations whose infinitesimal transformation is 

Z, - X, + Ax,, 17 = jt + Alt, (r = 1, 2, ... »), 


©• 


g^*“ (r ■= 1, 2, ... n). 

When the function it satisfies the Eulerian equation 0 = 0 the foregoing result gives a set of 
equations of conservation. [E. Noether, Gott. Nachr. p. 238 (1918).] 

3. If » = 2, / = (itj* — oitj* + ^ii«) c’'®> where a, /3 and y are arbitraiy constants, we may 
write Axj == Axj = «b. Ait = - Jj/*jit where «, and ej are two independent smaU quantities 
whose squares and products may be neglected. Hence show that the difierential equation 
14^1 =s aU 22 + ya'142 + fiu loads to two oquations of conservation 

A {2Wii4j + yuuj} = {D^ + y) + aU 2 ^ ^ _|, yauu^ 

A K* + aV - pu*} =- {D^ + y) {2ai4iW2} 

where [e. T. Copson, Proc. Edin. Math. Soc. vol. XLii, p. 61 (1924).] 


and let 

— n 

8u ™ Au ^ 2 


r-] 


'^ = 1- ^ 
du r^l 

then 

1 


r-1 dx^ 

whore 

A ” ■“ 
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§ 2-61. Kirchho;ff’8 formula. This theorem relates to the equation 
□»« + (», y, 2, <) = 0, 

and to integrals of type 

« = j r-^f (i - »■/<=) ^ (®b. yo. 2o) dro. 

*Let ua suppose that throughout a specified region of space and a specified 
interval of time, u and its differential coefficients of the first order are 
continuous functions of x, y, z and t ; let us suppose also that the differential 

coefficients of the second order such as and the quantity a are 

finite and integrahle. 

Let Q be any point (®b> J/o» which need not be in the specified region 
of space and consider the function v derived from u by substituting t — rjc 
in place of t, r denoting the distance from Q of any point (x, y, z) in the 
specified region. It is easy to verify that v satisfies the partial differential 
equation 

_ 2r f 9 /* dv\ d/ydv\ d / z 9t;\) 

^ ^ ^ c laxUaJ dyir^dt) dz (r* 9f)p ~ 

(S = a!-a:o, y = y-yo, z = z-Zo), 

where [or] denotes the function derived from cr by substituting t — rlcm 
place of t. 

We now multiply the above equation by ^ and integrate it throughout 

a volume lying entirely within the specified region of space. The volume 
integral can then be spht into two parts, one of which can be transformed 
immediately into an integral taken over the boundary of this region. Let 
the point Q be outside the region of integration, then we have 




laj; 

rdn 


dS + 


‘M 


(It. 


2 dr 

cfrdndt\ 

When Q lies within the region of integration the volume may be sup- 
posed to be bounded externally by a closed surface and internally by a 
small closed surface surrounding the point Q. Passing to the limit by 
contracting indefimtely the value of the integral taken over is 
eventually 




IlsO- 






'Where Vq denotes the value of t; at Q and this is the same as the value of 
u at Q. Hence in this case 


f [( r 3 /1\ _ljv_ 2^ 

} r JJ [ dn\rj rdn crdtdn 


dS. 


dv 

dn 


_ p-u"! 3r rdu 
dn^ dn dt_ * 


Now 
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hence finally we have Kirchhofi’s formula* 

where a sq^uare bracket [/] indicates that the quantity / is to be calculated 
at time t — rfc. When the point Q lies outside the region of integration 
the value of the integral is zero instead of Uq . 

When u and a are independent of t the formula becomes 

and the equation for u is 

V^u + a {x, y, z) = 0. 

If we make the surface Si recede to infinity on all sides the surfa;0e 

integrals can in many cases be made to vanish. We may suppose, for 

instance, that in distant regions of space the function u has been zero until 

some definite instant The time t — r/c then always foUa below ^ when 

r is sufficiently large and so all the quantities in square brackets vanish. 

* 0 ^ 

The surface integral also vanishes when u and become zero at infinity 


00 in such a way that u is of order and — , ~ 


■(B) 


and tend to zero as r 

of order In such cases we have the formula 

4^0 = I dr, 

where the integral is extended over all the regions in which the integrand 
is different from zero. 

If [cr] exists only within a number of finite regions which do not extend 
to infinity the function defined by this integral possesses the property 
that 0 like slb rg -> oo, r„ being the distance from the origin of 

co-ordinates, but it is not always true that is of order To satisfy 


du 


this condition we may, liowever, suppose that ^ is zero for values of t 

less than some value i^o • Then if r is sufficiently large ^ Ms 2 :ero because 
— r/c falls below tg . 

Wave-potentials of type (B) are called retarded potentials; the analysis 
shows that they satisfy the equation (A) and that the surface integral 

* Q.Kirchhoff, Berlin. SHzv.ngsbe.r, S. 041 (1882); Wied. Ann. Bd. xvni (1883); Oea. Abh. Bd. ii, 
S. 22. The proof given in the text is duo substantially to Beltrami, Bend, LincH (6), t. iv (1896), 
and is given in a paper by A. E. H. Love, Proc. London Math. Soc. (2), vol. i, p. 37 (1903). An 
extension of KirohhofT’s formula which is applicable to a moving surface has been given recently 
by W. R. Morgans, Phil. Mag, (7), vol. ix, p. 141 (1930). 
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lepreseatB a aolution of the wave-equation except for points on the suifaoe 
S, for integral survives when we put a => 0. It ^ould be notioed, 

however, that when we put a = 0 the quantities [tt], J , beoome 

those relating to a wave-function u which is supposed in our analysis to 
exist to satisfy the postulated conditions. When the quantities [«]* 

j ^ ^ j ace chosen arbitrarily but in such a way that the surface integral 

exists it is not clear from the foregoing analysis that the surface integral 
represents a solution of the wave-equation. If, however, the quantities 

— "^1 nossess continuous second derivatives with respect to the 

dn] ’ I J ^ 

I the integ^d is a solution of the wave-equation for each point on 
the surface. It can, in fact, be written in the form 


[v], 

time 


|3 . a , a 

where I, m and n are constants as far as y and z are concerned and each 
term sueh as ^ ** ^ asolutionofthe wave-equation; consequently 

the whole integrand is a solution of the wave-equation and it follows that 
the suifaoe integral itself is a solution of the wave-equation. 

lu the special case when o and u are independent of t we have the result 
that when a satisfies oonditiaQS sufficient to ensure the e.'cistenoe and 
finiteness of the second derivatives of F (see § 2-32) the integral 


F-j^dr 

is a solution of Poisson's equation 

V»F + 4jrff (*, y, z) 


0 . 


«dth.mtepri 

is a solution of Laplace’s equation. 


§ 2*62. Poision 8 formula. When the surface is a sphere of radius ct 
with its centre at the point Q, [«] denotes the value of « at time t = 0 and 
Kirohhoff’s formula reduces to Poisson’s formula* 

voL ^ tewrfotmjitioii ue giT«n by A. B. H. Loy», JVoc. Londm Math. Soo. (S), 



Poisson’s Formula 

where f, g denote the mean values of /, g respeotr 
a sphere of radius ct haviug the point (x, g, z) aa o 
function which satisfies the ioitial conditions 

n=f[x,y,z), j^=‘g{x,y,z), 

when t=Q. 

If we make use of the fact that each of the double integrals in Poisson’s 
formula is an even function of t we may obtain the relation* 

u{x,y,z,t)di = J. 

This relation may be written in the more general form 
1 

1 f f 2ir 

= 5 “ w (o; + CT sin 0 COS 2 / + CT sin 0 sin 25 4“ cr cos d, i) sin 0d6d(j>. 
w Jo Jo 

When u is independent of the time this equation reduces to Gauss’s well- 
known theorem relating to the mean value of a potential function over a 
spherical surface. 

If u {x, y, 25 , 8) is a periodic function of 8 of period 2 t , where t is in- 
dependent of X, y and 25, the function on the left-hand side is a solution of 
Laplace’s equation, for if 

[t + T 

F = cM u («, y, 25, 8) da, 

J<-T 

rt+T 

we have V®F = c®J Vhid8 = ^ — 

It then follows that the double integral on the right-hand side is also a 
solution of Laplace’s equation. 

If in Poisson’s formula the functions / and g are independent of 25 the 
formula reduces to Paraeval’s formula for a cylindrical wave-function. 
Since we may write 

sin OdBdcji = dc7 . sec 0 = ct {cH^ — da, 
where da is an element of area in the a;y-plane and p the distance of the 
centre of this element from the projection of the centre of the sphere, we 
find that 

2n . u {x, y, t) = jj da . {cH* - f (x + ^,y + Ti) 

+ II dff . g{x + ^,y + 7}), 

where da = 64 and the integration extends over the interior of the circle 

= cH\ 

* Of. Rayleigh’s Sound, Appendix. 
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This formula indicates that the propagation of cylindrical waves as 
specified by the equation □*« = 0 is essentially different in character from 
that of the corresponding spherical waves. In the three-dimensional case 
the value of a wave-function v> (*, y, z, i) at a point (*, y, z) at time t is 

completely determined by the values of u and ^ over a conoentno sphere 

of radius cr at time t — r. If a disturbance is initially localised vdthin a 
sphere of radius a then at time t the only points at which there is any 
disturbance are those situated between two concentric spheres of radii 
ct-\- a and — a respectively, for it is only in the case of such points that 
the sphere of radius ct with the point as centre will have a portion of its 
surface within the sphere of radius a. This means that the disturbance 
spreads out as if it were propagated by means of spherical waves travelling 
with velocity c and leaving no residual disturbance as they travel along. 
In the two-dimensional case, on the other hand, the value of u {x, t) 

at a point (a;, y) at time t is not determined by the values of u and ^ over 

a concentric circle of radius cr at time i — r. To find u (x, y, t) we must 

know the values of u and ^ over a series of such circles in which t varies 

01 

from zero to some other value . If the initial disturbance at time < = 0 is 
located within a circle of radius a, all that we can say is that the disturbance 
at time t is located within a circle of radius ct -j- a and not simply within 
the region between two concentric circles of radii ct -[• a, ct — a respectively. 
Hence as waves travel from the initial region of disturbance with velocity 
c they leave a residual disturbance behind. 

The essential difference between the two cases may be attributed to 
the fact that in the three-dimensional case the wave-function for a source 
is of type (t — r/c), while in the two-dimensional case it is of type * 

\? [* “ “ c “] 

This statement may be given a physical meaning by regarding the wave- 
function as the velocity potential for sound waves in a homogeneous 
atmosphere, a source being a small spherical surface which is pulsating 
uniformly in a radial direction. 

If /W = 0, {t<To) 

“ Ij (^1 > ^ > Tq) 

= 0, {t>T,), 

we have lo ~ c aj da = 0, {d<cT^ + p) 

= cosh-i [c (< - To)/p] , (cT^ + p<ct<cTi + p) 

= cosh-i [c {t - To)/p] - cosh-i [c (t - T, )//>], 

{^^0 p <. ct, cT^ -h p < ct). 

* Cf. H. Lamb, Hydrodynamics, Znd ecL p. 474. 
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EXAMPLES 

1. A wave-funotion u is required to satisfy the following initial oonditions for / « 0 

when 2 ! = 0, 

« 0, ^ ^ when 

Prove that u is zero when z® > c*i® and when z® < c®i® m = / where J denotes the mean value 
of the function / round that circle in the plane z « 0 whose points are at a distance d from 
the point (x, y, z). 

2. If in Ex. 1 the plane z = 0 is replaced by the sphere r = a, whore r® « a;* + y® -f z®, 
the wave- function u is equal to - /when there is a circle (on the sphere) whose points are all 
at distance ct from (x, y, z) and is otherwise zero. 

§ 2-63. Hdmholtz^a formvla. When a wave-function is a periodio 
function of t, Kirchhoff ’s formula may be replaced by the simpler formula 
of Helmholtz. 

Putting w = J7 (oj, y, z) 

the wave-equation gives 

V®t7 + &2J7 = 0. 

Green’s theorem to the space bounded by a surface >S and a 
small sphere surrounding the point {x ^ , , z^) we obtain formula (A) 

4:irU {x„ y„z,) = -\\u {x, y, z) ~ + || R-H-^i^n dS, 

where i?* = (a; - ajJ* + (y ~ y^)^ +(z- z^Y, 

and the normal is supposed to be drawn out of the space under considera- 
tion. This space can extend to infinity and the theorem still holds provided 
?7 0 like as r oo, r being the distance of the point (x, y, z) 

from the origin. It is permissible, of course, for XJ to become zero more 
rapidly than this. 

A solution of the more general equation 

+ k'^U + to {x, 2 /, z) = 0 
is obtained by adding the term 

I jj 60 {x, y, z) dxdydz 

to the right-hand side of (A) and it is chiefly in this case that we want to 
integrate over all space and obtain a formula in which U {x^, y^, is 
represented by this last integral. 

In the two-dimensional case when u is independent of z, the function 
to be used in place of is derived from the function 

^ = j / c 
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uation i^kp), where K, (ikp) is defined 

-^0 (i^p) == C08ha 

of Jt we^^^^^ associated with the Bessel functions. For large values 

Zp (iZ) =. - i (7r/2Z)* 
while for small values of R 

^0 (*-5) + log (Z/2) 

18 finite. The two-dimensional form of Green’s theorem gives 

2nV(z„y,)=-j (ikp) (iAp)l ds (B) 

/>"=(«- +(y~ y^)\ 

the'^rS^S wh° boundary curve and ii denotes a normal drawn into 
tne region m which the pomt (x^, y,) is situated. 

A solution of the more general equation 

+ kW + CO (x,y)=0 
IS likewise obtained by adding the term 

^ II -^0 (ikp) CO (x, y) dxdy 

to the right-hand side of (B). When 1: - n tKe ^.n.^ j- xr. 
that a solution of the o, nation torreBpon<hng theorem is 

■ V2i7 -I- CO (a:, y) = 0 

isgivenby 2- C' -- //log fey) 

eqniln' 1** ns consider the tno-dimensional wave- 

L ^ / 

9z* 9a;® dy^ ~ ^ 

IrbSm^ p^t'f/^ the problem is to determine the value of u at an 
aroitrary pomt (|, r,, f).from a knowledge of the values of u and its 
derivatives at points of a surface 8, we write 

X = x~ Y = y- Tj^ Z = z - 

““ - ■2’ ’'ith if vertei at the 

symhol r.’' ^ ^ >'y the 

iectttrl‘2^ri^nStyfp.^38(19S5.’ ^oe. (2), toI. n, p. 327 (1904); 
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Volterra’s method is based on the fact that there is a solution of the 
wave-equation which depends only on the quantity ZjB, where 

== + Y\ 


This solution, v, may, moreover, be chosen so that it is zero on the charac- 
teristic cone r. The solution may be found by integrating the fundamental 
solution with respect to Z and is cosh“^ w where 

w = ZjR, Since w; = 1 on F it is easily seen that v = 0 on F. 

For this wave-equation the directions of the normal n and the co- 
normal V are connected by the equations 

cos (vx) = cos {nx)y cos [vy) = cos [ny)^ cos (vz) = — cos {nz). 

At points of F the conormal is tangential to the surface and since v is 

zero on T, jr is also zero. The function v is infinite, however, when J? = 0 
ov 

and a portion of this line lies in the region bounded by the cone F and 
the surface 8. We shall exclude this line from our region of integration 
by means of a cylinder C, of radius e, whose axis is the line B= 0. We 
now apply the appropriate form of Green’s theorem, which is 

J («) - uL («)} dr =. I; - t; dS, 


to the region outside C and within the realm bounded by S and F. On 
account of the equations satisfied by u and v the foi 'Agoing equation 
reduces simply to 

On C we have 

dS = ^ - .Z/iJ (Z® - 

and since lim (e log e) = 0 

we have lim ^ ’I’ 

where (^, rj, z) is on S and is in the part of S excluded by C. We thus 
obtain the formula 


- 2^ {$, ri, z) dz = jj^(u jvfdr, 

and the value of « at P may be derived from this formula by differentiating 
with respect to The result is 


- 277M (^, 1J, 


a 
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•nnrAMPT.Tn 

PcovB a Bolutioii of the equation 

0*1* 1 

is givm by the faUatring genenliaatiaa of Eixohheff’s formiila, 

Sfrtt (os, t) - [e* (i - - fT* {ooB A - OOB w . c (* - y/r} « (a^. Vn <t) 

+ J^[o»(t-^)»-fT*j^OOB^t-(^OOBM + ^OOB«y)|ifl„ 

in vhioh f* (a; — g^)* + (y — ^i)* and the integcalion extenda over the aiea « eat <mt on 

a Baxfaoe 8 in the (ai^, y^, ti) spa/oo by the ahoEBoteristio oone 

(*1 - x)* + (ifi - y)* - c»(^ - <)*, 

the time t beina dhosen bo as to satisfy the ineq^naJlty l< t,. 

J j a VdtatEa.] 

§ 2-71. Integral equations of deetromagnetiBm. Let xis consider a r^on 
of space in whioh for some range of valiieB of t the components of the 
field-yeotois E and H and their first deriyatiyee are continuons functions 
dll>s,y,z and t. 

Tahe a closed svurf ace S in this region and assign a time t to each point 
of S and the enclosed space in accordance with some arbitraiy law 

< = /{». V> *). 

where / is a function with continuous first deriyatiyes. We shall suppose 
that thifl function giyes for the chosen region a yalue of t lying within the 
assigned range and shall use the symbol T to denote l^e vector with 

.. 3 / 9 / 9 / 

components^, 4’^' 

Writing Q = H + iE ea before we consider the integral 
^ = ||[Q-i(QxT)],dS 

taken oyer the closed surface 8. The suffix n indicates the component along 
an outward-drawn normal of the vector P which is represented by the 
expression within square brackets. Transforming the surface integral into 
a volume integral we use the symbol Div P to denote the complete diver- 
gence when the fact is taken into consideration that P depends upon a 
time t whioh is itself a function of x, y and z. The symbol div Q, on the 
other hand, is used to denote the partial divergence when the fact that 
Q depends upon x, y and z through its dependence on t is ignored. We 
then have the equation . 

/-JjJdiyp.dr, 

where div P = div Q -h T .E, 

E = ^-icurlQ. 


and 
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Now dir Q and B vanish on account of the electromagnetic equations 
and so these equations are expressed by the single equation 7 = 0. When 
/ is constant T = 0 and the equation 7 = 0 gives 

j]7r„d^=o, jj^„diS = o, 

which correspond to Gauss’s theorem in magneto- and electrostatics. It 
may be recalled that Gauss’s theorem is a direct consequence of the inverse 
square law for the radial electric or magnetic field strength due to an 
isolated pole. The contribution of a pole of strength e to an element EdS 
of the second integral is, in fact, edojl47r, where d<jj is the elementary solid 
angle subtended by the surface element dS at this pole. On integrating 
over the surface it is seen that the contribution of the pole to the whole 
integral is e, or zero according as the pole lies within the surface, on 
the surface or outside the surface. 

This result is usually extended to the case of a volume distribution of 
electricity by a method of summation and in this case we have the equation 

where p denotes the volume density of electricity. 

Transforming the surface integral into a volume integral we have the 
equation 

J J J (div E-p)dT=0, 
which gives div E = p. 

Since E = — V<^ the last equation is equivalent to Poisson’s equation 

p — fi,' 

in which the factor is absent because the electromagnetic equations 
have been written in terms of rational units. Our aim is now to find a 
suitable generalisation of this equation. In order to generalise Gauss’s 
theorem the natural method would be to start from the field of a moving 
electrjc pole and to look for some generalisation of the idea of solid angle. 
This method, however, is not easy, so instead we shall allow ourselves to 
be guided by the principle of the conservation of electricity. The integral 

which must be chosen to replace jjjpdr should be of such a nature that 

its different elements are associated with different electric charges when 
each element is different from zero. When the elements are associated 
with a series of different positions of the same group of charges which at 
one instant lie on a surface it may be called degenerate. In this case we 
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oan regard these charges as having a zero snin smoe a surface is of no 
thickness. Now it should be noticed that if we write 


the quantity 


0=‘t-f{x,y,z), 

ds de^ dd ^ de , dd , , ^ 

tft “ • a* ay ^ ~ 


TanislieB when the particles of eleotrioity moye so as to keep 0 « 0, that 
is so as to maintain the relation i ^ f {x^ z), and in this case the integral 


I 


P^dr 


is degenerate. 

We s h all try then the following generalisation of Gauss’s theorem 
examine its consequences: 

Transforming the surface integral into a volume integral we have 

0 = III [div Q - »/, + T . (R + V^)] dr, 

and sinoe the function / is cur bitraiy this equation gives 

dir Q = tp, B = — tpv. 

Separating the real and imaginary pcurts we obtain the equations 

SE 

curl H = + />v, div E 


curl E <= — 


m 

at’ 


p> 

div H 0, 


which are the fundamental equations of the theory of electrons. The first 
two equations give _ 

^+div(pv) = 0, 


which is analogous to the equation of continuity in hydrodynamics. Our 
hypothesis is compatible, then, with the principle of the conservation of 
eleotrioity. The integral equation 

If [Q - i (Q X T)],d^?= < jj|p [1 - (v.T)]dT .....^(A) 

will be regarded as more fundamental than the differential equations of 
the theory of electrons if the volume integral is interpreted as the total 
charge associated with the volume and is replaced by a summation when 
.the charges are discrete. This fundamental equation may be used obtain 
the boundary conditions to be satisfied at a moving surface of discontinuity 
which does not carry electric charges. 

Let ^ / (ajj y, %) be the equation of the moving surface and let the 



Boundary Conditions 


surface /S' be a thin biscuit-shaped surface surrounding a superfi 
at points of which t is assigned -according to the law <=/(*,. 
points of the surface 8 we shall suppose t to be assigned by a 
different law * = /i (a?, y, z) which is chosen in such a way that the i,. 
of 8 on one face have just not been reached by the moving surtace 
t = f{x, y, z), while the points on the other face have just been passed over 
by this surface. Taking the areas of these faces to be small and the thick- 
ness of the biscuit quite negligible the equation (A) gives 
[Q' - » (Q' X T)l. = [Q" - i (Q" X T)]„, 
where (^, Q" are the values of Q on the two sides of the surface of dis- 
continuity and the difference between /i and / has been ignored. Writing 
Q' — Q" we have the equation 

[q-i(qxT)]„ = 0. 


Now the direction of the cap 8„ is arbitrary and so g must satisfy the 

q = i( 4 xT). 

This gives = 0. Hence iiq = h + iewe have the relations 

A2 _ e2 ^ 0, (A . e) = 0. 


The equation also gives (Q • T) = 0, 
and . (q xT) = i(a xT) xT = i[T(a.T)-qT2] 

= — iT^<l or r® = 1 if Q 9 ^ 0. 


Hence the moving surface travels with the velocity of light. 

A similar method may be used to find the boundary conditions at the 
surface of separation between two diflferent media. We shall suppose that 
the media are dielectrics whose physical properties are in each case specified 
by a dielectric constant K and a magnetic permeability /x. Por such a 
medium MaxwelFs equations are 

curlH = ^, divD = 0, 
ourlE = -^, divB = 0, 


where D = ®E, B = /xH, 

Instead of these equations we may adopt the more fundamental 
integral equations , . 

JJ[D-(HxT)]nd>S=0, 

|j[B -h (E X T)]„d«S=0, 

which give the generalisations of Gauss’s theorem. The boundary con- 
ditions derived from these equations by the foregoing method are 
d - (h X T) = 0, b + (e X T) = 0, 


13-2 
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where e, d, b are the differences between the two values of the vectors 
E, H, D, B respectively on the two sides of the moving surface. These 

(dxT) + 2^h-(h.T)T; (b x T)- T'e- - (e.?)!. 

If the vector \r represents the velocity along the normal of the moving 
surface we have mi 

hence the equations may be written in the form 

= 0, K = 0, hr^ {v X d)r, .er= - (v X 6)r, 
where by denote components of d and b normal to the moving surface 
and the suffix t is used to denote a component in any direction tangential 
to the moving surface. When this surface is stationary the conditions take 
the simple form 

dy=0j = 0, hr = 0, Sr = 0 

used by Maxwell, Rayleigh and Lorentz. 

When a surface of discontinuity moves in a medium with the physical 
constants K and /i, we have Heaviside’s equations {Electrical Papers^ 


vol. II, p, 406) 


jBl (e . T) = 0, /X (h . T) = 0, 


(e X T) + T^h = 0, /a (h x T) - T^e = 0,. 
and so [(h x T) x T] = KT^ (e x T) = — 

i.e. Kfi = 

if h=5^ 0. 

The surface thus moves with a velocity v given by the equation 

Kpv^ = 1. 

§ 2-72. The retarded potentials of electromagnetic theory. The electron 


equations 


1 /9 £j \ 

ourlH= 0 ( 9^' = 

dlvH = 0 


IP laif 
ourl^=---^, 


may be satisfied by writing 

i7 = ourlA, -®=-^^-V<D, 
c ot ^ 

where the potentials A and O satisfy the relations 

divA + if.O, 


.(A) 


□»A + />^ = 0, □iXD + /t) = 0, 
c 



Retarded Potentials 197 

The last equations are of the type to which Kirchhoff ’s formula is applicable 
and so we may write 

A.jjjiwir (B) 

These are the retarded potentials of L. Lorenz. 

The corresponding potentials for a moving electric pole were obtained 
by Li6nard and Wiechert. They are sinular to the above potentials except 
that the quantity - cjM of § 1-93 takes the place of 1/r. Let $ (<), -q {t), 
f (<) be the co-ordinates of the electric pole at time t and let a'time t be 
associated with the space-time point (x, y, z, t) by means of the relations 

^ (t)]!* -t- [y - (t)]» + [z- ^ (t)]® = C® (t - t)®, T<t, (C) 

then 


M - [x- ^ (t)J (t) -f [y— 7) (t)] q (t) + [z- C (t)] C' (t) - C® (< - t), 

and if e is the electric charge associated with the pole the expressions for 
the potentials are respectively 


inM’ 


A -- 




<D=_ 


ec 

4^' 


These satisfy the relation (A) and give the formulae of Hargreaves 

9(v,t) 


E,= 


where 


47rC 9 (x, t) ' 


47r 3 {y, z) ’ 


a=[x-i (r)] r (t) +[y-ri (t)] t," (t) + [z - (t)] (r) 

+ C* - [i' (r)]® - [7,' (t)]® - IC' {t)]». 


It should be remarked that the retarded potentials (B) can be derived 
from the Li^nard potentials by a process of integration analogous to that 
by which the potential function 


V = 



pdxdydz 

r 


is derived from the potential of an electric pole. 

Instead of considering each electric pole within a small element of 
volume at its own retarded time t we wish to consider all these electric 
poles at the same retarded time tq belonging, say, to some particular pole 
(fo> ijo ^o> To). Writing 

^ (<t) = fo (o’) + a (o). 1? (o-) = (o) -1- ^ (ct), i {a) = (o) + y (o), 

where a (a), ^ (a), y (a) are small quantities, we find that if t is defined by 

(C), 


(t - To) [{X - fo) fo' +{y- ’Jo) ’Jo' + (Z - Q Co' - C® (< - To)] 

+ (a: - Co) ff + (y - ’Jo) ^ + (z - Co) y = 0 , 
where Co. ’Jo. Co. Co'. ’Jo'. Co'. Y all calculated in tbiH equation at 
time To. ^ 



■•''o 'Applications of the Integral Theorems of Gauss and Stokes 

woount of the motiou the pole (i, ij, C) ocoupiea at time t the 
given by the co-ordinates 

^ = fo + “ + (t - To) ^o'. 

1) = IJO + ^ + (t — To) 

£ = Sb + y + (t - To) ^o'» 


H^, y) ~ 3a ^ 0/3 + 3y 

c*(<-To) 

M, • 

>nsity of eleetricity when each particle in an element of volume 
x'ed at the aesooiated time r and pQ is the density when each 
particle is considered at time.ro, we have 

pd (i, 7], 0 = Pod (a, p, y). 


Therefore 
and so 


cr 


P^''Par^{f,vy 

111 ¥*"**'*- 111 


(r.u) 


dxdydz. 


Writing pdxdydz =* de we obtain the Li^nard potentials. 

Similar analysis may be used to find the field of a dipole which moves 
in an arbitrary manner with a velocity less than c and at the same time 
changes its moment both in magnitude and direction. 

Let us consider two electric poles which move along the two neigh- 
bouring curves 

■» = I {t), y = v {t)> * = ^ 

X — i {t) + ea (t), y = 7} (f) + (t), z = t(t) + ey (<), 

€ being a quantity whose square may be neglected. If t^ is defined in terms 
of *, y, z, t by the equation 

[a: - ^ (ti) - ea (ti)]H [y- b, (t,) - 6|S(ti)]H [z - 1, (tJ - ey (t,)]*= c*(« - r,)\ 
and. Tx = T -1- ed, we easily find that 

M$ + a{r)[x- $ (t)] + P('r)[y- 7] (t)] + y (t) [z - ^ (t)] = 0. 

If Jfx is the quantity corresponding to M, we have 

jfi = ikf + € [3Jlf<T + (X- $)a' -i- {y - 7,) ^' + {z- Oy' - “ yH 


= M + e [3Jlf o- + p] , 

say, where a has the same meaning as before and primes denote differentia- 
tions with respect to t. Now if 

ifi) + (ti) $ ec 


A' = - 




47rJlf’ 


0' = - 


4 . = _ 


477 Jfi’ 
ec 

4^1f’ 



we have 


Moving JSlectric and Magnetic Dipoles 


= ; [A / - [Ma' - pi' + Mdi" - MBci']. 


But Maf - pi' + M0i" - Mdai ' s (y - 1 ,) - (z - i) m' - c* (< - t) of 

+ c^a — nri' + + o- {a (^ — t) — • w (y — i^) + m (2 — f )}, 

where Z = m = yf' - at/, n^arf - /9f'. 

Hence we may write 

“ S (b) ~ S (b) dt (S] ’ 

These results may be obtained also with the aid of the general theorem 
which gives the effect of an operation ^ analogous to differentiation, 


d 


, 9 

ri 9(/.’7)1 

de 

\_M dr] dx [Jlf 9 {e, t). 

dy 

[jf3(f,T)J 


3ria(/,q 3ri3(/,T)] 

dz M 9 (e, t)_ dt \_M d (e, t)J * 

/ being a function of t and c. Writing / =f, = 

expression for is at once obtained from that for Writing / = t we 
obtain the expression for 

The formulae show that the field of the moving dipole may be derived 
from Hertzian vectors 11 and F by means of the formulae 


a = ^ + curir, <^ = -divn, n = - ^ 


iTrJJf’ 


r = — ■ ^ (D) 

47rJf’ ^ ' 


where u and 
respectively, 
the relations 


w are vector functions of r with components (a, j3, y), {I, m, n) 
If V denotes the vector with components {i', ij', £') we have 

(v . w) = 0, (u . w) = 0, 


consequently Hertzian vectors of types (D) do not specify the field of a 
moving electric dipole unless these relations are satisfied. 


Since A = ™ + curir. B = - 1?" - curl H, 

c 9^ c dt 

O = — div n, Y = — div F, 

where B and O are the electromagnetic potentials of magnetic type, we 
may write down the potentials for a moving magnetic dipole by analogy. 
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We simply leplaoe 11 by F aad F by — II. Hence the potentials of a moving 
magnetic dipole aie of type 

Let XLS now oaloulate the rate of radiation from a stationary electric 
dipole whose moment varies periodioolly. Taking the origin at the centre 
of the dipole, we write 

n„«=i/(T), n,= ip(T), n,=iA(T), r^t-rjc, 

where/, p, are periodic functions with period T. The vector is zero since 
there is no vriocity. 

In calculating the rariiation we need only retain terms of order 1/r in 
the expressions for ^ and H, To this order of approximation we have 

^ 

p iy^» ~ *®*)i 

HyHg — EgHy i^/^) -B®, 

where ^ + 9"* + A"*) - ^ (*/" + yg" + zh'y. 

The rate of radiation is obtained by integrating cE^ over a spherical 
surface r «= a, where a is very large. With a suitable choice of the axis 
of z we may write 

and the value of the integral over the sphere is 

If now r> + + h"* = (^)‘, 

the mean value over a period T is 

Az /2ir\* 

12itc’‘\t) ‘ 
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201 


TCTAMPT.TB 

“ P («)]* + [«(«)? + [« (*)]»-! 

and L (x, y, a, i, «) = [»- f («)] Z {«) + [y _ , m («) + [*_ f (a)] n(s)-e(t-s), 


prove that the potentials 




4jry-oo ' ^£(a:,y,a,^s) 'kfuJlf’ 

* “ 4 ^ I -J' t *.<.«) 


ia$; 

c ^ 


«0. 


are wave-fimotiona satisfying the condition 

divil + 

§ 2-73. TAe reciprocal theorem of wirdesa tdegraphy. If we multiply the 
electromagnetic equations ^ 

A = - curl (c^j), (7i = curl (cHf) 

for a field Hf) by H^, - respectively, where {E^, H^) are the field 
equations medium, and multiply the field 

4 = - curl (c^,), (7, = curl (cHf^ 

for this second field hy - H„ E, respectively and then add all our equations 
together, we obtain an equation which may be written in the form 

. 5i) - (Hi . 4) + (El . Ct) - (E^ .Ci) = c div (E^ x H^) — cdiv (Ei x H^). 

(A) 

We now Msume that both fields are periodic and have the same frequency 
aV2,r. Introducing the symbol T for the time factor e-‘-‘ and assuming 
that It IS understood that only the real part of any complex expression 
in an equation is retained, we may write 

Hi = Thy, H,i=Th^, Ei^Tei, E^=Te^, 

By = Thy, B,= Tb^, Cy^Tcy, G.^Tc,, 
where the vectors By, Cy, etc. depend only on *, y and z. 

Now let K, p and a be the specific inductive capacity, permeability and 
conductivity of the medium at the point (z, y, z) aiid let a denote the 
quantity {k<i> + ^ar)/c, then we have the equations 

4 = - iwpkyT, 4 = - itophiT, Gy = - iccyTa, Cg = - icegTa, 
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which indicate that the left-hand side of equation (A) vanishes. The 
equation thus reduces to the simple form* 

^ div (e, X AJ * div X A,). 

This equation may be supposed to hold for the whole of the medium 
surrounding two antennae f if these sonrces of radiation are excluded by 
small Bj^eres and An application of Green’s theorem then gives 

( (e,xAi),dfif-F[ (e,xAj).d8f» ( (e^ x A,)„ dSf -^ ( {e,xh,)„d8, 

an equation which may be written briefly in the form 

Let the first antenna be at the origin of oo-ordinates and let us suppose 
for simplioity that it is an eleotrioal antenna whose radiation may be 
represented approziinately in the immediate neighbourhood of 0 by the 
field derived from a Hertzian vector 11 T with a single component UJTf 

where 4r7rH ““ =* Aftca* + icr/xca = (judm)^ 

and Jtf is the moment of the dipole. In TnihTriTig this assumption we assume 
that the primary action of the source preponderates over the secondary 
actions arising from waves reflected or diffracted by the homogeneities of 
the surrounding medium. 

Using Oi to denote the value of a at handwriting for 3n/3f, Sa) 
for the components ale^, 'we have 

•^u « - f + y*) ia - 

For the integration over the surface Ki the quantities 11' and the 
vector may be treated as constants, for is very small and varies 
continuously in the neighbourhood of 0. We also have 

jyadS' = ^zxd8 = jarydS = 0, ja:*d5f = jy»d(S- |a*d8f = 4jriJ*/3, 

jxdS => 0, = 0, ^xy*d8 = 0. 

Therrfore Ju = - 8wtOiJB*n'y3, 

and, atnoe lim = - MJiat, 

i2-^0 

we have finally 

Now the rate at which the antenna at 0 radiates energy is 
8 = F - c (e,*)-*. 

* H. A. Lorentz, Amsterdam, Ahad, yoL xv, p. 176 (1896-6). 

t A. Sommotfeld, Jahrh. d, drahO, Tdegraphie, Bd. xxvi, S. 98 (1926); W. Sohottky, ibid, 
Bd. xxvn, S. 181 (1926). 



Reciprocal Relations 

Assuming that S is the same for both antennae we obtain the 
expression , ^ Jfci't (1277)i ^a/3. 

The integral J21 is seen to be zero because it involves only terms which 
change sign when the signs of x, y and z are changed. 

Evaluating and Jn in a similar way we obtain the equation 

(fCi + ia-Joi) (Fi®//Ci)i = (k, + icr^to) (F*»/#Cg)i 

where ^1, h are the components, at the second antenna O^, of the vector 
Si- The amplitudes and phases of the field strength received at the two 
antennae are thus the same when both antennae are of the electric type 
and are situated at places where the medium has the same properties and 
emits energy at the same rate. When the two antennae are both of magnetic 
type the corresponding relation is 

(m* Fa®)* Yi = ith. Fi®)* Yt, 

where jSj, are the components of and Bxe the components 

of The antennae are again supposed to be directed along the axis of 
z but there is a more general theorem in which the two antennae have 
arbitrary directions. 

The relation (A) and the associated reciprocal relation remind one 
of the very general extension of Green’s theorem which was given by 
Volterra* for the case of a set of partial differential equations associated 
with a variational principle. This extension of Green’s theorem is closely 
connected with a property of self-adjointness which has been shown by 
Hirsch, Kursch&k, Davis and La Pazf to be characteristic of certain equa- 
tions associated with a variational principle. In the case of the Eulerian 
equation F = 0 associated with a variational principle 8Z = 0, where 


^ ••• %i ••• ^n» 

du 9^ / 1 o \ 

~ as;* - ”)> 

the equation which is self-adjoint is the “equation of variation’’ for v 


dF 

3 m 


0 = V -f- V, -f- ... 


dui 


d£ 

du„ 


dF 

diiji 


BF 


* V. Volterra, Stnd. Lineti (4), t. yi, p. 43 (1890). 

t A. Hiraoh, Math. Ann. Bd. xlix, 8. 49 (1897); J. KUrBohik, «Wi. Bd. UC, S. 167 (1908); 
D. B. Davie, Trana. Amer. Math. Soc. vol. xxx, p. 710 (1928); L. La Paz, Und. vol. xxin p. 809 
(1980). 



CHAPTER III 
TWO-DIMENSIONAL PROBLEMS 


§ 8*11. Simple aolwtiom and methods of generalisation of solutions. A 
simple solution of a linear partial differential equation of the homo- 
geneous type is one which can be expressed in the form of a product of a 
number of functions each of which has one of the independent variables 
as its argument. Thus Laplace’s equation 

, 0*F ^ 

■0a:» 0y® ~ ® 

possesses a simple solution of type 

V = e"™* cos m[x~ x'), ......(A) 

where m and are arbitrary constants ; the equation 

0F_ 0*F 
dt~'" 0 ** 


poBsesses the simple solution 


V — 008 mix — x'), 


and the wave-equation 


0 a:*~c* 0/* 


(B) 


possesses the simple solution 

F = sin met cos mix — x'). 
m ' ' 


(C) 


The last one is of great historical interest because it was used by Brook 
Taylor in a discussion of the transverse vibrations of a fine string. It 
should be notioed that the end conditions F = 0 when x — ±, a/2 are 
satisfied by a solution of this type only if ma = 2w -|- 1, where n is an 
integer. There are thus periodic solutions of period 

T = 2nlmc = 27ra/(2ft ■+• 1). 

If M (m, x') denotes one of these simple solutions a more general 
solution may be obtained by multiplying by an arbitrary function of m 
and x' and then summing or integrating with respect to the parameters 
m and x'. This method of superposition is legitimate because the partial 
differential equations are linear. When infinite series and infinite ranges 
of integration are used it is not quite evident that the resulting expression 
will be a solution of the appropriate partial differential equation and some 
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process of verifioationis necessary. If, for instance, we take as our generalisa- 
tion the integral 

V= \ M {m, x') f (m) dm ({>0, y>0), 

Jo 

nnH between solutions of the different equations by writing 

V for V when we are dealing with a solution of the second equation and 
y for F when we are dealing with a solution of the third equation, we easily 
find that when / (m) = 1 we have 

y 

^ “ (i — »')“+ y^' 

= (ir/#rf)* exp [— (a: — 

y = ^ or 0 according as | a; — a;' | = c< > 0). 

It is easily verified that these expressions are indeed solutions of their 
respective equations. These solutions are of fundamental importance 
because each one has a simple type of point of discontinuity. In the last 
case the points of discontinuity for y move with constant velocity c. 

We may generalise each of these particular solutions by writing F, v 
or y equal to 

M (wi, x') F (*') dx'dm, 

Jo J -CO 

where the integration with regard to x' precedes that with respect to m. 
When the order of integration can be changed without altering the value 
of the repeated integral the resulting expressions are respectively 
f* yF (x') dx' 

-J_« (x-xr + y>’ 

2v = j exp [— (x — x')^/4Kt] F (x') dx', 

F{x')<b'. 

The last expression evidently Hatisfies the diflferential equation when F (a;) 
is a function with a continuous derivative; y represents, moreover, a 
solution which satisfies the conditions 

y “ 0> g| = CTtF {x), 

when ^ = 0. 

When the function F {x) is of a suitable typo the functions V and v also 
satisfy simple boundary conditions. This may be seen by writing 

x' — X + y tan (0/2) 
a:' « a; -h (k:0* 


in the first integral and 
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in the second. The lesulting olassioal formulae 

J'[*+ytan(5/2)]dfl, 

Vs=irij F[x + 2u (/rf)i] du 

suggest that 7 = itF (x) when if •= 0 and v » n-i* (x) when j » 0. 

These results are certainly true when the function F (x) is continuous 
and integrahle over the infinite range but require careful proof. The 
theorems suggest that in many cases* 

wjP (®) = j dmj COB mips — x') F («') da/. 

This ia a relation of very great importance whioh is known as Fourier’s 
integral theorem. Much work has been done to determine the conditions 
under which the theorem is valid. 

A useful equivalent formula is 

2i7rF (*) = [ dm\ e****“*'> F (x') dx'. 

J .00 J -00 

When F (z) IB exi even funotion of z Pourier’s integral theorem may be 
replaced by the reciprocal formulae 

P (a;) = f cos mzO (m) dm, 

Jo 

0{m) > 


2 r* 

ooamzF (z)dz, 


and when P (a) is an odd funotion of z the theorem may bo replaced by 
the reciprocal formulae 

F (x) = am mxH (in) dm, 

2 f ® 

B (»») = - sin mxF (z) dx. 

The formulae require modification at a point where F (x) is disoon- 
tmuous. If F (*) approaches different finite values from different sides of 

^ta„£dj^tonityatwldehJ-(x+0)andJ'(*-0)exlBtbutmthiaca« 

t ^ ■'J * “ ”■ ^ SlvM. « Camlaw-B I-aurier Series and 

“ HobBon*. of a 
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the point x the integral is found to be equal to the mean of these values 
instead of one of them. Thus in the last pair of formulae we can have 


F {x) = 1 
= 0 

but the integral gives 


x<cf>, fr(m)*=|[l_oo8m], 
x><f>, 


dv 

ft 


EXAMPLE 

If S^, t) = exp [- and /(*) is oontinuona bit by bit a solution of 

, which satisfies the condition c = / (*) when t = 0 and - oc < x < », is 


dh) 

dx^ 


given by the formula 

m ^ 

V = i 8{x-Xa, l)f{Xo) d*o + i S [/ (x„) - /(*„)] 
y ~flo n»l 


where 2/ {x,^) ■= / (*« + 0) + / (x„ — 0) and the summation extends over all the points of 
discontinuity of / (t). 


§ 3-12. A studff of Fourier’s inversion formula. The first step is to 
establish the Ricmann-Lcbosguo lemmas*. 

Let (7 (x) bo integrnble in the Riemann sense in the interval a<x<b 
and when the integral is improper let | ff (x) 1 be integrable. We b1ib. 11 
prove that in those circumstances 

[h 

Um sin (kx) . g (x) dx = 0. 

/,■ > fjo j n 

Let \iH (irHt fonsider the caHo when g (a:) is bounded in the range (a, b) 
and (/ irt the hound of | (/ (Ji) |. Wo divide the range (a, b) into n 

parts by ilu' points .rj, X 2 , ... and form the sums 

I’l (J-j - a) I- (Xa - Xi) + ... U„ {b - x„_i), 

*''’n (*^1 ■’ ^ 1 ) f ■^-'2 (^2 "■ ^l) "I" ••• Fji {b ” Xn^j), 

where />r are the ixiundH of g (x) in tho interval Xr^i < xKx^.) so that 
in tluH int'rval 


(/ (•!■) f/r (JV 1 ) I- “'r (-C), 1 Mr (x) \ < Ur - L,. 

Since g (r) \h int(*griihl(‘ wc^ irjuy choose n ho largo that < 6, where 

e is any small ponitivc^ (juantity given in advance. Now 


g (.r) Hin 


i] ffr (^r--i) I Hin kx .dx S (a;) ^nkx'dx 


* Tho jirtKif m ihr If’ict m ilui? to Truf. ii. If. Haniy and iu baaed upon that in Whittaker and 
Wataon'fl Afotlrrn AnaltjaiA, 
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the summations on the right being from r = 1 to r = » and the integrations 
from to Xf. With the same convention 


rb 

g{x)8iD.kxdx <2 

Ja 


9r (air-l) 


Biakx .dx 



dx 


< 2nOlk + < 2nOlk + c. 

Keeping n fixed after e has been chosen and making k sufficiently large 
we can make the last expression less than 2e and so the theorem follows 
for the case in which g {x) is bounded ill (a, b). When g {x) is unbounded 
and I g (x) I integrable in [a, b) we may, by the definition of the improper 
integral, enclose the points at which g (x) is unbounded in a finite number 
of intervals ••• ®jp such that 


S ) lg(x) ldx<c, 

r— 1 Jif 

Now let G denote the upper bound of g (x) for values of x outside the 
intervals and let Cj, Cg, ... denote the portions of the interval (a, b) 
which do not belong to ig, ... i^,, then we may prove as before that 


f6 

g (x) sin kx . dx 

Ja 


< 


23 + 1 

^ \ g {x) sin kx . dx 

r-l Jcr 


V 

+ S 


r-l 



sin kx 


dx 


< 2nGlk + 2€. 

Now the choice of e fixes n and (?, consequently the last expression 
may be made less than 3e by taking a sufficiently large value of k. Hence 
the result follows also when g (x) is unbounded, but subject to the above 
restriction. 

Some restriction of this type is necessary because in the case when g (x) 
is the unbounded function (1 — x^Y'^ for which \g (x)\ is not integrable 
in the range (— 1, 1) we have 


i: 


sin kx g (x) 

1 



dr, 


rk foo 

and as A; -►00 J^(r)dr==\ jQ{r)dT—l. 

Jo Jo 

The next step is to show that if a; is an internal point of the interval 
(— a, j3), where a and jS are positive, and if / (x) satisfies in (— a, j8) the 
following conditions : 

(1) f {x) is continuous except at a finite number of points of dis- 
continuity, and if / (x) has an improper integral \f{x)\ is integrable; 

(2) / (x) is of bounded variation, then 


lim [" dt = l lf(x + 0) +/(x - 0)]^7r/(x), Bay. 

k-KoJ-a t — X £• 


^ sin A (t — x) 

-a t — X 


f{t)dt = 



Let us write 
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and transform the integrals by the substitutions t = x — u and i = x + u 
respectively, then 

r a+£C oiTi Iml 

= Jo — ^[/(«-«*)-/{®-0)]<^+/(«-0)J^ 3infat.dw/« 

+ 1 ^ ” [/(® + ^) — /(*+ 0 )]<^«+/(« + 0 ) Bvahi.chi/u. 
Now let c denote one of the two positive quantities a + x, p — x, 

fc rkc — 

duju = sin . dvjv ^ as ifc oo. 

Jo Jo 2 

Also, let F (u) denote one of the two functions f{x-u)—f{x— 0), 
f {x + u) — f (x + 0), then jF’ (0) = 0 and F (u) is of bounded variation in 
the interval {0 <u< c). We naay therefore write 

F (u) = Hi {u) *— Hi^ {u)y 

where {u) and ifa (^) ^'^e positive increasing functions such that 

Hi (0) = H^ (0) ^ 0. 

Given any small positive quantity e we can now choose a positive 
number z such that 

, Hi {n)< €y 0 < H^ {u) < e, 

whenever 0 < u< z. We next write 


[ sin ku . F (u) duju = [ sin ku .F (u) duju 

Jo J z 

+ sin ku . Hi {u) duju — | miku .H^ (u) duju. 

Let H {u) denote either of tlie twp functions Hi [u), H^ {u) ; since this 
function is a positive increasing function the second mean value theorem 
for integrals may be applied and this tells us that there is a number v 
between 0 and z for which 


I sin hi - H (u) duju 


H (z) sin ku . duju 

J V 

= // (z) I j sin 5 . ds/s 


foo 1*00 

Since sin 5 , ds/s is a convergent integral, j sin 5 . ds/s has an upper 
bound B which is independent of r and it is then clear that 


sin ku , H {u) duju 
Jo 


2BH{z)<2B€. 


14 
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By the .first lemma k may be ohoaen so large that 


ii; 


sin hu . (v) (2u/tt 


<«i 


and BO ve hare the lesult that 

lim [ mn.hu .F (u) du/u 0. 

*-H*> /O 

It now follows that 

J' _ (0 * - 1 [/ (* + 0) +/ (® - 0)]. 

To extend this result to the ease in which the limitB are — oo and oo 
we shall assume that for a; > jS 

/(a;)-Pi(®)-P,(*), 

where {x) and P, (x) are poeitiye fnnotionB which decrease steadily to 
zero as x increases to oo. A similar supposition will be made for the range 
a; < — a, the positive functions now being such that they decrease steadily 
to zero as x decreases to — oo. Since 

{x<P<t<Y) 

is a positive decreasing function of t for t > j8 we may apply the second 
mean value theorem for integrals and this tells us that 

jr (<) * « j*Bin i (t - a:) * + ^ j W k{t- x) dt, 

{P<€< y)- 

Now let ( Pj (a!) I < Jf for x> p, then 

* 1< lC.r “*‘11 

< ASf/i (j3 — x).' 

By makiag h large enough we can make iMjh (P — x) as small as we 
please ; moreover, this quantity is independent of y, and so we can conclude 

T f“ (*~ *) » m ft 

hm I- — Yzr^- Pi{t)dt==0. 




Similar reasoning may be applied to the integral involving Pj (t) and 
to the integrals arising from the range t< — a. It finally follQws that 

lim r 

h-h-oo J —a 




lf(jt)dt=^irT(x). 


‘"7 (*) =“ ^ f ^ \ COB 8 (t — x)f{t) da. 
k > BO J -00 Jo 


or 
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To justify a change in the order of integration it will be sufficient to 
justify the change in the order of integration in the repeated integral 

j j cos s{t — x) Pi {t) da, 

where g > j8, for the other integral with linoit — oo may be treated in the 
same way and a change in the order of integration for the remaining 
integral between finite limits may be justified by the standard analysis. 
Now let us assume that 

f"Pi(0d< (A) 

exists, then 



cos s{t~ x) Pi {t) da 



00 

COB S (t — x) Pi (t) dt 
Q 



But, since the integral (A) exists we can choose q so large that 

[ -Pi (0 

Jq 

is as small as we please. The order of integration can therefore be changed 
and so we have finally 

^ roofoo 

'irf(x)=‘\ dj ooa 8 (t — x)f (t)dt. 

Jo J -<» 


The assumptions which have been made are: 

(1) For x> p, f(x) — Pi (a;) — P 2 (a;), where Pi (x) and (a;) are 
positive decreasing functions integrable in the range (/8, 00 ). 

(2) A corresponding supposition for a; < — a. 

(3) f (x) of bounded variation in a range enclosing the point x, 

(4) f (x) discontinuous at only a finite number of points in (- a, 
and \f(x)\ integrable in (— a, j0). 


§ 3-13. To illustrate the method of summation we shall try to find a 
potential which is zero when r = 0 and when x = 1. We shall be interested 
here in the case when the potential has a logarithmic singularity at the 
point X = x\ y = 0. 

We first note that M {m, x') is a simple combination of primary 
solutions and by an extension of the method of images used in the solution 
of physical problems by means of primary solutions we may satisfy the 
boundary condition at r = 0 by means of a simple potential of type 
M (m, x') - M (m, — x'). This can be written in the form 

2g-»ny aiji ^ gin 

and it is readily seen that the boundary condition at r = 1 may be satisfied 
by writing m = nn, where n is an integer. We now multiply by a function 

14-3 
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of n and sum over integral values of n. To obtain a series which can be 
summed bj means of logarithms we choose / (n) = 1/n bo that our series is 

00 2 

^ = 2 - [cos nn (x — x') — cos (x -ha/)!. 

71 - 1 ^ ' 

K 2^ > 0 the sum of this series is* 

F = i log <^osh (Try) - cos tt (a; + x ') 

° cosh (Try) — cos it{x — x') ■ 

To extend our solution to negative values of y we write it in the form 

00 2 

n?i n (»Tra;) sin (nTrx'). 

The expression for V may be written in an alternative form 
F = ii 

n-i + {x - x' + 2n)^ 

possesses the tvnp nf ' 4 . ^ ^ ^ y — 0, it thus 

so we may adopt the follnwi ^ ^ ^ ara,eteristic of a Green’s function and 
region between the lines a: =°o for the Green’s function for the 

these lines ’ ’ function is to be zero on 

G {X, x'; y, y') = J J ^ 

A corresponding solution of the equation 

3*17 d^U 

■ , . 3z* + kW = 0 

is obtained by writing ^ 

. , , ®^P [- I y - y' ( {nhr^ - h^)k-] 

m place of r . ^ 

and 

in place of the factor 2 /tx. ~ 

I^place’s equation we^^s^^foi^^derih^D ’"w solutions of 

of an air-cooled airplane engLe of the fins 

The problem will be trefted for simnh^T iongitudinal typo. 

A fin ^ be regarded as rectl^S 
length a. Assuming that the end a; = o is. t« • * • ’ ^^^^ckness 2 t, and of 
tks «yli„te of tie engine n„d tint it «. by 

the problem is to find a srtin«„. a steady state. 


problem is to find a solution of ^ ' 

• ‘o. in^urte, T. Boaaio. boundary 


con- 
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dO dO 

ditionB* ^ along y = 0, = - qd along ^ = r, ^ ~ along 


X = a. 

The first two of these three conditions are satisfied by writing 

OO 

e= S cosh [5„ (a: - c„)] cos (s^y), ks^ t tan t) = q. 

Wl-1 

This equation gives oo^ values of and when has been chosen the 
corresponding value of is given uniquely by the equation 

Tcs^ tanh [s^ (c„ ^ a)] = q 

which will ensure that the third condition is satisfied. 

To make ^ when a; = 0 we have finally to determine the constant 
coefficients in such a way that 

OO 

00 = s cosh (fi„c„) cos {8„y). 

m-1 

This may be done with thd aid of the orthogonal relations 

1 cos (ysn) 008 (yj„) dy=0, m^n 
Jo 


1 +' 


2s„ 


Therefore 


0^400 S 


A„ = 400 seoh (s„c„) ■ 


sin(a^T) 


2s„T + ain(25„T)’ 

ks^ cosh s^(x — a) — q sinh (x — a) 


^rfli[K3„coBhs„a+qBinhs„a] [2tf„T + sin 25 „t] s™ («»•»■). 

Harper and Brown derive from this expression a formula for the 
effectiveness of the fin, which they define as the ratio HjH^, where 


ZTo = 2(7 (a + t) 00 , H=q 


edS. 


For numerical computations it is convenient to adopt an approximate 
method in which the variation of 6 in the y direction is not taken into 
consideration. Results can then be obtained for a tapered fin. 

The approximate method has been used by Binnie']' in his discussion 
of the problem for the fins of annular shape which run round a cylinder 
barrel. 


§ 3-16. For some purposes it is useful to consider simple solutions of 
a complex type. Thus the equation 

dv __ 

di ” ^ dx^ 

* The formal solution is obtained by D. R. Harper and W. B. Brown {N.A,C.A» Beport, 
No. 168, Washington, 1023), but is not used in their computations, 
t Phil Mag. C7), voL n, p. 449 (1926). 



2j . Pr(^le^ 

i.„tWedby 

if 2vS* = <T. Retaining only the real part we have* 

V = cos (cri - jSa;). 

ra. «,I„tio» » re^iily mtepretai by o^der^ » 

» «t to motion by the penodio motion ThTpre^ 

V being velocity in one direction parallel to this plane (§26).. P 

eoribed motion of the plane a: = 0 is 

v = A cos at — V, say. 

The vibrations are propagated with velocity aj^ m the 

pendicnlarto the plane but ar^rapidly damped, fortheanaphtudedimims 

in the ratio e-*' as the wave travels a distance of one wave-length Zw/p. 
For an assigned value of cr this wave-length is very small when v is very 
smaU, when v is assigned the wave-length is very small if cr is very largo. 

. . . . , -t v V TT m 1 


are 


WUUlU. aitvts U. lU WCXC UJLUUgJJ.U XOO±^UXVrj^J.\JCiiJJ.jr 

of heat aad in a reversible manner) to a standard pressure. 

The following examples to illustrate the use of the solution (A) 
given by 6. GreenJ. 

Suppose that two different media are in contact, the boundary surface 
being a: == a and the boundary conditions 


V, = Vi 


'2J 


jr — jr 


I — xAo > for X — ot. 

Let there be a periodic source of “plane-waves” on the side a?, then 
the solution is of type 

I'j = ee“«i* cos (cr^ ~ p^x) + cos \oi + j8i (a; — 2a)], a; < a , 

r, - cos - A (a; - c)] , a: > a, 

where c = a [1 - (vg/vji], = (cr/2vi)i, = (cr/2vs)i, 

pA = V>'* - Kt Vvi. pB = 2Zi Vv„ p = Kj, V»'i • 

There is, of course, the physical difficulty that the expression for the 

incident waves becomes injBnite when a? = oo. 

If we take the associated problem in which the incident waves corre- 
spond to a periodic supply of heat q cos <Tt at the origin, the solution is 
r,=(g/2£:i)(vi/a)i[e-<'>*cos(A:<-^ia;-fl-/4)-|-4e®i<«’-*'»Joos(;fe<-fPia:-2a)3i-7r/4)], 
1 ’*= {qi2Kt) {ytla)i Be-^t <*-'> cos {kt ~ + 

where A and B have the same values as before. It is noteworthy that A. 

t Prcd^R^ P' Ixtab’g Ayirodynamice, p. 680. 

I ^ XOIV, p. 137 (1918i. 

♦ G. Green, Pkil Mag. (7), vol. m, p. 784 (1927). 
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and B are independent of a and that when the e:spressions in these solutions 
are integrated with respect to a from 0 to oo the physically correct solution 
for the case of the instantaneous generation of a quantity of heat q at the 
origin at time ^ = 0 is obtained in the form 

f — (2g - xf ■ 

= {ql2K^) (vj7rt)i [e " + Ae~ J , 

(g-e)* 


EXAMPLES 


1. In the problem of the oscillating plane the viscous drag exerted by the fluid is, per 
unit area, 


2. Discuss the equations 


[RayleigL] 


du ^ 


d^u 


dv - 

(u a n sin a constant), 

where 0 is a constant representing the angular velocity of the earth, and ^ is the latitude. 

[V. W. Ekman.] 


§ 3-16. The solution (A of § 3-16) may be generalised by regarding A 
as a function of j8 and then integrating with respect to j3. 

A solution of a very general character is thus given by 

V = [ 6"^ oos [px — 2v^H] <j> iP) dp 
Jo 

+ [ e sin [px — 2vpH] \ft (j3) dp, 

JO 

where cj) (P) and iff (p) are arbitrary functions of a suitable character. 
Solutions of this type have been used by Rayleigh and by G. Green. 

Some useful identities may be obtained by comparing solutions of 
problems in the conduction of heat that are obtained by two different 
methods when the solution is known to be unique. 

For instance, if we use the method of simple solutions we can construct 

a solution , ^ -air 

S Cn.-f)n-vtnY (^) cif 
^ n— —00 Jo 

which is periodic in x with the period 27r. 

When f = 0 the series is simply the Fourier series of the function f (a;) 
and the inference is that with a suitable type of function / (x) our solution 
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is one which satisfies the initial condition « - / (») ^ 

a solution can also be expressed by means of Laplace s integral 

J -00 

and may be written in the form 


00 I* 2Tr — 

V = {vtrrY^ S e 

00 Jo 


(a;-g+2?tw)* 


When the order of integration and summation can be changed, a oompariaCHn 
of the two solutions indicates that 


n--a> 


This identity, which is due to Poisson, has recently, in the hajids of 
Ewald, become of great importance in the mathematical theory of electro- 
magnetic waves in crystals. The identity can be established rigorously in 
several ways : 

(1) With the aid of Fourier series. 

(2) By the calculus of residues. 

(3) By the theory of elliptic functions (theta functions). 

(4) By means of the functional relation for the ^-function, Riemann'a 
method of deriving this functional relation being performed backwards* 

An elementary proof based on the equations 

( X N** 

1 + -^ j ->e* Bisn-*oa Hx^-t-x, (1) 

e-“» as n 00 if m~4 -*-x (2) 

has been given recently by P61ya*. 

We have 2"-^ < » 1 for n = 1, 2, 3, ... and so, for 0< * < 1, 


e** = 1 + ... < 1 + 2a; + 2a;a + ... = ^ 

Also, for 0< a:< 

1 +2a; + 2a;2 + -?^< 1 + 2a; + 2a;i' + < ea»+»’. 

X — X 3 

Therefore ' ^ 

1+x 


1 + a; 
x' 


.(B) 


* G. P 61 ya, Berlin^ Alcad. Wiss, Ber, p. 168 ( 1927 ), 
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On account of the symmetiy of the binomial coefficients it is sufficient to 
prove (2) for »■ > 0. In this case ^ ^ • 

ni2-^ ( ni2-^ ^ ~ ~ 

< e-r(f-i)/« ^ 

the upper estimate in (B) having been applied. A use of the lower estimate 
gives an analogous result, which, on account of the fact that r*n-^ -* 0, com- 
pletes the proof of (2). 

Putting X = z<jt}^ = in the identity 


{Vx + IJ^/x)^ > 


I / 2m \ 
• + v) 


a:^ 


we obtain S [(V'(zco'') + l/v'(zw’’)]®“ = Z S (' 2»» \^i. 

-l<2v<l i/--fc + Iv) * 

where k = [m/Z] is the integral part of mil. 

Now let a be an arbitrary fixed complex number and t a fixed real positive 
number. Putting Z = v'[(mZ)] , z = e*/*, and dividing the series by 2»»", we obtain 
the relation 


S cosha™('£Jtj!l^\= 2 fl+(^±-2’7H^ + .. 1*^^ 

-z<2i^<z \ 2^ / -z<2i/<z| J 


^ ^ [vT^ / 2w \ 
•>--k 2^ \m + [v V((m)]J 


e*". 


.(C) 


Applying the limit (1) on the left and (2) on the right we finally obtain 

8 + 2Triy 

00 

S e 

V— “GO _00 


42 




which is a form of Poisson’s formula. 

To justify the limiting process which has just been performed in which the 
limit is taken for each term separately, it is sufficient to find a quantity inde- 
pendent of m which dominates each term in each series. 


There is little difficulty in finding a suitable dominating quantity for the 
terms on the right-hand side, but to find a suitable quantity for the terms on 
the left-hand side of the equation P6lya finds it necessary to prove the following 
lemma. Given two constants a and b for which a > 0, 0 < 6 < w, we can find 
two other constants A and B such that A > 0, P > 0 and 

I cofih z I < 

when -a<x< a, -b<y<b and z=-x-j-iy. We have, in fact, 

I cosh z I® = J (1 + cosh 2x) — sin^y, 
but, for — a < a; < a, we have 


00 4tirt2n-2o-2 

J -(1 + cosh 2x) < 1 + J S — ~ => 1 + 2-z4a;“, say. 

n-i 
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0. the 0 to toA -to i-ft- 

ioT -b<y<b, ' . _ 

smy _yi>,B^ say, v2-8>0. 

It foUo'ire from the inequalities that have just 

and this proves the lemma. , , . v member 

To apply the lemma to the series (C) ^ve note that m the first m 

I nvjl 1 < 

6 s 7r/2. 


we therefore take 


S ^ is real, the sum m 


in the first member of (C) is dominated by the senes 


S e 

pim —00 


J,£m 2Jr*>^OT 

a* ? ’ 


It is easy to dominate this srries by one free from m. The ease in whaoh 
8 is not real can also be treated in a similar manner. 


1. If 


examples 

p - [oos (x$) - sin (a?0)] oos (2 k«^) d6, 

Q - J* ^ [008 (xB) + sin (a:^)] sin {ZkI^) d9. 


show by partial integration that p.- 

®P--2k<£. xQ-’-ZKt^. 


Show also that, as < 0, 

and that consequently 


4J> = 4(3 » w* (Kt)~* e-“V***. 


2. If 


prove that 


0 - J” 6“’**^' oos (j^ - a*) dy, 

5 - sin (y* - a®) dy, 

0 + 8“ JH2), 0-8“2j‘ e«* d9. 


[G. Green.] 


I 3 . 17 . Conduction of heat in a moving medium. When the temperature 
depends on only one co-ordinate, the height above a fixed horizontal plane, 
and the vertical velocity of the medium is w, the equation of conduction is 


bB , de a»0 

where k is the diffusivity. When v is constant the equation 
simple solution of type 


(A) 


possesses a 


e = /i + t)A = kA*, 
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which may be generalised by summation or integration over a suitable set 
of values of /i. In particular, if we regard 6 as made up of periodic teitois 
and generalise by integration over all possible periods, we obtain a solution 

0 =1 f 6“*' [ / {a) sin {by H- erf) + {a) oos {by + at)] da, 

where 2tKa = v — w, bw ^ — a, 

2w^ = + {v^ + 16/fa2)i, 

and / (a), g (a) are suitable arbitrary functions. The integral may be used 
in the Stieltjes sense so that it can include the sum of a number of terms 
corresponding to discrete values of a. 

When V varies periodically in such a way that = w (1 + r oos at), 
where u, r and a are constants, a particular solution may be obtained by 

B = (B) 

where / (i) is a function which is easily determined with th.e aid of the 
differential equation. When v is an arbitrary function of t the equation 
(A) has a simple solution of type 


which may be generalized into 

^ = I eM[y - /««] - 

where F{8) is a suitable arbitrary function of s. 

The solution (B) has been used by MoEwen* for a comparison of the 
results computed from theory with the results of a series of temperature 
observations made off Coronado Island about 20 miles from San Diego in 
California. The coefficient k is to be interpreted as an “eddy conductivity” 
in the sense in which this term is used by G. I. Taylor. This is explained 
by MoEwen as follows : 

At a depth exceeding 40 metres the direct heating of sea water by the 
absorption of solar radiation is less than 1 per cent, of that at the surface. 
Also, the temperature range at that depth would bear the same proportion 
to that at the surface if the variation in rate of gain of heat were due only 
to the variation in this rate of absorption. The direct absorption of solar 
radiation cannot then be the cause of the observed seasonal variation of 
temperature, which amounts to 6° C. at a depth of 40 metres and exceeds 
r at a depth of 100 metres. Laboratory experiments show, moreover, 

* OoMin Twiperatwres, their relation to aolar radiation and oceanic oirculaHon (Universifiy of 
Oalifomia Semicentennial PublioationB, 1919). 
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that the ordinary process of heat conduction in still water is wholly in* 
adequate to produce a transfer of heat with sufficient rapidity to aocoui^ 
for the whole phenomenon. It is now generally recognised that a much 
more rapid transfer of heat results from an alternating vertical circulation 
of the water in which, at any given instant, certain portions of the water 
are moving upward while others are moving downward. The resultant 
flow of a given column of water naay be either upward or downward, or 
may be zero. The motion may be described as turbulent and a vivid picture 
of the process may be obtained by supposing that heat is conveyed from 
one layer to another by means of eddies. This complicated process produces 
a transfer of heat from level to level which, when analysed statistically, 
will be assumed to be governed by the same law as conduction except that 
the '‘eddy conductivity’’ or "Misohungsintensitftt” will depend mainly 
on the intensity of the circulation or mixing process. 

An equation which is more general than (A) has been obtained by 
S- P. Owen* in a study of the distribution of temperature in a column of 
liquid flowing through a tube. 

Assuming, as an inference from Nettleton’s experiments, that the shape 
of the isothermals is independent of the character of the flow, Owen con- 
mders an element of length hy fixed in space and estimates the amounts 
of heat entering and leaving the element across its two faces perpendicular 
to the y-axis to be 

and * 1^ ^ ^ Sy)! + Bp {6 - 8^) Stj 

respectively, where A is the area, p the perimeter of the cross-section of 
the tube, 0 the temperature of the element, E the emissivity, p and s 
the thermal conductivity, density, and specific heat of the liquid respec- 
tively, and where 9q is the temperature of the enclosure which surrounds 
the tube. 


Owen thus obtains the equation 

. dd) . 


where 




^dy 375 ^^“®*^ = 
a* = k/p3. 


1. Prove that a temperature 0 which eatiefies the equation 

~ +V — ^ 

and the oondMons 

e-0whens/ = 0, fl-e,wheny-5, e»0when«-0. 
* Proc. London Math, Boo. voL xxtn, p. 238 (1925). 
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is given by the formula 

2 « nTT 

1 f {n7r/6)« + 

X e«(t/“^>)/2«8in (n>ny[h) 

[Somers, Proc. Phys. Soc. London, vol. xxv, p, 74 (1012); Owen, Zoc. cii.] 

2. If in the last example the reoeiver is maintained at a temperature whioh is a periodio 
function of the time, so that the condition 6 ^ when y » 6 is replaced by ^ = 6 cos orf 
when y « &, the solution is 

6 ■= ee®(i/-b)/2/e (cosh 2nb — cos 2m6)"^ [(cos m( cosh ivq — cos mrj cosh nf) cos orf 
— (sin mf ainh nrj — Bin rmj sinh ni) sin oii] 


where 


+ 2©6-» 2 (-)Pee(3/-6)/2« {pTro^VCSop* H- 
D-l 

— y + 6, ap® =- (p?r/6)“ H- 


m 

I 

n 


{(i;/2«)^ + (a>/«)»} ^ {i tanr^ (4^^)}. 


§ 3' 18. Theory of the unloaded cable. Consider a cable in the form of a 
loop (Fig. 13) having an alternator A at the sending end and a receiving 
instrument B at the receiving end. 

We shall suppose that the alter- 
nator is generating a simple periodic 
electromotive force whioh may be 
represented as the real part of fihe 






Fig. 13. 


expression where jE' and n are constants. Naturally, we are interested 
only in the real part of any complex quantity whioh is used to represent 
a physical entity. 

Now, if Ghx is the capacity of an element of length Sx with regard to 
the earth, the capacity of a length 8x with regard to a similar element in 
the return cable must be ^CSx, Hence, if /q is the current in the alternator 
and Vq the potential difference of the two sides of the cable at the sending 


end, 


,dVa 


dio 


1 r -—2 — — 
dt ^ dx' 


Now Vq is the difference between the generated electromotive force 
and the drop in voltage down the alternator circuit and a capacity 
Cq in series with it, consequently we have the equation 

L, + Bolo + \h^ + Fo = Ee*”K 

Assuming that I can be expressed as the real part of X (a;) e*”* and 
that / = /q at the receiving end, we find on differentiating the last equation 
with respect to t and multiplying by Cq , 

(1 - + inC^Ro) h + = inO.Ee*^. 
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Sence the boundary condition at the sending end is 


^2^ = inOEe*’>*-hoIo, 

OX 


wiere 


lere Ji^Cq = (7 (1 — GqLqU^ + inCoBo)* 

Similarly, if is the current at the receiving end and i£ the receiving 
apparatus is e<juivalent to an inductive resistance {X^i y Bi) in senes with, a 
capacity Oi, we have the boundary condition 


2§.-V., 


where — <7 (1 — CiLin^ + inOiRi). 

Assuming that there is no leakage, the differential equation for / is " 

.dl . 0*/ 


8*1 0 */ 


•®^0# ■'■^^8<»“0a:»’ 


and if X = JTi cos /x (Z — a?) + Xg sin fj, {I — x)y 

where I is the distance between the alternator and receiving instrument, 

and are constants to be determined, we have 

^2 = (7 [n^L — mi2). 

Writing jtx = a + ijS, where a and ^ are real, we have 
a2-j8*» = X(7< 2aP^-CBn, 
and so, if = G\ we have 

2a^ =Cn{G+ nL)y 2^2 ^Cn{0-- nL). 

When nL is large in comparison with B we may write 

O nL = B^l2nL, 

and we have 

a = n V(CL), iB V{G/L)y 

the wave^velocity being {CL)'~^, In this case the wave-velocity and 
attenuation constant are approximately independent of the freq^uoncy, 
conse(3[uently a wave-form built up from waves of high frequency travels 
with very little distortion. 

The constants and Zj are easily determined from the boundary 
conditions and we find that 

FKi = 2i(inCF!, FK^ = ilijuGE, 
where F = _ 4;i*) sin fd + 2/x (A# + AJ cos fd. 

When ^ = 0 tie differential equation possesses a finite solution only 
whOT - 0 and this, then, is the condition for free oaciUatious. The roots 
o e eqna ion — 0, regarded as an equation for », are generally complex . 
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This may be seen by considering the special case when Oq = = oo. This 

means that there are short circuits in place of the transmitting and re- 
ceiving apparatus. 

We now have Aq = = 0, sin /xZ = 0, and if we satisfy this equation 

by writing /xZ = stt, where 5 is an integer, the equation 

shr^ = = PC {n^L - inB) 

gives complex values for n. 

When JZq = JJi = iZ the roots of the equation for n are all real. This 
may be proved with the aid of the following theorem due to Koshliakov* . 

m n 

Let (f>o + iilio = 2 m, log {z -z,)- 2 k, log {z - C.) 

fl -1 fi -1 

be the complex potential of the two-dimensional flow produced by a 
number of sources and sinks, the sources being aU above the axis of x and 
the sinks aU on or below the axis of x. • 


Writing z, = a, + ib„ C, = - irj,, 

where a,, b,, t), axe aU real, we shall suppose that 

b, >0, ij, > 0, m, >0, k,> 0. 

Now suppose that when x is real and complex 


where / (r) and g (x) are real when x is real. If we superpose on the flow 
produced by the sources and sinks a rectilinear flow specified by the stream- 
function ^1 = X — y tan oj, the stream -function of the total flow is 
^ and the points in which a stream-line ift = 6 cuts the axis of 

X are given by the transcendental equation 

or g (x) cos {x — d)+ f (x) sin {x — 6) = 0. 

We wish to show in the first place that the roots of this equation are 
aU real. Writing 


we have Q (a;) + iF {x) = [f {x) ig (a:)], 

0 {x) - iF (x) = ig i^)]* 

F {x) = f (a:) sin (a; “ 0) -h 9 (ic) cos {x — 6), 
0 (x) = f (x) cos {x — d) — g (a;) sin (a; — 6). 


• Meas. of Math. vol. lv, p. 132 (1926). Koshliakov considers only the case w, = 1, fcj = 0 
without any hydrod3mamioal interpretation of the result. 
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Hence, ifi8 = ar+iyisa root of the equation F (z) = 0, we have for 
this root 

e-u-.. fl ( » -»■ + g ig, 

s-1 («- is + ^ s~l{z- is - '•'Vs) • 

Now let Ml and Jfg he the moduli of the expressions on the two sides 
of the equation, then the equation tells us that Mi* = Jtfj®, hut 

M * - e-av n [(a? -?.)■"+ (y 


Ml* = e*» n 


[(a; - a.)» + (y + ft.)”]”** 


and from these equations it appears that y> 0, Mi* < M^, while if 
y<0, M-^ > M^. Hence we must have y = 0, and so the roots of the 
equation F {z) = 0 are all real. . 

Let us next determine the effect on the roots of varying the value of B. 
If a; is a real root of the equation F (x) — 0, we have 

(dxfdd) [f {x) sin (a; — 0) + gr' (x) cos (x — 6) + Q (a;)] = O {x), 

cos {x — 0 ) _ sin (x — ff) _ 1 

/ (*) 


hut 


y(x) ~0(x)’ 

therefore (dx/dff) [f (x) ff' (x)-f' (x) ff (x) + {G (*)}»] = [<? (a:)]*. 

h. 


Now 

/' {x) + iff' (x) » 

f ^8 

f(x) + ig(x) a-i 

\® — a, — ib, X — 


/' («) - iff' (^) $ 1 

! m. 

therefore 

/(x)-iff(x) ,_i' 

iya: - a, + i6, x - 

f(x) g' (x)-f’{x)g (») _ » 

r 




k. 




iVs 


Vs 


.)* + V 


(» - i.y + Vs^. 


]• 


The right-hand side is clearly positive and so dxjdO is positive for all 
real values of 6. This means that when x increases, the point in which the 
stream-line meets the axis of x moves to the right (i.e. the direction in 
which X increases). 

If we increase 0 by ^tt, F (x) is transformed into — G (x), and if we add 
another ^ to the function — G (a;) is transformed into — F {x), conse- 
quently we surmise that the roots of F {x) — 0 are separated by those of 
O {x) = 0. To prove this we adopt Koshliakov’s method of proof and 
calculate the derivative 


L ^ (^) 9 ' (^) - r (^) g (^) + [F (x)]^ + [0 {x)Y 

dx 0 {x) [0 (a;)P 


This is clearly positive for all values of x and infinite, perhaps, at the 



N 


Koshliakov's Theorem 

roots of Q (x) => 0. It is clear from a graph that the roots of 
separated by those of G (x) = 0, for the curve 


y = 


0{x) 


consists of a number of branches each of which has a positive shape. 

In Koshllakov’s case when ib, = 0, m, = 1 the functions f {x) and g (x) 
are polynomials such that the roots of the equation f(x) + ig {x) = 0 are 
of type z, = a, + ib,, where b, > 0. The associated equation (as) = 0 is 
now of a type which frequently occurs in applied mathematics. In par- 
ticular.if = p (*) = (A + A) 

the roots of the equation / (a:) + ip (a;) = 0 are iA *A so we have 
the result that if A snd A s>re both positive, the roots of the equation 
(A + A) ^ cos (a; - A + (A A - sin (a! - A = 0 (B) 

are aU real and increase with 6. 

The theorem may be applied to the cable equation by writing this in 
the form ^ 4. 

{yo-Aoia2)(yx-«- V’ 
where y^Oo = 0, yiGi = 0, Lo= \L, 

Now 

(yo - (yi - - 4=ju.® + 2i/i {yo + yi - (\ + Ai)} 

= (yo + 2i/i - Ao/tt*). (yi + 2i(i - Aiju®), 
and when the expression on the tight is equated to zero, the resulting 
algebraic equation for /x has roots of type a + ib, where b is positive, hence 
Koshliakov’s theorem may be applied and the conclusion draxm that /xZ 
is real. Since in the present case /a* = OLn^, the corresponding value of 
n is also real. 

When 0 = 0, a: = 0)1, A = A = equation (B) becomes identical 

mth ai» equation ^ ^ ( 0 ) 

which occurs in the theory of the conduction of heat in a finite rod, when 
there is radiation at the ends, into a medium at zero temperature. 

The equations of this problem are in fact 
dv 9 ^ 


dt ~ '"9**’ 


0 < a; < Z, 


V = / {x), for t = 0, 

— X- + Av = 0 at a; = 0, ^ + 7iv ^ 0 Sbt x = 

dx ox 

and are satisfied by 

V = [A cos coa? + -B sin ojx] 

— ojuB + hA = 0, 

o) (B cos Oil — A sin (dI) h {B sin cmjI A cos col) 


if 


0 . 


B 


15 
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Eliminating AjB the equation (C) is obtained. The problem is finally 
Bolved by a summation over the roots of this equation, the root w = 0 
being excluded. 

Equations siTnilnr to (A) occur in other branches of physios and many 
useful analogies may be draAvn. In the theoiy of the transverse vibrations 
of a string we may suppose that the motion of each element of the string 
is redsted by a force proportional to its velocity*. The partial differential 
equation then becomes 

which is of the same form as (A) if k = RjL, c* = IjLG. 

An equation of the same type occurs also in Rayleigh’s theory of the 
propagation of sound in a narrow tube, tairing into consideration the 
influence of the viscosity of the mediumf . 

^t X denote the total transfer of fluid across the section of the tube 

a tte pomt x. The force, due to hydrostatic pressure, acting on the shoe 
between x and x + dx,ia 

— 8^ dx = a^pdx 

dx dx* ’ 

^7? ^ oross-seotion, p is the pressure in the fluid, p is 

nnli^S^ “ propagation of sound waves in an 

ininmitea medium of the same material. 

a “ay *56 inferred from the investigation for 

^bmting plane (§ 3-15), provided that the thickness of the laver of air 

- Pdx Viinpfi) ( F + - ® , 
where n/Sn is the frequency of vibration. ^ 

fluidS^ ^ *^® ‘^f motion of the 

flmd for disturbances of this particular frequency is 

d»X 
dx* ' 


or 


= o» 


vol. I, p. 


* Rayleigh, neoiry of Sound. 


t Ibid. toL n, p. 318. 
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Thia equation has been used as a basis for some interesting analogies 
between aooustio and eleotrioal problems*. We shall write it in the abbre- 
viated form 


^ dt 




Rayleigh’s equation has been used recently by L. F. G. Simmons ant 
F. C. Johansen in a discussion of their experiments on the transmission ov. 
air waves through pipesf. 

At the end x = 0 the boundary condition is taken to be 

i = JTo sin {vi)y W 

and a solution is built up from elementary solutions of type 

X = 

where o*m* = — Hri* + iKn, 

Since m is complex, we write m = a + t/5. A solution appropriate for 

3-X 

a pipe of length I with a free end (® = 1) at which ^ = 0 is 

X = A {e-«® sin {rU — fix) + 6“*®' sin {7i< — fix')} 

+ O {e-*® cos {nt — fix) -|- e“*®' cos — fix')), 
where x' = 21 — x, and where the constants A, C are chosen so that 
Jq = A {1 + e~*“* COB 2fil) + sin 2fil, 

0 = — Ae~®*' sin 2fil + G {1 + e~**' cos 2fil) . 

These equations give 

AV = (1 -I- cos 2fil) Xo, 0 = e~**' sin 2fil . X^,, 
where F = 1 + 2e“®** cos 2fil + 

In the case of a pipe with a fixed end the boundary condition is JT = 0 
Bit X = I, and we write 

X = A [e“®® sin (nt — fix) — e~"' sin (nt — fix')] 

+ C [«-" COB {nt - fix) — e-“®' cos {nt — fix')]. 

The boundary condition (D) is now satisfied if 

Xo = A {1- e-»«‘ cos 2/91} - Ge-*“‘ cos 2/31. 

0 = Ae~^ sin 2/81 + G {1 — e~““‘ cos 2fil), 

Therefore 

GA = (1 - e-»“ 008 2)81) Xo, 00=-- Xo®"" 2/81, 

where G = 1 — 26“*“ cos 2/31 + 


* See a recent dieonsBion by W. P. Mason in the BeU Syatem Technical Journal, voL vi, p. 258 
(1927). 

t Advisory Committee for Aeronautics, voL ir, p. 661 (1924-5) (B.-M. 957, Ae. 176). 


15-2 
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If y denotes the ratio of the specific heats for air, the pressure at any 
point exceeds the normal pressure pQ by the quantity 

where X = ^S. The excess pressure at the fixed end is consequently 
2> - i>o = m + i82)i O'i pi + <f>), 

where tan A = ^ 

* ^ + pO' 

The following conclusion is derived from a comparison of theory with 
experiment: 

“Marked divergence between observed and calculated results shows 
that esdstiQg formulae relating to the transmission of sound waves through 
pipes cannot be successfully employed for correcting air pulsations of low 
frequency and finite amplitude,” 

§ 3*21. Vibration of a ligM string loaded at egnal intervals. In recent 
years much work has been done on methods of approximation to solutions 
of partial differential equations by means of a method in which the partial 
differential equation is replaced initially by a partial difference equation 
or an equation in which both differences and differential coefficients appear. 
Such a method is really very old and its first use may be in the well-known 
problem of the light string loaded at equal intervals. This problem was 
discussed by Bemoulh* and later in greater detaiUby Lagrange j*. 

Let the string be initially along the axis of x and let the loading masses, 
which we assume to be all equal, be concentrated at the points 

72 , = 0 , ± 1 , ± 2 , .... 

Let be the transverse displacement in a direction parallel to the 
j/-axifl of the mass originally at the point na, then if the tension P is re- 
garded os constant, we have for the motion of the nth particle 

- P iVn+l - J/n) + P (Vn^i - t/n). 

Writing k^am = P, the equation becomes 

Vn = (yn+i + “ 2y^). (A) 

Let us now put = 2 /„, 

'& 2 n ^ *“ '^hn+l )9 

. ^ 2 n+l = ^ (%n *“ '^^91+2)9 

or, if 5 IS any integer, 

k 

* Johann Bomoulli, Petrop, Oomm, t. m, p. 13 (1728); OdUeckd Works, voL m, p. 19a 
t J. Lu Lagrange, M6ccmque Analytique, 1. 1, p. 390. 
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This is a difference equation satisfied by the Bessel functions and a 
particular solution which will be found useful is given by* 

Us = AJs^ 

where A and g are arbitrary constants and 


00 / y 


(|g)trt+as 


.(B) 


-0 5 1 r (m + 5 + 1)‘ 

Let us first consider the ideal case of an endless string and suppose that 
initially all the masses except one are in their proper positions on the axis 
of X and have no velocity, while the particle which should be at a; = m 
has a displacement yn = ’q and a velocity = v, then the initial conditions 
are , , 

Wan = W, Wan+l = W2„_1 = - kri, 

while Us is initially zero if s does not have one of the three values 2n — 1, 
2n,2n+l. A solution which satisfies these conditions is 

Wfl *= V J i^2in (2i^) + hq (2^^) — Ja-in+l (2^)]j 

for, when i = 0, {2ht) is zero except when' r = 0 and then the value is 

unity. 

When all the masses have initial velocities and displacements the 
solution obtained by superposition is 

Us — S«;„t/a_an (2i<) 4- [*^a-an-l (2fci) — e/a_an+i (2fc^)] (C) 

If Vn = 0 we find by integration that 

Va “ ^Jl^n^^as-an (D) 

Let us now discuss the case when this series reduces to one term, 
namely, the one corresponding to w = 0. Referring to the known graph 
of the function J^s to known theorems relating to the real zeros and 
to the asymptotic representation f 


{ 2 kt ) = cos (2 U - it), 


.(E) 


we obtain the following picture of the motion : 

The disturbed mass swings back into its stationary position, passes 
this and returns after reaching an extreme position for which \ y \ < rjQ, 
Its motion always approaches more and more to an ordinary simple 
harmonic motion with frequency initially greater than hjiTy but which is 
very close to this value after a few oscillations. The amplitude gradually 
decreases, the law of decrease being eventually This diminution 


♦ T. H. Havelock, Phil. Mag. (6), vol. xrs, p. 191 (1910); E. Sohrddmger, Aim. d. Phys. 
BcL ttt.tv, S. 916 (1914); M. Koppe, Pr. (No. 96) Andreas-Realgymn. Berlin (1899), reviewed 
in Fortschritte der Math. (1899). 

f Whittaker and Watson, Modem AncAysis, p. 368. The formnla is due to Poisson. An ex- 
tension of the formula is obtained and used by Koppe in his investigation. The complete aaymptotio 
expansion is given in Modem A ncAysia. 
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depends on the fact that the vibrational energy of the mass is gradually 
transferred to its neighbour’s, which part with it gradually themselves and 
so on along the string in both directions. After a long time, when 2ht is 
so large that the asymptotic representation (E) can be used for the 
Bessel functions of low order, the masses in the neighbourhood of the 
origin vibrate approximately in the manner specified by the “limiting 
vibration” of our arrangement, neighbouring points being in opposite 
phase. The amplitudes, however, decrease according to the law mentioned 
above and the range over which this approximate description of the 
vibration is valid gets larger and larger. 

According to the formula (D) all the masses are set in motion at the 
outset, and all, except the one originally displaced, begin to move in the 
positive direction ilrfQ> 0. 

Let us consider the way in which the mass originally at a? = 9ia begins 
its motion. The larger n is, the slower is the beginning of the motion and 
the longer does it continue in one direction. This is because J 2 n (2^) 
vanishes like as t approaches zero, being the constant multiplier 
in the expansion (B). Also because the first value ot 2kt for which the func- 
tion vanishes lies between ^/{{2n) {2n + 2)} and ^/{{2) {2n -H 1) {2n -f- 3)}- 

It is interesting to note that in this elementary disturbance there is 
no qnestion of a propagation with a definite velocity c as we might expect 
from the analogous case of the stretched string. Let us, however, examine 
the case in which all the particles are set in motion initially and in such a 
way that the resulting motion is periodic. 

Writing we have the difference equation 

?«+!+ - 2 (1 - 20 )^) 7 ,. 

If a> = sin <f> this equation is satisfied by 

F„ = A sin 2n<}> + B cos 2ncl>. (F) 

Choosing the particular solution 

r„ = 

we have 

Making kt sin <l> — ruf) constant we see that the phase velocity i» 

ah sin A 

C 

The period T is given by the equation 

jbsin^’ 

and the wave-length A by the equation 

Xsi cT = iral<f>. 



Choup Velocity 

The phase velocity thus depends on the wave-length and so t 
phenomenon analogous to dispersion. Ihtroduoing the idea of a 
velocity U such that .. .. 

that is, such that A does not vary in the neighbourhood of a geometrical 
point travelling with velocity TJ, we next consider a geometrical point 
which travels with the waves. For this point A varies in a manner given 
by the equation* 


9A 8A .0c_»dc0c 


the second member expressing the rate at which two consecutive wave- 
crests are separating from one another. Eliminating the derivatives of A 
we obtain the formula of Stokes and Bayleigh, 

?7=c- A^=C7-(A), say.- 

In the present case 

U = ok 008 (tto/A) = ok cos 

When A-^ 00, V -*■ ak= U (oo) = c(qo). 

Hence for long waves the group velocity is approximately the same as 
the wave velocity. For the shortest waves ^ = Jv, we have Z7 = 0. 

When there are only n masses the two extreme ones being at distance 
a from a fixed end of the string, the equations of motion are 

ill -f ** (2yi - 0 - yj) == 0, 

jla -I- (2ya - - %) = 0, 


Vn + (2y„ - Vn-i - 0) = 0. 

Assuming y, = Y,e**^* as before and eliminating the quantities T, 
from the resulting equations we obtain the following condition for free 
oscillations : 


i>n = 


2 cos 2<f> — 1 

— 1 2 cos 2<f> 

0 - 1 


0 

- 1 

2 cos 2<l> 


0 

0 

- 1 


= 0 , 


where there are n rows and columns in the determinant. iSince 

Z)„ = 2 cos 2^ . Z)„_i - 
it is readily shown by induotion that 

^ sin 2 (?H- 1) 

“ sin 


* See Lamb’s Bydrodynamica, p. 369. 
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Thifliflzeroif 2 (ra + 1) ^ = r 7 r,f = 1, 2, ... »; we thtifl obtain » diflfereut 
natural fre^nenoies of vibration. When the motion ooireaponding to any 
one of these natural frequencies is desired we use an expression of type 
(P) for and the end condition T* = 0 will be satisfied by writing iS = 0. 
Hence one of the natural vibrations is given by 

^liere 2 {n + 1) ,f, = m (r = 1, 2, ... n). 

If the velocity is initially zero we write 

i/, = Aon. 28<f> . cos (2kt sin <f>). 

Let us e xamine more fully the case in which n = 2, The possible values 
of ^ are and consequently in the first case 


sin g cos {iltt s™ » y* = .4 sin ^ cos ^2to sin ^ ; 

yi and y, have the same sign and the string does not cross the axis of x. 
In the second case 

yi — 4 sin-g- cos {2kt rin ^ ain ^ cos {2kt sin ; 

yi tod y, have opposite signs, the string crosses the axis of z at its middle 
point which is a node of the vibration. 

men n = 3 we find in a similar way that there is one vibration without 
a node, one with a node and one with two nodes. 

« has any integral value is clear. 

elemSw superposition from the 

nlX! vibration which have respectively 0, 1, 2, ...» - 1 nodes, the 

of the (a ^ ^ vibration such as the sth being separated by those 

aun^rto !w ^ of we may 

B^v aulS^ f is now 4 sin 2a^ and 

sin 2sj > . cos m sin S ^ sin 2 p ^ . ^2kt), 

Ime and equally spaced, consecutive’ bobs be^ coile'^e^bv 

shownmIig.u. Using y„ denote the hoZntrdtt^^^^ 
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bob along the line of bobs andeupposing th?i,t ihe constants of the springs 
are all equal, the equations of motion are of type 

= k -y„)-k {y„ - y„_^) - ^ ((j) 

The periodic solutions of this equa- 
tion give a good illustration of the filter 
properties of chains of electric circuits 
that were discovered by G. A. Camp- 
bell*. The mechanical system may, in 
fact, be regarded as an analogue of the 

following electrical system consisting of a chain of electrical oircuitS'each 
of which contains elements with 
inductance and capacitance (Fig. 

16 ). 

The following discussion is 
based largely upon that of T. B. 

Brown When the chain is of infinite length and the motion is periodic 
an appropriate solution is obtained by writing 

yn = Ar~^ sin — »^). 

Jimg — ap^ = 2akQ the equations for r and <f> are 

(1 — r*) sin ^ = 0, (r® + 1) cos = 2r (1 -f Q). 

These are satisfied by ^ = 0, r 1 and by r = 1, cos ^ = 1 -|- Q. In the 
latter case there is transmission without attenuation but with a change of 
phase from section to section, the phase velocity corresponding to a fre- 

_ p* _ 27r/® 


quency / = p/2iT being 

V 


~ I kSfifl y • [ -I IHfiftr-T— 

— t— Cln-1 —I— __ 


Fig. 16. 



where x is the length of each section. This type of transmission is possible 
only when Q lies between 0 and — 2, that is when / lies between and/|. 


where 



This range of frequencies gives a pass band or transmission band. On 
the other hand, when <f> = 0 we have r = 1 + 0 ± [(1 + Q)^ — 1]^, and it 
ifl clear that r > 0 when / < A, r< 0 when /> A- The negative value of 
r indicates that adjacent sections are moving in opposite directions with 
amplitudes decreasing from section to section as we proceed in one direction 
down the line. We may use a positive value of r if we take = tt instead 
of = 0. 

It should be noticed that r is real only when / lies outside the pass 


* U.S. Patent No. 1,227,113 (1917); BeH Syakm Tech, Joum. p. 1 (Nov. 1922). 
t t/oum. Soo. America, voL rra, p. 343 (1924). 
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The is direct aad the other reverse^ 

ia plotted against/ in Brown’s diagra^.^ represente by log, ( r ( and this 


. , '■j = — «!. onuu aeoiaon ] 

la ptetted against/ in Brown’s diagram. 

pap^ by ^r^^cX^d reference may be made tc 

Let ns now write eqnation (G) in the form 

(2)*+c*)y,-6»(y,„ + y,_j), 


where 


jn 


to o’ 


2 >= 


3' 


•Dd M » «4 » .dntkm which »lMe. iie taM coDditto 

yo=l, «,= o, y,-o,... 

!^o-0, jl,=,0.... ’^henf-O. 

y« “® (», ») 6** + (n, n + 2) 6*"+* + ... ^ 

It 18 fonnd by subatitntian in the equation that 




7^i^v^ ("+i)(»+2) / 1 

Lu? +0*/ 2(2n+2) (5* 


26* \"+» 
Tc*j 


+ (?* + ^) (» + 2) (n + 8) (n + 4) / 26* \"+« T 

2.4(2n + 2)(2n + 4) +—jooBct, 


irfdch me 


/ 26* 

Id>+c*; 


008(2 


by p>»pc« i. oh^ 

008(2 = ^. ( e**-^*^ 
mJa z*‘ 


*+C‘ 


5» 


^««h. mia wid. . male gm.h 

(si?-.) 


008(2^ 


, J_ f g,t zdz ( 2b* y t 

** + c* V^!* + ey ’ 

and we obtain the fonnal expansion 

y- = i i f a** r/ Y I (»+ 1) (n+ 2) / 26* \»+* 1 

2- 2«Jo s* + c*LU« + c*j +~ 2(2n + 2) (ii+7*) + -J 


Torsional Vibrations of a Shaft 
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In paj^aonlar. 


Vo 


--■f 

2in Jo 


f!‘*zdz 


[(2® + c®)* - 
e**zdz 


26® 


~ 2774 L [(»* + c®)® - 46®]i 2 ® + c® + [( 2 ® + c®)® - 46*]i’ 
and generally 

1 r e‘*zdz r 26® 

“ 2« J o [( 2 *- + c®)» - 46*]i ( 2 ® + c® + [( 2 ® + c®)® - 46®]ij ' 


O [(«*■ + C®)* - 46*]* V® + c® + [(2® + C®)® 

It is easy to verify that this expression satisfies equation (G) and the 
prescribed initial conditions. 

When c® = 26® the formula reduces to 

= _L f e«« r 6 1 ®" 

“ 27rt Jo(»® + 46®)* L( 2 ® + 46®)* + zJ ’ 

which must be equivalent to (2bt). 

The solution of the equation 

{D + c®) 3/„ = 6® iy„+i + Vn-i), 
which satisfies the imtial conditions 

yo = h 0, ys = 0, ... when t = 0, 

is given by the formula 

^ r e*** 2 d 2 f 26® ) " 

~ 2774 Jo [(a3 + c4)3 _ 4^4jJ (22 + gg + + c®)® - 46«]*j ■ 

An equation which is sUghtly more general than (A) occurs in the theory 
of the torsional vibrations of a shaft with several rotating masses*. This 
theory can be regarded as an extension of that of § 1-64 and as a preliminary 
study leading up to the more general case of a shaft whose sectional pro- 
perties vary longitudinally in an arbitrary manner. 

Let 7i, /j, /a, ... 7^7 be the moments of inertia of the rotating masses 
about the axis of the shaft, 6^, Bg, ...Bjf the angles of rotation of these 
masses during vibration, ki, k^, k^, ...km the spring constants of the shaft 
for the successive intervals between the rotating masses. Then 

ky (By — ^a), (0a ~ 0s)> ••• (^4r-i ~ 

are torque moments for these intervals. Neglecting the moments of inertia 
of these intervening portions of the shaft in comparison with7i, 7a, ... 7^, 
the kinetic energy T and the potential energy V of the vibrating system are 
given by the equations 

2T = 7i0i® -f -1- ... 

2V^ky{ey- ByY k^ (B^ - B^)^ + . . . k^ .y 

• See S. Timoshenko, Vibration PrMema in EjigineeriTig, p. 138; J. Morrlflp The Sirem^ih qf 
Shqfta in Vibration, oh. x (Crosby Lookwood, London, 1929). 


Two^dimeriaitmal Problems 
and Lagrange’s equations give 

(^n “* ^n+l) ^n-i (^n-i — ^n) = 0> ' 

^=1,2,,..^, 00 =0^, ffjf+i=0j^. 

Except for the two end equations, for which respectively, 

these equations are the same as those of a light string loaded at unequal 
Int^^ When == ^2 = *^8 ~ ••• = the foregoing analysis can be used 
wi^ ght modifications. A second case of some mathematical interest 

arises when z. 7 ? 7 

*1= *8=^ ... 

ss s= JCq ss= ^ ^ ^ 

EXAMPLES. 

. , oonaideriiig speoiai solutioBS of the eq^uation of the loaded Btring prove that the 
following relations are indicated: 

(ft-®)*- S m*J_„(®), 
m--oo 

ft* + w= S wV,(_.,(2fe). 


2. I*rove that the equation 
OF. 


m*“00 


- i (*) + JUl (*) - (*)] 


771 an —CO 


is satiafied by 

and obtain the solution in the form of a contour integral. 

3. Prove that the equation 

Vn'^^ [y^n + y„_* + 2y J - 26»C* + y„_J + c*y^ 


is satisfied by 


= { 
2ir» JQ 


e’***ii8 


[(z* + c*)* - 46<]t 


Iz* + c* + 


26* 

[{z* + c«)» - db*]*! ■ 


_r 


i«r oi niass in a system is oonneoted with its immediate neighbours on the two sides 
oapaWe of bending but without inertia. Assuming that the potential energy 

- i* (2y^ - - y,)* + 46 (% - y^ - y^)* + .... 

prove that the osoillatiQnB of the system are given by an equation of type 
- - y,-. + 4y^ - 6y, + 4y^i - 

mTvl’ [Lo»i Rayleigh, PhU. Mag. (6), voL xuv, p. 366 

(iStf?); ^cten^^c Pa^Bg vol, rv, p. 342,] 


6. Prove that a solution of the last equation is given by 

*'r“-^,(;)oos(5-i). 


[Havelock.] 


§ 3-31. Potential function with assigned values on, a cirde. Let the 
origin and scale of measnrement be chosen so that the circle is the unit 



Potential with Assigned Bomdaary Values 

oirole j 2 ( = 1 and let %' = e"' be the oomplez uiuuber for a ] 
this oirole. Onr problem is to, find a potential function F whi 
the condition tt - ,/i,\ / 

To make the problem more precise the way in which the point z 
approaches 2' ought to be specified and something must be said about the 
restrictions, if any, which must be laid on the function / (&'). These points 
will be considered later; for the present it will be supposed simply that 
/ (fl') is real and uniquely defined for each value of 0 ' when fl' is a real angle 
between — w and it. The mode of -approach which will be considered now 
is one in which 2 moves towards 2' along a radius of the unit oirole. In 
other words, if 2 = re*’, where r and 6 are real, we shall suppose that d 
remains equal to d' and that r -> 1 . 

Now let 2 = r . e“*’ be the oomplez quantity conjugate to 2 ; an attempt 
win be made first of all to represent F by means of a finite or iofinite series 

Fo = Co + S (C„2» + C_2»), (A) 

where q, is a real constant and c„, c_„ are conjugate oomplez constants. 
When the series contains only a finite number of terms it evidently 
represents a potential function and in the limiting process 2 2' it tends 

to the value Sc„2'”, where the summation eztends over all integral values 
of n for which c„ ^ 0 . Negative indices are included because 2" -+■ 2'~". 

Supposing now that the finite series represents the function / ( 9 '), the 
coefficient c„ is evidently given by the formula 



for the integral of between — tt and tt is zero unless m = 0, conse- 
quently the term in the series for / (0') is the only one which contributes 

to the value of the integral. 

A function / (S') which can be represented as the sum of a finite number 
of terms of type is evidently of a special nature and the natural 

thing to do is to endeavour to extend the solution which has just been found 
by considering the case in which an infinite number of the constants c„ 
defined by the formula (B) are different from zero. The series (A) formed 
from these constants then contains an infinite number of terms. 

Let us now assume that the function /(0') is integrable in the interval 
— TT < 9' < TT. Since the series 

1 + S - fc - 0') 

1 

is uniformly convergent for all points of this interval if | r | < 1, it may be 
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integrated term by term after it Has been multipUed by / {9% The potential 
function F may, consequently, be expressed in the form 


v = -^\’_jc{d-e')fie')dd', 

K (to) = 1 + 2 S r" COB »UO = z =- ; g. 

' ' n -1 1 — 2r 008 to + r® 


.( 0 ) 


^presenting our potential function V is generally called 
and mU be denoted here by the symbol P (r, 0) to 
lends on both r and 0. This integral is of great importance 
orier series as well as in the theory of potential functions, 
a (0) may be obtained in another way by using the Green's 

che circle. If P (r, 0) is the pole of the Green’s function, 

Q (r-\ 0) the inverse point and P' (r', 0') an arbitrary point which is inside 
the circle (or on the circle) when P is inside the circle and outside (or on) 
the circle when P is outside the circle, an appropriate expression for the 
Green’s function is 

^ , P'(3 , AQ 

<3'-logp,p logjp. 


where is an arbitrary point on the circle. This expression is evidently 
zero when P' is on the circle, it becomes infinite in the desired maimer when 
P' approaches P and it is evidently a potential function which is regular 
except at P. 

The formula 

1 f®” ll-r>lf (0')d0' 

2ffJo 1 — 2r cos (0 — 0') + r® 

represents a potential function which takes the value / (0) on the circle 
and is regular both inside and outside the circle. 

When r = 0 the formula gives the relation 


where Vq is the value of V at the centre of the circle. This is the two- 
dimensional form of Gauss’s mean value theorem. 

When / (fl) is real for real values of 6 the formula (0) may be written 
in the form 




fi"' + z 


0 e' 


_ , 


Si.6') cW'+£ 


1 2 


J 0 e"' — z 


y{0’)d0' 


of the sum of two conjugate complex quantities each of which takes the 
value J/ {0) at the point z= eP on the unit circle, and we deduce Schwarz’s 
mere general expression 

2ir gtf ' + 2 


1 
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for a function F (z) whose real part on the unit circle is/ (6). The imaginary 
part of (z) is a potential function ^PF which is given by the formula 


W 


® irJo 1 — ! 


2rcoB(0 — + 

If in the formula (D) we have / (27r ~ 6) = f {6) we obtdon Boggio’s 
formula for a function F (z) whose real part takes an assigned value / (6) 
on the semicircle z = e", 0 < 0 < w, and whose imaginary part vanishes 
on the line z = oos a, 0 < a < v, i.e. the diameter of the semicircle, 


^ 7rJo l-2zoos0' + z»‘ 


When V = f (z), where / (z) is a function which is analytic in the unit 
circle | z' — z | = 1, Gauss’s mean value theorem may be written in the 

1 f2, 

and is then a particular case of Cauchy’s integral theorem. By means of 
the substitution z' =pz, F{pz)=f(z) the theorem may be extended to a 
circle of radius p. 

If on the circle we have \f(z%\< if, the formula shows that | / ( 2 ) [ < if . 
More generally we can say that it / {z) is a function which is regular 
and analytic in a closed region 0 and is free from zeros in 0, then the 
greatest value of \ f (z) | is attained at some point of the boundary of 0 
and the least value of | / (z) | is also attained at some point on the boundary 
of 0. In this statement values of / (z) for points outside G are not taken 
into consideration at all. 

If / (z) is constant the theorem is trivial. If / (z) is not constant and has 
its greatest value M at some point Zq inside O we can find a small neigh- 
bourhood of Zq entirely within 0 for which \f{z)\<M, and if (7 is a small 
circle in this neighbourhood and with Zq as centre this inequality holds for 
each point of G and so 

l/W I - I’/N+pOJel 

which leads to a contradiction. The theorem relating to the minim um value 
of I /(z) I may be derived from the foregoing by oonsideriog the analytic 
function l//(z). 

§ 8'88. Elementary treatment of Poisson’s integral*. To find the limit 

lim P (r, 6) 

T —>-1 

it will be assumed in the first place that / (0) is integrable according to 
♦ This treatment ia baaed upon that given in CJaralaw’a Fourier Series and IrUegrdlB. 
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Biemami’s defimtion and that if it is not botinded it is of snob a nature 
that the integral . 

fid')dd' 

J —ir 

is absolutely oonvergent. 

Let us now suppose that 0 is a point of the interval — w < ^ < tt which 

does not ooiacide with one of the end points. We shall suppose further 

that the limit r j /o . s , /t?\ 

[/(® +•’■)+/ (0- t)] (E) 

T-»-0 

exists and is equal to 2F (d), where F (6) is simply a symbol for a quantity 
which is definedby this limit when 6 is chosen in advance. No knowledge 
of the properties of the function F (6) will be required. 

Now let a function O {$') be de^ed for all values of 6' in the interval 
(— TT < 0' < tt) by the equation 

<5 (5') =/(«') -JW. 

Then 

P ir, 0) - p (6) = A (fl _ S') if (d') - F (0)] dd' 

Ki0-e')(t>ie')de. 

Since, by hypothesis, the limit (E) exists, a positive number 7} can be 
found so as to satisfy the conditions 

i / — ff) — SJ? (d) I < 6, 

when 0< a < d -- r)> ^ 'ir, 6 + 7]< n, 

€ being an arbitrary small positive quantity chosen in advance. Then 

re-t-Ti rii 

Kid-d')<5> ($') dd' =\ K (a) [O (0 + a) + 0) (0 - a)] da 
Jtf— Jo 

= [''« (a) [f (^ + a) + f (0 - a) - 2F (0)] da, 

Jo 

and so 

I fTt fir 

K (6 — 0') <5 (0') d0' j < e (a) da < c j k (a) da = 2n€. 

Also, when 0 < r < 1, 

j (e - 0') O {0') d0’ + 1"^ Ki0- 0’) 0 (0') dJ0' 

< « iv) 1 ^ (6') \d0'<K I / {0’) \dB' + ^\F i0) I j 

< 2mrAK (i^), say, 

where -4 is a positive quantity. 

But, when 0 < r < 1, 

(1 — r)*+ 4rsm*.j/S^2f am>.j/2' 
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Henoe ^Ak (17) < imt. if r is so ohosen that 

1 — r £ 

2r sin* 77/2 A ’ 


and this inequality is satisfied if 

r> - 


1 

"57 




Combining the two results we find that 

I P (r, 0) - f (0) I < 2e, 


if 1 > r > 1^1 + ^ 

llonoe when the limit (1C) exists, 

P (r, 0) -► P (0) as r -»■ 1. 

When 0 is a point of continuity of the function / (0) we have, of course, 
P (0) — / (0) and so V tends to the assigned value. To prove that F is a 
potential function when r < 1 it is sufficient to remark that the series 

obtained by differentiating (A) term by term with respect to a is uniformly 

0 "V 

convergent for r < a < 1, whore a is independent of r and 0, hence 

3*F 

e.xiBt8 and is a function of a only. The equation = 0 then follows 
immediately. 

The behaviour of Poisson’s integral in the neighbourhood of a point 
on the circle at which / (0) is disoontinuous is quite interesting. Let us 
BUp(K)He that / (0) has different values h (0) and /* (0) when the point 0 is 
ai)proaohod along the circle from different aides, then if the point 0 is 
approiwbed along a chord in a direction making an angle ait with the 
direction the mirve for which 0 incroasos the definite integral tends to 


tlm valiMt 


(1 -a)A(0) I «/.(0). 


A i»roof of this theor«»m is given by W. Gross, Zeits. f. Math. Bd. n, 
H. 273 (lid H). When / (0) is continuous round the circle we have the result 
that V ff (0) OM any point on the circle is approached along an arbitrary 
olu)rd through the imint. This theorem has also been proved by P. Pain- 
lov6, (Jemptes Itendwi, t. uxii, p. «53 (1S91) and by L. Lichtenstein, Jentm. 
/. Math. Bd. i-XL, H. 100 (1011). 


KXAMl’LBS 

1 Show by itieiviiH of PoiHHoii’B formula that if 

S(0) - - 1 (- TT < ^<0) 

- 1 (0 < < 7r), 


16 


n 
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ihe potential 7 is given by the equation 


2 ^ fl® 

' 1 + - tan“^ 5 — r— 2, (t^ < a®). 

2arsm0 x >s / 


2. Let the unit oirole 2 = be divided into n arcs by points of divisional, ... where 
0< di< ^8< - 2*r. Let ^ + v/i “/(2) be analytic f or | 2 | < 1 and let 4> satisfy the 

following oonditionB on the cdrole 

being on arbitrary constant^ then 

27Tf ( 2 ) « - + S - c,) [e, + 2% log - 2 )]. 

S — 1 

[H. Villat, BvU. d& la 8oe. Math, de France, t. xxxix, p. 443 (1911); “Aper^ns th^oriqnes 
sur la r^sistaiioe dea fluides/* ScienUa (1920).] 

§ 3-88. Fourier aeries which are conjugate. When r is put eq[ual to 1 in 
the series ^A) the resulting series may be written in the form 

i 

n— — 00 

and is the “Fourier series” associated with the function / (6). 

Separating the real and imaginary parts, the series may be written in 
the form ^ 

Oo + S (a„ cos vd + b, sin vd), (A') 

v-1 

’W^bere ^ jl/ 

o, = - f / (&') cos v6' d6', 

W J -fl. 

6„ = 1 f' f(9')^vdW. 

The constants a,, b, are called the “Fourier constants” associated with, 
the function / {6'). In terms of these constants the series for F is 


F = Oq + S r” (a, cos + 6, sin vd). (B') 

V — 1 

Wien all the coefficients are real the series for the conjugate potential 
T7 is 

6o + r (Oi sin 0 — 6i cos B) + r* (oa sin ^ — 6, cos 9) + (O') 

and this is associated with the series 

6o + («! sin 0 — 6^ cos ^) + (Oj sin 5 cos 9) + (D') 

which, when 6^ = 0, is called the conjugate* of the Fourier series (A'), 
There is now a considerable amount of knowledge relating to the con- 
jugate series. One question of importance in potential theory is that of the 

* SometiixLes it is tlus fiorios with the Bign ohauged which ia called the conjugate seiies* See 
L. Eejfir, CreUe, toL orm, p. 166 (1913); G. H. Hardy and J. E. Littlewood, Proc. London Math. 
Soc. (2), vol, xxrv, p. 211 (1926). 
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ezistenoe of a function gr (0) of which the foregoing series is the Courier series. 
In this oonneotion we may mention a theorem, due to Fatou*, which states 
that if / (0) is everywhere continuous and the potential W is expressed in the 
form PF =? IT (r, 0), the necessary and sufficient condition for the existence 


of the limit 

lim IF (r, 0) = (0) {E') 

r-»-l 

for any assigned value of 0 is that the limit 

lim f" [/ {0 +t) -fid- t)] cots dr = - 27 T 9 { 6 ) (F) 


should exist, Fatou .has also shown that if / (0) has a finite lower bound 
and is such that / (0) is integrable in the sense of Lebesgue then the limit 
(F') exists almost everywhere, 

Lichtenstein I has recently added to this theorem by showing that the 
integral 

j"^[0(0)]M0 

exists when j [/ (0)]* dd 

exists. 

For further properties of Poisson’s integral and conjugate Fourier 
series reference may be made to the book of G. C, Evans on the logarithmic 
potential J and to Fichtenholz’s paper in Fundamenta Mathematicae (1929). 

Fatou’s expression for g (0), when / (0) is given, is 

9 (S) = J'{/ ie-r)-fie + t)} cot Idr 



In the last integral the symbol P denotes that the integral has its principal 
value. Villat has deduced this expression by a limiting process with the aid 
of the result of Ex. 2, § 3-32. The formula is quite useful in the hydro- 
dynamical theory of thin aerofoUs. 

An alternative expression, obtained by an integration by parts, is 

^ ^ \’j' 

§ 3*34. AbeVs theorem for power aeries. When for any fixed value of 0 
the Fourier series converges to a sum which may be denoted for the 
moment by g (0), it may be shown with the aid of a property of power 
series discovered by N. H. Abel that V ^g (6) as r 1. But since 

* Acta Ma^ vol. ixx, p. 336 (1006). 

t CreUe'a Joum. vol. OXLI, p. 12 (1912). 

t Amer, Math. 3oc. CoUor^ium Publicatwna, voL vi (1927). 
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^ lie Somer series repieMn** 

Y-^F ifi) we miist have g\P) \ f 
F (fl) whenever it ifi 

The series for V may be written in the form 

y = + nti + + •'• » 

atpCrr^ raore g«.»d «r»s 

y = v^Uo + »i% + ^a “2 + ••• > 

,hei6 the jMtats «..»..«.•« “B P*****™ 

W„+l<®n. «0-l' 

Let ns write 



andeapi^ that the qiiaatatiee^, — poaaefls an upper 

Eb lower limit Ji, then 

h<8n<H, for»= 0, 1, 2, .... 

Now if Vn denotes the sum of the first «+ 1 terms of the series F, 


y = VqUo + »i«i + ••• ®«'“« 

= (Vo - Vl) «o + (^ - »*) + «»«»» 

and in this series not one of the partial sums has a negative ooeffioient. 

V„ < {Vo - vi) N + (vi -Vo)H+... (v„_i -v„)H + v„li, 
and F„ > (Vo - Vj) A + (Vj -Vo)h+ ... (v„_i - vj h + v„h. 

Summing the two series we obtain the inequahty 

Voh < F„ < VoH, 

which shows that 1 F„ j < Vo*. where * is a fixed quantity greater than 
either | A [ or | J? j . 

Similarly, if 

we have the inequality 

I 1 

where i,« is a positive quantity greater than any one of the quantities 

1“«|. |«™ + ^im+ll, l«fl. + «»i+l + '“fn+2|. '••• 

If now the series z«o + + ... is convergent and « is any arbitrarily 

chosen small positive quantity, a number m (g) can be found such that 

1 "1" ^m+1 ••• ^m+n | 

for n = 0, 1, 2, ... and in> m (e). When m is chosen in this way we may 
€ Mid since < 1 we have the inequality 
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When, the quantity is a function of a variable r which lies in the unit 
interval 0 < r < 1 the foregoing inequality shows that the series (G') is 
uniformly convergent for all values of f in this interval and so represents 
a continuous function of r. In the case under consideration we have 
t)„ = r“ and the conditions imposed on are satisfied if 0 < r < 1. The 
function V is consequently continuous at r = 1 and so 

tjo + + 21 * + ... = lim P (r, 0) = J (B). 

r->l 


§ 3*41 . The analytical character of a regvla/r loga/rithmic potential*. 
Poisson’s integral may be used to prove that a logarithmic potential V 
which is regular in a region i) is an analytic function of x and y. 

We may, without loss of generality, take the origin at an arbitrary 
point withbi D. Let C denote the circle = a* which lies entirely 

within D, then for a point x = a cos a,y = aemaon this circle, F = / (a), 
where / (a) is a continuous function of a and so by Poisson’s formula 

w- = J_ (g»- r»)/(g)(fa 

^ 27r Jo a® + r® — 2ar cos (0 — oc) ’ 


where a; = r oos 0, t/ = r sin 0 and r < a. 
Now the series 




-I- r* — 2ar cos (0 — a) 


1 + 2 S cos w- (0 — a) 

n-l \<^/ 


is absolutely and uniformly convergent and so can be integrated term by 
term after being multiplied by / (a) daj 27r. Therefore 


00 

s 

n-1 


(a„ cos nd + b„ siu nd). 


7 = 00 + 

Ifow if in the polynomial 

n 

(o„ cos n6 + bn sin nB) 

= Jo-» [a„ (a; + iy)* + a„ (a; - iy)" - (a: + iy)” + i6„ {x - iy)"] 

we replace each term of type by its modulus, the resulting e3q)res- 

sion will be less than the corresponding expression obtained by doing the 
same thing to each term of type e^^x^y^ in the expansion of each of the 
four binomials and adding the results. Now this last expression is less than 

2 [| a: I + I y 

where M is the upper bound of o„ and 6„. Now let 

I * I < «. I y I < ». 

where a < a/2, then 

2 [| * I + I y |] < 2 (2s/o)" M, 

and the series of moduli is convergent. The series for V is thus a power 


♦ E. Picard, Goura d‘ Analyse, t. n, p. 18. 
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series in x and y which is absolutely convergent for \ x \ < s, [ y | < «, it 
thus represents an analytio function. 

Since, moreover, the origin was chosen at an arbitrary point in D it 
follows that V is analytio at each point within D. 

021 9^2J • Iv 

For the parabolic equation there is a theorem given by 

Holmgren* which indicates that is an analytio function of a: in the neigh- 
bourhood of a point (a^), yo) in a region iZ within which z is regular. 

If through the point (a:#, yo) there is a segment a < y < 6 of the line 
a: = a\, which lies entirely within B, there is a number c such that for 
|a! — a:o|<c, o<y<6 there is an expansion 

‘ <*■ ») - ^ M ^ 


where ^ (y) = z (a;,,. y)> (2^) = ^ 

These functions <f> (y), ip (y) are continuous (jD, oo) in a < 
their derivatives satisfy inequalities of type 

I (?) I < (2ii) !, I {y) I < (2w) I . 


r < b and 


§ 3*42. Hcmiach's theorem'\. Let TT*, for each positive integral value of 
be a potential function which is continuous (D, 2) (i.e. regular) in a closed 
region JR and let the infinite series 

(A) 

converge uniformly on the boundary JB of B, then the series converges 
uniformly throughout It and represents a potential function which is 
regular and analytic in J2, The sum Wn + + • • ■ is a potential func- 

tion regular in iJ. If it is not a constant it assumes its extreme value on B 
and if is the numerically greatest of these we shall have 

I + ^n+1 + ... ^^n+D |.< \Nj,\. 

Since, however, the series converges uniformly on B we can choose a num- 
ber m (c) such that when ?& > m (e) we have 

for all positive integral values of p. This inequality, combined with the 
previous one, proves that the series (A) converges uniformly in It and so 
represents a continuous function w. Now let C be any circle which lies 
entirely within B and let Poisson’s formula be used to obtain expressions 
for potential functions W, Fg, ... regular within G and having 

respectively the same boundary values as the functions WyWi, 102 ,^ 3 , ... 

• B. HolrngpCD, Arhivfor Ma4., Asir, och FyHk, Bd. i (1904); Bd, m (1906); Bd. iv (1907); 
Oom^iUa Jtendiu, t. oxly, p. 1401 (1907). 

t Kellogg oallB this Hamaok’s first theorem. See Potential Theory, p. 248. The theorem waa 
given by Hamaok in hia hook. It has been extended to other equations of elHptio type by 
L. Uohtenstem, CreUe'a Journal, Bd. oxlh, S. 1 (1913). 
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Binoe a potential fimotion with assigned boundary values on C is unique 
if it is required also to be regular within C we have Wg ^ Wg(3^ 1, 2, ...). 
Furthermore, since the series (A) is uniformly convergent it may be inte- 
grated term by term after multiplication by the appropriate Poisson factor. 
Therefore at any point within O 

W=Wi+W2+Ws+ ... 

— Wi + W2+ ... = W, 

Hence within C the function w is identical with the regular potential func- 
tion which has the same values as at points on C. Since (7 is an arbitrary 
circle within It it follows that is a regular potential function at aU points 
of It and is consequently analytic at each point of JB. 

For recent work relating to the analytical character of the solutions of 
elliptic partial difiEerential equations reference may be made to L. Lichten- 
stein, Enzyklopadie der McUh, Wiss,, n C. 12 ; T. Bad6, Math. Zeits. Bd. xxv, 
S. 614 (1926); S. Bernstein, ihid. Bd. xxvm, S. 330 (1928); H. Lewy, 
OdU. Nachr. (1927), Math. Ann. Bd. OI, S. 609 (1929). 

§ 3-61, Schwarz^ 8 alterncUirig process. H. A. Schwarz* has used an alter- 
nating process, somewhat sunilar to that used by R. Murphy f in the treat- 
ment of the electrical problem of two conducting spheres, to solve the first 
boundary problem of potential theory for the case of a region bounded by 
a contour made up of a finite number of analytic arcs meeting at angles 
different from zero. 

To indicate the process we consider the simple case of two contours 
occ, 6j8 bounding two areas A, B which have a common part C bounded 
by a and j8, while a and 6 bound a region D represented hj A + B — C. 

We shall use the symbols a, 6, a, j3 to denote also the parameters by 
means of which the points on these curves may be expressed in a uniform 
continuous manner and shall use the symbols m and n to denote the points 
common to the curves a and 6. We shall suppose, moreover, that the 
choice of parameters is made in such a way that m and n are represented 
by the parameters m and n whether they are regarded as points on a, 6, a 
or This can always be done by subjecting parameters chosen for each 
curve to suitable linear transformations. 

Our problem now is to find a potential function V which is regular 
within jD and which satisfies the boundary conditions V — f (a) on a, 
7 = gr (6) on 6, where f (m) = g (m), f {n) ^ g (n). 

We shall suppose that / (a) is continuous on a and that g (6) is con- 
tinuous on b. We shall suppose also that a function h (a), which is con- 
tinuous on a, is chosen so as to satisfy the conditions 

h(n)=f{n). 

* Berlin Monatsberichte (1870); QesarrmeUe Werke, Bd. n, S. 133. 
t Electricity, p. 93, Cambridge (1833). 
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We now form a sequence of logarithmic potentials ••• regular In 

A, and a sequence of logarithmic potentials Vg, ... regular in J3; tlieee 
potentials being chosen so as to satisfy the following boundary conditions 
in which u, {p) denotes the value of u, on and v, (a) denotes the value of 
v,ona, {$= 1, 2 , ...): 

ih=f (a) on a, (a) on a. 

Mg =/ (a) on a, v^ — (a) on a. 

Mg =/ (a) on a, Mg = Vg (a) on a, 

' »i = ? (6) on b, Ml = Ml ()8) on 

Mg = gr (6) on h, Mg = Mg (j8) on j8, 

*’3 = 9 {b) on h. Mg = Mg (^) on ^3, 


Writing M. = Ml + (^i, - + (Mg - Mg) + ... (M. - 

^< = + («2 - «'l) + (Mg - Mg) + ... (m, - M,_i), 

our object now is to show that as s -*■ oo the series for m, and v, converge 
and represent potentials which are exactly the same in C. To establish the 
convergence of the series we shall make use of the following lemma. 

We note that w, = m, — m,_i is a logarithmic potential which is regular 
m A and which is zero on a. Let 8, (a) bo its value at a point on a and let 
0 , be the maximum value of | 8, (a) |. 

Now let <j> be the logarithmic potential which is regular in A and which 
satisfies the boundary conditions = 1 on a, ^ = 0 on a. As the point 
(*, y) approaches one of the points of discontinuity m, <f> tends to a value 
sue that 0 <6< 1. Now a regular potential function attains its greatest 
V ue in a, region on the boundary of the region, therefore <;4 < 0 for all 
points of A and so there is a positive number e between 0 and I such that, 

^ ® positive on a and is a logarithmic 

potentid regular m 4 . Its least value is therefore attained on the boundary 

form^ so > 0 within A, This inequality may be written in the 

8, (^ - e) + w, + 68, > 0, 

and since ^ < e on ^ it follows that w, + e8, > 0 on fi 

conclurS/5r T -8.i><0inA and so we may 

. € ,<0 on p. Combinmg the inequalities wo may write 

I M>. I < 68.. 

function <f, associated with A In a 



Schwarz* 8 Alternating Process 249 

Writing = V, — and using the symbol Tg (jS) to denote the value 
of tg on p we use Tg to denote the maximum value of | t, (j 3) | on j3. We then 
find in a similar way that 

I < Vrg, 

and so we may write 

\Wg\< /c8., I I < 

We thus obtain the successive inequalities 
Therefore T2<KSa, 

I — -Wa I = I ^2 - 'yi 1 oil a- 

Therefore 83 < kt^ < k\ , . . . 8«+a < , 

^3 < kSq < K^Ta, ... Ta+a < 

The series for Ug and Vg thus converge uniformly at all points of the 
boundary of O' and so by Hamaok’s theorem represent regular logarithmic 
potentials which we may denote by u and v respectively. Since Ug = Vg_^ 
on a and Ug = Vj on j3 it follows that -2^ = t; on the boundary of G and so 
u = V throughout C. Since, moreover, the series for u converges uniformly 
on the boundary of A and the series for v converges uniformly on the 
boundary of B these series may be used to continue the potential function 
u = V beyond the boundary of 0 into the regions A and B, and the potential 
function thus defined will have the desired values on a and 6. 

§ 3-61. Flow round a circvia/r cylinder. To illustrate the use of the com- 
plex potential in hydrodynamics we shall consider the flow represented by 
a complex potential x which is the sum of a number of terms 

Xi = cr (z H- a^/z), Xi = log Xs = ^ log 

Writing z = re**, x = ^ + we consider first the case in which x = Xi 
and JJ is real. We then have 

u-iv = dx/dz =U (I- a^lz^) , 
ij} = U Bind {r — a^/r). 

The stream-function ^ is zero on the circle r* = o® and also on the line 
y = 0. There is thus one stream -line which divides into two parts at a 
point S where it meets the circle; these two portions reunite at a second 
point 8' on the circle and the stream-Une leaves the circle along the 
line y = 0. Since z* = a® at the points S and 8' these points are points of 
stagnation (u = « = 0). It will be noticed that the stream-Une y = 0 outs 
the boundary r® = a® orthogonally. This is in accordance with the general 
theorem of § 1’72. 
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At a great distance from the circle we have u — iv "* U, tft Uy, and 
so the stream-lines axe approadmately straight lines parallel to the axis 
of X. Our function ip is thus the stream-function for a type of steady flow 
past a circular cylinder. This flow is not actually possible in nature, the 
observed flow being more or less turbulent while for a^ oertain range of 
speed depending upon the viscosity of the fluid and the size of the cylinder, 
eddies form behind the cylinder and escape downstream periodically* in 
such a way as to form a vortex street in which a vortex of one sign ia 
almost equidistant from two successive vortices of the opposite sign and 
each vortex of this sign is almost equidistant from two successive vortiow 
of the other sign. Vortices of one sign lie approximately on a line parallel 
to the axis of x and vortices of the other sign on a parallel line. 

Some light on the formation of this asymmetric arrangement of 
vortices is furnished by a study of the equilibrium and stability of a pair 
of vortices of opposite signs which happen to be present in the flow round 
the circular cylinder. 

The flow may be represented approximately by writing 


X = Xi + Xs + Xt> 

and choosing «o, %, « 2 j *3 so that the circle r® => a* is a stream-line. This 
condition may be satisfied by writing 


Zo = rjC^o, Zi = 


If A , J5, 0, D are the points specified by the complex numbers Zo > > 

respectively, these equations mean that B is the inverse of A and C the 
inverse of JD. 

In the theory of Helmholtz and Kelvin vortices move with the fluid. 
When the vortioes are isolated line vortices this result is generally replaced 
by the hypothesis that the velocity of any rectilinear vortex co in equal 
to the resultant of the velocities produced at its location by all the other 
vortioes which together with co produce the resultant flow at an arbitrary 
point. In using this hypothesis the uniform flow U is supposed to be 
produced by a double vortex at infinity and the complex potential Ua^Jz 
is interpreted as that of a double vortex at the origin of co-ordinates 0. 

The vortex at A will be stationary when ' 


n = pfi _ ^ , Jc' 

\ ?!) V Zq S!j Zq — Zg — Z^' 

Taking for simplicity the case when r, = rj, 0^^ - dg, o' « c, and 

Proc. Soy. Soc. London, vol. p. 262 (1907); nnd 
by B6nMd, Oomptu Rmdm. vol. oxLvn, pp. 839-970 (1908); vol. olvi, pp. 1008-1225 (1913); 
voL c naxxn, pp. 1376-1823 (1026); vol. olxxxth, pp. 20-184 (1926). 
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sepaiatLag the real and imaginary parts of the expression on the right, 
after multiplying it by Zg, we obtain the equations 

0 = (fg — cos flg — ic cot 0g + o*cro*£2-i sin 20o, 

0 = 17 (rg + o*ro-i) sin dg - crg*/(rg® - o*) -\c + erg* (rg» - a* cos 2flg) Q-*, 
where Q = rg* — 2a*rj* cos 2flg + a*. 

The first equation gives 

2Z7Q sin 00 = — cTg (o® — rg®), 

and when this value of 17 is substituted in the second equation it is found 

— a® = ± 2ro® sin ^g. 


This result was obtained by Foppl*, who also studied the stability of the 
vortices. The result tells us that the vortex can be in equilibrium if 
AB = AD. To confirm this result by geometrical reasoning we complete 
the parallelogram BADE and determine a point N on the axiH of y such 
that ON = AN. Let M be the point of intersection of BC and AN, Q the 
point of intersection of AQ and BD. 

On the understanding that all lines used to represent velocities are to 
be turned through a right angle in the clockwise direction the velocities 
at A due to the different vortices may be represented as follows : 

Those due to the vortices at B and D by cfAB and cfAD respectively. 
Since AB = AD these two velocities together may be represented by 
c.AE/AB^ along AE. 

The velocity due to the vortex at 0 may be represented by cjCA along 
CA and equally well by cOAjAB^ along QA. The resultant velocity at A 
due to the vortices at B, C and D may thus be represented by c.OEfAB* 
along OE. 

On the other hand, the velocity U is represented by U along ON, and 
the velocity due to the double vortex at O by U .NMjON along NM. The 
velocity in the flow round the cylinder in the absence of the vortices is 
thus represented by U .OMjON . 

Now mXb = M^A = OdM, therefore 0, M, A, 0 are ooncyclio and so 
OSlO = OAO = O^jO. This means that OM and EQ are parallel. By 
choosing c so that c.EOjAB^ = JJ. OMjON the resultcmt velocity at A 
will be zero. Since the triangles ON A, OAD are sinular, the equation for 
c becomes simply 


OM AB* 
ON EQ 


OM AB* 
ON AQ 


,yOM .f. 


AC*.UIa 


=> U (rg® - a*) (1 - a*lrg*)la 

and implies that the strength of the vortex at 4 is greater the greater the 
distance of A from the origin. 


* L. POppl, Mmchen Sitzurigsher. (1918). See alao Howland, Joum. Roy, Aeron. 8oc. (1926); 
M. Hnpont, La Technique A^onauUquef Deo. 16 (1926) and Jan. 16 (1027); W. G. Biokley, Proc. 
Roy. 8oc, Lond. A, vol. oxix, p. 146 (1628). 
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The stream-lines in the flow studied by Foppl are quite interesting and 
have been carefully drawn by W. Muller*. There are four points of 
sta^ation on the circle, two of these, 8 and 8\ lie on the line y — 0, while 
the other two, 8^, 8^', are images of each other in the line y — 0. Stream- 
lines orthogonal to the circle start at 8^ and 8^ and unite at a point T on 
the line y where they out this line orthogonally. This point T is also a 
point of stagnation. Outside these stream-lines the flow is very similar 
to that roimd a contour formed from arcs of two circles which out one 
another orthogonally; within the region bounded by these stream-lines 
there is a circulation of fluid and the flow between T and the circle is 
opposite in direction to that of the main stream. The stream-lines are, 
indeed, very si mil ar to those which have been frequently observed or 
photographed in the case of the slow motion round a cylinderf . 

Let us now consider the case when there is only one vortex outside the 
cylinder and a circulation round the cylinder. We now put 


In this case 


X = Xi-^Xt + Xi- 


u-iv=U {l~ o*/z®) -f ihiz -f- ic [(« - roe"o)-i - (z - ro-ia»e"o)-‘], 
and the component velocities of the vortex A are given by 

— iVfl = f7 (1 — -f ihr^-^er^h — ior^e-^a (ry* — 

while for its image B 

, Ml -t- = - a® («o - iv^) 

If Z, Y are the components of the resultant force on the cylinder per 
umt length, we have 


X + iY^-ya j + 2 f ) = (Z, -f i Y,) H- (Z* + iY,), say. 

Now when z = oa", 

u^ + v» = 417® sin® ^ -I- k^/a^ + c® (rj® - ayja'^R* 

417 sin 0. [i/a - c (ro® - a®)/a2J®] - 2ic (fo® - a*)la^R\ 

= a® + ^o® — 2aro cos (6 — d^). 

Therefore Z, + iY^ = 2inp {kJJ — c («„ -f- ivo)}. 

We have also for r = a 

^ ^ 4 - ir. 


oe" - r„e«'o ^ ae" - {a^lro)e*“o ’ 


Maihemalisch^ (Springer. 
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therefore 

I (^ + i “6-** i6 = 27rica«r,-* K + iv,) 

lo 9^ ^ ~ (“» ~ 

Combining these results we have 

Z + ir = 2mp {kU - c (^^o + i»o) + c K + iUi)}, 

This result may be extended to the case in whioh there are any number 
of vortices outside the cylinder*, the general result being 

Z + ir = 2inp \kU - S c, (m^ + iv*. - ■Um+i - »w*,+i)[ . 

I »-o J 

In the special case when there is only one vortex and 4 = 0, flo = ®» 
we have + ivi = — o®ro“* (Uq — tVo), 

Wj — iuo = (1 — a*fo“®) — icTp (fj* — o*)-^ 

Z + »r = 2wpc [c/ro — tE7 (1 — a*ro“*)]. 

Introducing the coefficients of lift and drag, defined by Z = pSU^ ■ Cj,, 
Y = pSV'^ . Cl,, 8 being the projected area, we find 

Gj, = {c/aUy nairo, Gs,= - ir (cjaU) (1 - a%-*). 

These results were obtained by W . G. Bickleyf who plots the hft-drag 
curves for r = 2a, 4a and 6a, and compares them with the published 
curves for Flettner rotors (rotating cylinders with end plates). With the 
last two values the agreement is fair except for low values of the Uft. 

The stream-lines for the case of a single vortex outside the cylinder 
have been drawn by W. MuUert. 


•RiVAMPIiE S 

1. If matypeofflow8ijiulartothatoonsideredbyP8ppltheTortioesatZoand*.aMiiot 

images of ea«h other in the line y- 0 , one of the conditions that the vortioes may be staticaiaiy 

in the flow round the cylinder is 

(r„ - cos ®o = (*■« “ ®»- 

2. If in T-Oppl’s flow the vortices move so that they are always images of eaoh other in 
the line y = 0 the residtant force on the cylinder is a drag if 

4ro* sin» fl„ > (fo* - a*)*- [BioUey.] 


. H. M. 8«- =J. P- 

to the image vorfcioea inside the cylinder. 


^ Loc. cit. ante, p. 261. 
J Loc. cit. (Kite, p. 262. 
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8. A plate of ^nldth 2a ia placed nonnal to a steady stream of velooily U and TortioeB 
form behind the plate at the pointa 

Prove that the oonditions are satiafled by 
Zs= Z7 (s^ + fl*)* + iicbg 
Prove also that when 

+ 2 (V + «*)*. K*-/* “ 4l7^y«, 

the vdbdiy does not ti^ infinite valnes at the edgea of the {date and the vortioee are 
atationary. 

[D. lUabonohinaky.] 


(I* + 0*)* -(*,• + a*)*' 


§ 8-71. EJU/pHo co-ordinatea. Problems relating to an dlipse or an 
elliptio cylinder may be oonveniently ediyed Trith ^e aid of the sub- 
stitution x + iy = e cosh (f + tij) =■ c oosh C> 

whioh gives 

x = e oosh iooBTj, 
y<= c sinh ^ sin I]. 

The curves f « constant are oonfooal dlipses, 


c* oosh* f ^ c* ainh* f 

the semi-axes of the typical dlipse being a = c oosh f and b — c ainh 
The ang^ ij can be regarded as the exoenttio ang^e of a point on the 
ellipse. 

The curves i) = constant are oonfooal hyperbolas, the semi-axes of the 
typical hyperbola being a' = c cos t) and 6' =• c sin ij. 

The first problem we shall consider is that of the determination of the 
viscous drag on a long eUiptio cylinder whioh moves parallel to its length 
through the fiuid in a wide tube whose internal surface is a confooal 
elliptio oylinder*. 

(Considering a oylindiioal element of fluid bounded by planes parallel 
to the plane of xy and a curved surface generated by lines perpendicular 
to this plane, the viscous drag per unit length on the curved surface of the 
cylinder is 

f 0u> , 


taJcen round the contour of the cross-section, w being the velocity parallel 
to a generator and ia, being the coefficient of viscosity. 

If the fluid is not being forced through the tulra under pressure the 
pressure may be assumed to be constant along the tube and so in steady 
motion the total viscous drag on the cylindrical element mimt be zero. 


* C. E. Leea, Ave. Soy. 8oe. A, vcd. zou, p. 144 (1016). 
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Transforming the line integral into an integral over the enolosei 
obtain the equation 

0 ®u) dho 

The boundary conditions are to = 0 when ^ and w ■■ 
i = therefore write 


w (ii - f *) = « (^1 - 


(ii ~ ^2) y- 


010 


di dr} 

— 0/t = Wii. -=-i 


0re 


Vfl 


ds' 


‘tun 


Since t} vaxies from 0 to 2tr in a complete circuit round the contour of 
the cross-section, the total viscous force per unit length of the cylinder is 

irffiV _ 2rrfiV 

li “ "" log (Oi + 61) - log (Oa + 6a) ' 

If the inner ellipse reduces to a straight line of length 2c, the total drag 
on the plane is D per unit length, where 

D [log (Oj + hj) - log (2c)] = 27TIIV, 
and the resistance per unit area at the point x is 

(D/27r) (c^ - 


It is clear from this expression that the resistance per unit area, i.e. the 
shearing stress, is much greater near the edges of the strip than near its 
centre line. 

The foregoing analysis may be used with a dight modification to 
determine the natural charges on two confocal elliptic cylinders regarded 
as conductors at different potentials. If F is the potential at (|, rj) and 
F = 0 for I = F = V for ^ have 


and the density of charge on the cylinder | f i is 

1 3F9^ 1 dVdr) v / • i ■«2 

“ 0? dn^4^'didl~ irr (fi - ia) c ' 

When the inner cylinder reduces to the strip whose cross-section is 
we have, when v = 2 — fa)* 


o-j = (l/27rc) coseo rji, 

and if, moreover, the outer cylinder is of infinite size becomes the natural 
charge on the strip when the total charge per unit length is equal to 
unity ; this is the charge density on each side of the strip. 

To find the stream-function for steady irrotational flow round an 
eUiptio cylinder when there is no circulation round the cylinder, we write 
^ — 01 + ‘A2* where 

if/^= Uy — Vx = c {U sinh f sin — F cosh f cos tj) 
is the stream-function for the steady flow at a great distance from the 



256 Tiuo-Mmenaiondl Prchlems 


cylinder tuid is tlie stream-function for a superposed disturbance in this 
flow produced by the cylinder. To satisfy the boundary condition 0 = 0 
at the surface of the cylinder, and the condition that the component 
velocities derived from 0, are negligible at infinity, we write 

0 j = e-* (A cos -f 5 sin 17). 

Choosing the constants so that 0 = 0 on the cylinder, we have 
trh 4 = cF cosh fi, erh B = — cD sinh 
= OjV = — biU 

where Oj, hj axe the semi-axes of the ellipse | We have also 

ai + bi = Oi'erh, a^ — bi = CiCrh 

Therefore 0 * = (Oi -f 61)^ (Oi — 61)“* 00s t] — Ubi sin tj), 

0 + 10 (17 — iF) z -f- (Ubi -t- iFoi) (oi -f- bj)i (Oj — 61 )“* e-f. 

To find the electrical potential of a conducting elliptic cylinder which 
is under the influence of a line charge parallel to its generators, we need an 
expression for the logarithm 

log (Za-z) = log [c (cosh Co — cosh J)] 

= 6) + log ic -1- log (1 - e(-fo) (1 - 

= 5o + log — 2 S n-^e-”fo cosh nC, 1 1 1 < | I ■ 

1 

Writing this ec^ual to 0 o -I- i 0 o we have 


*^o—io + log ic — 2 S n-^e-”fo (cosh ni cos nrj cos «ijo 

n-1 

+ sinh Tz.f sin sin nyo). 

To obtain a potontial which is constant over the elliptic cylinder 
i = 'W'e write = <^o + where 
00 

= S cos nrj + sin nrj). 

n-1 

Each term of this series is indeed a potential function which vanishes 
at infinity. Choosing the constants -4„ , , so that the boundary condition 

^ = 0 on I = is satisfied by ^ + ^i> have 

nA^er^ = 2e"*^o cosh nfj cos ni/o, 

= 2e-^o sinh sin 




CO 

0 = lo + log ic -I- S sinhw (Ci — £) costo (ij, — 

n-1 ' 

Summing the series we find that 

^ + f. - f. -.log i.. + i log ^ 
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Induced Charge Density 

The corresponding stream-function is 


^ H- tan~^ 


am (% - 1?) 


1 — cos (ijo — fi) 


-I- tan-^ 


Bin (7?o - rj) 


1 — COB (ijo — fiY 


and when = 0 the value of for | = 0 is 




sinh 


cosh lo — COB (% — ■>?)" 

The surface density of the charge on the plate ^ = 0 is thus 


— ^ fl - 

4it [_ 


sinh Ip 


- 

?o- ^)J' 


cosh ^0 “ cos {rjQ 

and the total charge is zero. When the total charge per unit length is 1, 
and the total charge per unit length of the line is — 1, the surface density 
of the charge on the cylinder is 

1 ^ sinh ^0 

277 da cosh fo — cos (t/q — v) ' 

This is what C. Neumann* calls the induced charge density or the 
induced loading; it represents, of course, the charge on one side of the 
plate f = 0. We shah write this expression in the form 

C (0, 7 ]] , T^o) = ^ ^ ^ ^ 

and shah use a corresponding expression 

(fi.’Ji; ^o>Vo) (^i>Vii io>Vo)> 

in which 

^ (ft. fo. i?o) - oogt (fp - cos (170-171)’ '• ' 

and ff (ft, 171; ft, i 7 p) is the density of the induced charge for the elliptio 
cylinder | = ft. 

Let us now consider the problem in which a function V is required to 
satisfy the condition V = f (tj^) on the cylinder i = ii, while F is a regular 
potential function outside the cylinder i = but not necessarily v anishin g 
at infinity. Some idea of the nature of the solution may be obtained by 
first considering the two cases 

/ (^1) = cos mr), V = cos my, 

f (y^) = sinmTj, F = sin my. 

Since 

S {^ 1 , yi\ 7]) = 1 + 2 S cos m{y- yi), 

m-l 


♦ Leipzig. Bear. Bd. ixn, S. 87 (1910). 
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Two-dimmaional Problems 


.(B) 


.( 0 ) 


the Bolntion is giren in these cases by the formula 

= I'y (^1. n\> 

and we may write 

(fi» Vi) Lri)^ (J (li, 7?i) ^ (^1, 7]^; 1, 7?), 
where <^(^1,171) is the natural density per unit length when the total 
charge per unit length on the cylinder f is unity. This is a particular 
case of a general theorem due to C. Neumann*, which tells us that the 
density of the induced charge for a cylinder whose cross-section is a closed 
curve can be found when the natural\ density on the cylinder and the 
corresponding potential is known. The expression for the induced charge 
is then of the form (C), where f and tj are conjugate functions such 
that ^ = constant are the equipotentials and rj = constant, the lines of 
force associated with the natural charge. The undetermined constant 
factor occurring in the expressions for functions i and t] which satisfy the 
last condition should be chosen so that tj increases by 27r in one circuit 
round the cross-section of the cylinder. 

The formula (A) gives a potential which satisfies the conditions of 
the problem for a wide class of functions and for this class of functions 
we have the interesting relation 


27 r/( 77 ) = Iim 7 X 

J 0 cosh (f — fi) — COB {t) — T)j) 




The question naturally arises whether the function F given by (B) 
is the only function which fulfils the conditions of the problem. To discuss 
this question we shall consider the case when the ellipse $ = ii reduces 
to the Ime f = 0, i.e. the line 

It will be noticed that when / (t^) = 1 the formula (B) gives F =« 1. 
Now the potential cf> which is the real part of the expression 

^ (z® — c®)”i = coth 

satisfies the condition that ^ = 0 on the line = 0 and = 1 at infinity. 
Furthermore, the function (^1, which is the real part of 

= c (z® — = cosech 

satisfies the conditions 

« 0 when ^ = 0, (f>i =0 when ^ = 00. 

Sence a more general potential which satisfies the same conditions 

V iE TT A , ^ . 

V -j- A<f> -|- 


Leipzig. Bear. Bd. i*xn, S. 278 (1910). 
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Munh’s Theory of Thin Aerofoils 

where A and B are arbitrary constants. Now 


sinh ^ 


= B 


1 -f* e~irt% 


Hence, if 


cosh ^ — cos (i) — ijo) 1 ~ e-f+*’'i> 

_ ^ sinh g + t sin ijo 
~ cosh i — cos ijo ‘ 


V + 


_ ^ f' r sinh £ + i sin i7o cosh ^ — A 
~ 2fl- J L cosh C — COB ijo sinh $ 


J / (Vo) dr}o + V + iU, 
(D) 


where U and F are constants, the potentials u and v ace conjugate functions 
which can be regarded as component velocities in a two-dimensional flow 
of an incompressible inviscid fluid. These component velocities satisfy the 
conditions 


u = V = F at infinity, ^ = / ('»?) on the line SiS^. 

This result is of some interest in connection with Munk’s theory of 
thin aerofoils. In this theory an element ds of a. thin aerofoil in a steady 
stream of velocity U parallel to Ox is supposed to deflect the air so as to 

give it a small component velocity v = u in a direction parallel to the 

axis of y. Assuming that u = U + e, where e is a small quantity of the 

same order of smallness as and dyJdxQ , we neglect € ^ , as it is of order 

and write v = U , This is now taken to be the y-component of 

velocity at points of the line 8 ^ 8 ^ and the corresponding component 
velocities v) for the region outside the aerofoil may be supposed, with 
a sufficient approximation, to be given by an expression of type (D). 
In this expression, however, the coefficient A is given the value 1 so that 
the velocity at the trailing edge will not be infinite. 

Now when ] C | is laJge we may write 

(cosh £ — cos 170)"^ = sech 5 + cos rjo sech® 5 + ••• > 

sinh C = cosh C — i sech f — i sech^ $+•••> 


oosech S = sech f + J sech® £ -h ... . 


Hence, when F = 0 the flow at a great distance from the origin is 


of type 


V -j- iu ^ iU + pjz -f ^2^* + ... > 


where 


jSj = ^1" (1 + 008 1 J 0 + i8ini}o)/(7}o) Arjoi 

) 3 , = ^ j (i sin ijo cos ijo - sin* ijo) f (i?o) > 


17-3 
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and by Kutta's theorem the lift, drag and moment per unit length of the 
aerofoil are given by the expressions of § 4‘71 

X + == J/> I (w + iit)* dz = — 2nTpU^ , 

M = \pR j (t» + *«)* zdz = — 27TpUBP2 • 

Therefore L = — peU* j (1 + cosijo)^ 

D — — f)C?7* j sinijo ^ d»7o = 0, 

These are the expressions obtained by M imic * by a slightly different 
form of analysis. A more satisfactory theory of thin aerofoils in which the 
thickness is taken into consideration, has been given by Jeffreys and is 
sketched in § %'73. 

Since dsc^ = — c sin ijod/rjQ, Xq = c cos %, 

we may write L = — 2pV* | (c + a:#) (c® — ^ diSo 

= 2pcU» f (c + ieb)-i (c - ai,)-* y^da^, 

J -0 

Jif = 2pU» j' (c® - * 0 *)"* *yo«**b- 


§8-81. Bipolar co-ordinafes. Problems relating to two circles which 

intersect at two points Si and 8^ with rectangular co-ordinates (c, 0), 

(— c, 0) respectively may be treated with the aid of the conformal 

transformation • x i >- / a \ 

2 = «j cot ic, (A) 

where z = x + iy, C i + irj and («, y), (i, ij) are the rectangular co- 
ordinates of two corresponding points P and ir. We shall say that the 
point P is in the 2 -plane and the point -tt in the ^-plane. The transformation 
may be said to map one plane on the other. 

It is easily seen that 


2-4-0 


=ss f'ii* = 


V = (a; — c)® + 2 /* == I « — c I® = 2cMe-^, 
rg® = (a; + c)® + 2/® = 1 25 + c I® = 2cMe^, 


where 


Jf = 


c 

cosh 'q — oos f ‘ 


* National Advisory Committee for Aeronaatios, Report^ p. 191 (1924); see also J. S. Amea, 
Report, p. 213 (1925) and C. A. Shook, AtTier. Jowm. Math, voL XLVxn, p. 183 (1926), 
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The onrves ^ == constant are clearly circles through the points S-y and 
8 i, while the curves 1} = constant 
are circles having these points as 
inverse points. The two sets of 
corves form in fact two orthogonal 
systems of circles, as is to be ex- 
pected since the transformation (A) 
is conformal, and the corresponding 
sets of lines are perpendicular. 

The expressions for x and y in 
terms of ^ and are x = AT ginh fjy y ^ Af sin At a point of the 
line 18'118'j we have | = tt, therefore 

Xg = e tanh (ijo/2), j/ = 0, 
and the natural loading for this line is 

ag = (I/ttc) cosh (ijb/2). 

The loading induced by a charge — 1 at the point P {i, ij) is, on the 
other hand, 

^ _ 2 cosh* fa/2) cos (^/2) cosh [{rj - T?g)/2] 
ttC [cosh (lj — ■^g) + 008 

cosh (7 j/2) -t- cosh [(ij/2) - ijg] „„„ | 

= 5bih^-lg + cos ^ 2- 



TCXAMPT.Ii! 

A potential {unction v is regular in the semioirole j/ > 0, a* H- y* < d® and satiafies the 
boundary oonditLons v « J. when y ^ 0, -^=B when a* + y® = p^ove that 


i3inhm(^ — w) dm 


ooflh® 


mir 

T 


v = A- ooamr] 

where a; + ty = ta csot i (f + A' = aB. 

§ 8»82. Effect of a mound or ditch on the electric 'potential, 
consider the complex potential 

^ cot 


. Let ufl now 

(B) 


where /c is a real oonstant at our disposal. The potential <f> is zero when 
i = 0 , for in this case y becomes ~ oot^, and is a purely imaginary 

Sj j ^ K K 

2 c %'ri ■ 

quantity. It is also zero when | for then x = ^ 

again a purely imaginary quantity. The potential <l> is thus zero on a 
continuous line made up of the portion of the line J/ = 0 outside the 
segment and of the circular arc through 8182 at points of which 



Tivo-dimensional Problems 

onds the angle Jkw. Thus the complex potential x provides us 
jolution of an electrical problem relating to a conductor in the 
n infinite plane sheet with a circular mound or ditch running 


^ ^ _ (cosh 7] — cos f d<f> 
dy ~ cosh cos ^ — 1 


xihat on the axis of y, where ij = 0, 

0^_ 


« aj = - (1 - cos 

34 2c - 1 
= cosec“ 

/f® K 




3^ 

coQse(][uently .the potential gradient on the fl.Tria a; = 0 is 

2 ( 

-jCosecaMl-oos^). 

rC K 

At the vertex where ^ it is 


-j (1 - cos J/cv). 


On the plane y =• 0, we have ^ = 0, and the gradient is 
-g cosech* -i . (cosh ij — 1). 

K 

As *>7 ->-0, x-*’CO and the gradient tends to the value 1 which will be 
regarded as the normal value. 

As 77-*-±oo, c and the gradient tends to become zero or in fini te 
according as /c 5 2. 





Kg. 17. Kg. 18. 


When K = 1 we have a semicircular mound. 

The gradient on the line ar = 0 is everywhere greater than the normal 
value, at the vertex it is 2, and at a point at distance 2c above the vertex 
it is 10/9. 

When /c = 3 we have a semicircular ditch. 

The gradient on the line a: = 0 is everywhere less than the normal 
value, at the bottom of the ditch it is 2/9 and at a point (0, c), at distance 
2c above the bottom, it is 8/9. By making /c 0 we obtain values of the- 



Electrical Effects of Peaks and Pits 263 

gradient for tlie case of a cylinder standing on an infinite plane. We mnst 
naturally make c 0 at the same time, in order to obtain a cylinder of 
finite radius a. The appropriate complex potential is 


Y = i 5= ttTT cot ' 


i/ 

On the line x = 0 the potential gradient is 

y® \y) 


tx 


(C) 


and tends to the normal value as y ->■ ± oo. 

TT* 

When y ^ 2a the gradient is — , which is nearly 2* 6. At a distance 2a 

above the s ummi t, y = 4a and the gradient is ^ = 1'2337. On the axis 
of X the gradient is 

~oo8ech^»(— ). 

\xj 

As tc 0 the gradient diminishes rapidly to zero, consequently the 
surface density of electricity is very small in the neighbourhood of the 
point of contact. 


example 

Eluid of oonstant density moves above the infinite plane y *= 0 ■with ■uniform “velocaty U, 
A oylinder of radi^os a is placed in oontaot with the plane ■with its generators peipendionlar 
to ■fche flow. Prove that the stteam function is derived from a complex potential of "type (0) 
multiplied by U and calculate the upward thrust on the oyliuder. 

[H. JefEreys, Pfoc. Oarrib, PhU. Soc. voL xxv, p, 272 (1929).] 


§ 3*83, The effect of a vertical wall on the electric poteMial. Let h be the 

height of the wall, ^ the complex potential. If a is a constant, 

the substitution / a , aa m\ 

az s= th (a^ 4- x r 


makes the point z ^ ih correspond to x = "tbe points on the axis of x 
correspond to the points on ^ « 0 for which > a\ while the points on 
the axis of y for which y < h correspond to the points on ^ = 0 for 
which < a^. Hence, if ^ be regarded as the electric potential, a con- 
ducting surface consisting of the plane y = 0 and the conducting wall 
(a; = 0, 1 / < A.) will be at zero potential*. 

If (r, 0), (r', 6') are the bipolar co-ordinates of a point P relative to 8, 
the top of the wall, and to S', the image of this point in the plane y = 0, 
we have 

h'^^^ = — a® (z^ -l_ /t®) = — 

Therefore h(f) == a {rr')i sin J (0 4- B'), 

JiAp = — a (rr')i cos J (6 + 6'). 

Therefore 2h^^ = ~ y^ + h^f + 4a; V]* “ - y^ + ^“)}- 


* 0. H. Lees, Proc, Boy. Soc» London, A, voL xoi, p. 440 (1915). 
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The equipotentials have been drawn by Lees from the equation 

y* (1 + = A* + «* + h^<f>*laK 

To determine the surface density of eleotiioity we differentiate 
equation P), then 

When X — Oj z iy, hx = ^ id {h^ — and so 
^ = aylh(h^-yi)i. 

The surface density is thus zero at the base and infinite at the top of 
the wall. 

When y = 0, z = X, hx = ^ id (h^ + and so 

^ (A* + 

As » 00 this tends to the value ajh which may be regarded as the 

normal value of the gradient. At a distance from the foot equal to h the 
vertical gradient is 0-707 times the normal gradient. 

The curve along which the electric field strength has the constant value 
F is given by 

a> (®* + y*) = A*J'* [(a:®.- y» + A®)® + 4a:»y®]i, 

that is, by 

a®i2» = h^Ftrr', 

^ere (F, 0) are the polar co-ordinates of P with reapeot to the origin. 
< n ^ “ comtant may be obtained by inversion from the family 

of Cassiman ovals with Sand S' as poles, they are the equipotential curves 
for two unit line charges at S and S', and a fine' charge of strength - 2 at 
the origin 0. The rectangular hyperbola 


y‘ 


■ X‘ = f 


is a partio^ar curve of the family. This hyperbola meets the axis of y at 
a pomt where the horizontal gradient is equal to the normal gradient, 
m force m equ^ m magnitude to the normal gradient at aU points of 

^ 1 Oh® force is greater than 

o/A, at pomts below the hyperbola it is less than a/h. 

direction are the lemnis- 

cates defined by the equation 


^ — 20 = constant. 

Each lemniscate passes through S and S' and has 
It should be noticed that the transformation 


a double point at O. 


az == ih (a® - ^*)i 

enable, n, to map tbe upp» ball rf tie {-plane en tie region oi the npper 
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«“plane bounded by the line y = 0 and the vertical wall x = 0,y<h, This 
transformation makes the points at infinity in the two planes corre- 
sponding points. It may be observed also that if a* — the 

angle 26 ranges from — tt to tt. Hence, since az — hrsind + ihr cos 0, 
^ cos 6 is never negative and so it is the upper portion of the out «}-plane 
which corresponds to the upper portion of the S-plane. If we invert the 
2:-plane from a point on the negative portion of the axis of y we obtain 
a region inside a circle which is out along a radius from a point on the 
oiroumferenoe to a point not on the circumference. The upper half of the 
S-plane maps into the interior of this region. 

If, on the other hand, we invert from the origin of the 2 ;-plane, the 
cut upper half plane inverts into a half plane with a cut along the y-axis 
from infinity to a point some distance above the origin. The point at 
infinity in the ^-plane now maps into the origin in the ^-plane. 


CHAPTER IV 


OONFORHAL REPRESENTATION 


§ 4'11. Many potential problems in two dimeneions may be solved 
with the aid of a transformation of oo-ordinates which leaves = 0 
nnalteied in form. It is easily seen that the transformation 

frtrnished by the equation 

l = ^ + irj = F{x + iy)sF(z) 

possesses this property when the function F is analytio, because a function 
of J which is analytio in some re^on F of the ([-plane is also analytio in 
the oorrei^onding region 0 of the 2 -plane when regarded as a function of z. 
In using a transformation of t.bia kind it is neoessairy, however, to be 
cautious because singularities of a potential function may be introduced 
by the transformation, and the transformation may not always be one-to- 
one, i.e. a point P in the ([-plitne may not always correspond to a single 
point Q in the 2 -plane and vice versa. 

Let F be a function of ^ and ij which is continuous (D, 1), then 

dx 0^ 0a:“*’ dri dx‘ dy 0^ dy^ 0ij dy' 


These equations show that if the derivatives of f and are not all 
finite at a point (x, y) in the 2-plane, the derivatives ^ may be infinite 
0 ^ 0 

even thougli and are finite. A possible exception occurs when 
07' 07 

and both vanish, i.e. at a point of equilibrium or stagnation. 

At any point in the neighbourhood of which the function F ( 2 ) 

can be expanded in a Taylor series which converges for \z -- Zo\ < c, 
we have 


F (z) =ss S O/in 

n -"0 

where z = x-\-iy, 2o=a%-ftyo. 

and if 5 = ^ + - P ( 2 ), So = fo + ^0 = 


F (2o)j 


we may write 

dS = S - So = ■?(*)- -F (*o) ^dzlF' (z) + e], 
where dz = z — z^ and e 0 as (fe -*-0. 


Hence dt = dz.F' (x) approximately. 



Properties of the Mapping Function 

This relation shows that the («, y) plane is mapped con 
(1, 7)) plane for all points at which | F' {z) | is neither zerc 
We have in fact the approximate relations 

da = d8\F' {z) \ , 
tj) = d (Zf ' 

where dz = ds.e^, dl = do-.e^, 

(z) - I F' {z) I 

These relations show that the ratio of the lengths of two corresponding 
linear elements is independent of the direction of either and that the angle 
between two linear elements dz, Sz at the point (a;, y) is equal to the angle 
between the two corresponding linear elements at (f , tj). The first angle is, 
in fact, 6 — d\ while the second angle is 

^ = (fl + a) - (»' + a) = e - 0 '. 

These theorems break down if some of the first coeflBlcients in the 
expansion 

^ - fo = s (« - Zj)" (A) 

n-1 

are zero. If, for instance, = Oa = ••• we have for small values 

of I z “ Zo I 

^0= dm 2o)™. 

and the relation between the angles is 

(j> = md + a^i where €b^= \d^ \ 

This gives 

^ f = m (0 - 0'). 

More generally it there is an expansion of type (A) in which the 
lowest index m is not an integer a similar relation holds. 

§ 4*12. The way in which conformal representation may be used to 
solve electrical and hydrodynamical problems is best illustrated by means 
of examples. One point to be noticed is that frequently the transformation 
does not alter the essential physical character of the problem because an 
electric charge concentrated at a point (line charge) corresponds to an 
equal electric charge concentrated at the corresponding point, a point 
source in a two-dimensional hydrodynamical problem corresponds to a 
point source and so on. 

These results follow at once from the fact that if is the complex 

potential we may write 

<^ + = / (re + iy) = g (^ + irj), 

and if ^ is the electric potential, the integral jefc/r taken round a closed curve 
is ± 477 times the total charge within the curve. Now the interior of a 
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dosed onrve is ge]ie(Fally mapped into the interior of a corresponding dosed 
curve and a smiple circuit generaJly corresponds to a simple drouiti 
moreover ^ is the same in both oases and so the theorem is ea^y proved. 
It should be noted that a simple circuit may fail to correspond to a simple 
drouit when the dosed curve contains a point at which the conformal 
character of the transformation breaks down. Another apparent exception 
arises when a point (x, y) corresponds to points at in^ty in the rj) 
plane^ but there is no great difficulty if these points at infinity are imagLaed 
to possess a certain unity. In fact mathematicians are accustomed to 
speak of the point at infinity when discussing problems of confoimal 
representation. This convention is at once suggested by the results obtained 
by inversion and is found to be very useful. There is no ambiguity then 
in talking of a point charge or source at infinity. 

We have seen that certain angles are undtered by a conformal trans- 
formation and can consequently be regarded as invariants of the trans- 
formation. Certain other quantities are easily seen to be invariants. 
Writing 

^ ” 9 ^ j ^ ^ ’?)> 




•where d {x, y), d (f, ^7) are elementa of area in the two 

\^^9y»/~a^*+ a,a. 

\9a:*'''0yV“0f«+ 0,«' 

The quantities ^ and 0 are nsuaJly taken to be invariants in a oon- 
fonnal transfoimation and the foregoing rdations indicate that 

^ a ^ **** ^ eiectrioity the first integral is proportional 

oha^ associated with the area over which the integration 

^ aeccnd integral represents the total 

vorti^ty ass^ted with the area and the third integral is proportional 
to the kmetic energy when the density of the fiuid is coLtLt. The 

invariant character of the integrals |(«d® + «%,) and is eastiy 

recognised because these represent and jd^ respectively. 



Riemann Swrfcicea and Winding Points 269 

§ 4- 21. The trarisformcaion w = When n is a positive integer the 
transformation ty = 2 ;" does not give a (1, 1) correspondence between the 
t(;-plane and the 2 ;-plane but it is convenient to consider an 71 -sheeted 
surface instead of a single plane as the domain of w. For a given value of 
w the equation ^ w has n roots. If one of these is the others are 
respectively Z^ = ZiO), Z^ == ... == where cu = 

If 2 = we may adopt the convention that for 

Zj, 0<nB< 2 jr^ 

Z^f 2fl- < n6 < 4-77, 


, Zn, {2n — 2) 7T< n0< 2mT, 

Defining the sheet (m) to be that for which = Z^ we can say that 

is in the first sheet, in the second sheet, and so on. The n sheets 
together form a “Riemann surface” and we can say that there is a (1, 1) 
correspondence between the 2 -plane and the Riemann surface composed 
of the sheets (1), (2), ... {n). Ji w = Re*® we have 0 = nO, and so when 
^ fia-v© (2m — 2) TT < © < 2m7r. 

The 2 -plane is jdivided into n parts by the lines joining the origin to 
the comers of a regular polygon, one of whose comers is on the axis of x. 
These n portions of the 2 -plane are in a (1, 1) correspondence with the 
n sheets of the Riemann surface. The n lines just mentioned each belong 
to two portions and so correspond to lines common to two sheets. It is by 
crossing these Lines that a point passes from one sheet to another as the 
angle 0 steadily increases. The point O in the w;-plane is a winding point 
of the Riemann surface, its order is defined as the number w — 1. 

A circle \ w — W \ = corresponds to a curve | 2 " — -Z** | = a", which 
belongs to the class of lemniacateB* 

TxT ^ ... = a«, 

where rj , rg , . . . are the distances of the point 2 from the points , Za , . . . Z„ 
which correspond to TF. In the present case the poles of the lemnisoate 
are at the comers of a regular polygon and the equation of the lemniscate 
can be expressed m the form 

— 2r^It^ cos n {6 — &) + (re*® = 2 , Re*® = Z). 

When n* = 2 a circle in the 2 -plane corresponds to a lima 9 on. To see 
this we write w = U’\-iv^z = x-{- iy, then 

u = V = 2xy. 

* This is the name used by D. Hilbert, OdtU Nachr. S. 63 (1897). The name oassinoid is nsed 
by C. J. de la Valine Fonsain, Matheaia (3), t. n, p. 289 (1902), Appendix! The geometrioal pro- 
perties and types of curves of this kind are disoussed by H. Hilton, Mesa, of Maih. vol. XLvm, 
p. 184 (1919), reference being made to the earlier work of Serret, La Goupillite and Darboux. 
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Henoe, if 


{x + a)^ + = 0% 


we have [u^ + — 2 a^ + (oi>^ — == 4 c* (i 6 ^ + 

or, if 17 = « + 0® — ’ a®, F = v, JJ ^ B cos 0 , F = J? sin 0 , 
(C72 + 72 _ 2c^xjY = 4aaca (?7a + V% 


B == 2 ac + 2 c^ cos 0 . 


EXAMPLES 

1. The curve r*” - 2t^c^ oosnd + <3^^ * 0 has n ovals each of which is its ownmveree 

with respect to a circle centre 0 and radius V(c<2)* The ordinaty foci ••• invert into 

the flin g nlar foci Ai, A,, ... the polar co-ordinates of B^ being given by r “ d, « 2sir. 

2. Tiinft charges of strength + 1 are placed at the comers of a regular polygon of n 

comers and centre 0^ while line charges of strength — 1 are placed at the comers of another 
regular polygon of n oomerB and centre 0. Prove that the 6(}^tdpotentials are T^-poled lemnis- 
oates. [Darboux and Hilton.] 

3. Prove also that the lines of force are n-poled lenmisoates passing through the vertioea 
of the regular polygons. 


§ 4 * 22 * The bilinear Iramformation, The transformation 


az + h 
025 + jS’ 


(A) 


in which a, 6 , a, j 3 are complex constants, is of special interest because it 
is the only type of transformation which transforms the whole of the 
25-plane in a one-to-one manner into the whole of the ^-plane and gives a 
conformal mapping of the neighbourhood of each pomt. 

If a 0 there are generally two points in the 25-planp for which ^ « 25. 
These are given by the quadratic equation 

a2;® -h (jS — a) 25 — 6 = 0 . 


Let us choose our origin in the 2:-plane so that it is midway between 
these points, then ^ = a and if we write 6 = oc^ the self -corresponding 
points are given by 25 = ± c. The transformation may now be written in 
the form 


£±_c 

C-c' 


a -I- ca 25 + c 

a — CCC 25 — c 


From this relation a geometrical construction for the transformation 
is easily derived. Writing a + ca = pe*“, 

^ + c = z + c = rie*\ 

^ — c = z — c — 


% 




@1 — ©2 = ti) + (6^ — 0 ^). 


we have the relations 
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If and 8^ are the self -corresponding points these relations tell us that 
a circle through 8i and 82 generally corresponds to a circle through 8^ 
and 82^ but in an exceptional case it may correspond to a straight line, 
namely the line 8182- 

Again, a circle which has 8^ and 82 as inverse points corresponds to a 
circle which has 81 and 82 as inverse points. 

By a suitable displacement of the z and f-planes we can make any 
given pair of points the self-corresponding points provided the self-corre- 
sponding points are distinct, for if the displacements are specified by the 
complex quantities u and v respectively, the transformation may be 
written in the form 

/ j- 91 — a(z + u) -\- b 
a(z + u) + p^ 

and we can choose u and v so that the equation ^ » has assigned roots 

Zi and Z2. 

We may conclude from this that the transformation maps any circle 
mto either a straight liae or a circle; a result which may be proved in 
many ways. One proof depends upon the theorem that in a bilinear 
transformation of type (A) the cross-ratio of four values of « is equal to 
the cross-ratio of the four values of i.e. 


(g — gi) (ga — ^a ) 

(2 - ^2) (2^ - 2 Ji) 


a-^^)a2-u) 


a - ^ 2 ) («3 - CiY 

Now the cross-ratio is real when the four points he on either a straight 
line or a circle, hence four points on a circle must map into four points 
which are either coUinear or concyclio. If in the transformation (A) we 
choose u so that au ^ = 0, and v so that av = a, the transformation 
takes the form 

where a'^k^ = ab -- ojS. 


By a suitable rotation of the axes of reference we can reduce the 
transformation to the case in which k is real, and this is the case which 
will now be discussed. 

The transformation evidently consists of an inversion in a circle of 
radius k with centre at the origin followed by a reflection in the axis of a?. 
The points z = ± k are self-corresponding points and if these are denoted 
by 81 and 82 it is easily seen that two corresponding points P and Q lie 
on a circle through 8^ and 82^ The figure has a number of interesting 
properties which will be enumerated. 

1. Since g (J -}- fc) = i (g + fc) the angles 8 iP 0 f Q 8 j ^0 are equal, and 
so the angles 81PO, 82PQ are also equal. 

2. The triangles 81PO, QPS2 are similar, and so 

P8^.P82= PO.PQ. 
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3. If (7 is the middle point of PQ we have OSi.CS^ « CP*, also PQ 
bisects the angle Sj^CS^. 

The four points 8i,P,Si,Q on the oirole form a haormonio set. Thla 
follows from the rdation i i 2 

which is easily derived from (B). 

The angle PS-iC is equal to the angle S-^PO. The lines S^P, PO, CSx 
thus form an isosceles triangle. 

In the case when the self-corresponding points coincide we have 
a — = 2ac, b = — ac*, 

where c is the self-corresponding point. The transformation may now be 
written in the form 

la 1 „ 

y — = 0 -; 1 » -I- oc 0 . 

c p + ao z — c' ^ 

It may be built up from displacements and transformations of the 
type just considered and so needs no further discussion. The only other 
interesting special case is that in which the transformation then consists 
of a displacement followed by a magnification and rotation. 


§ 4-23. Poisson's formula and the, mem. value theorem. Bdoher has 
shown by inversion that Poisson’s formula may be derived from Gauss’s 
theorem relating to the mean value of a potential function round a oirole. 

I^t 0 and C be inverse points with respect to the circle P of radius a, 
and let CC = c. Inverting with respect to a circle whose centre is C" and 
radius c, the point 8 on the circle transforms into a point S'. We shall 
suppose that O' is outside the circle P, then 8 is inside the circle P Let 
ds, ^ be corresponding arcs at 8 and 8' respectively and let the polar 
co-ordmates of C and O' be (r. 6), (r', 6) respectively, where rr' = a* ^le 

O “d given by the tormuln 

08' = c^„= c~ 

O' 8 ^O'A 


r' — a a 

Aieo 

where {a, u) are the polar co-ordinates of 8. 

Writing ds' = a'dcr', we have 

da' = cgadq _ 

a.O'S^ 

re . a - ... continently the fominla of Poineon booomen 
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This formula states that the mean value of a potential function roun< 
the oiroumferenoe of a circle is eq^ual to the value of the function at the 
centre of the circle. Hence Poisson’s formula may be derived from this 
mean value theorem and is true under the same conditions as the mean 
value theorem, 

§ 4-24. The conformal representalion of a circle on a half plane*. If two 
plane areas A and can be mapped on a third area Aq they can be 
mapped on one another, consequently the problem of mapping A on A^ 
reduces to that of mapping A and on some standard area Aq. 

This standard area Aq is generally taken to be either a circle of unit 
radius or a half plane. The transition from the circle + y^< I in the 
2 f-plane to the half plane v > 0 in the i(;-plane is made by means of the 
substitutions 

z = X + iy, u + iv, z {i + w) = i — w, 

Dx = 1 — w* — -z;*, Dy — 2w, (I) 

where D = + (1 + v)\ 

4ID=^(l + x)^ + y\ 

When v= Oy the substitution u = tan d gives 
X = cos 20, 2 / = sm 20. 

As 20 varies from — tt to tt, the variable u varies from — oo to cx) and 
so the real axis in the tz?-plane is mapped in a uniform maimer on the unit 
circle x^ + y^ = 1 in the 2 -plane, 

Since, moreover, 

Z) (1 — a;® — y*) = 42;, Dy = 2Uy 

we have 2 ; > 0 when x^ y^< 1, consequently the interior of the circle is 
mapped on the upper half of the 2(7-plane. 

When u and v are both infinite or when either of them is infinite, we 
have X = — I, y = 0; hence the point at infinity in the 24;-plane corre- 
sponds to a single point in the g-plane and this point is on the unit circle. 

The transformation (I) may be applied to the whole of the 2 -plane; 
it maps the region outside the circle + 2 /® = 1 on the lower hah ( 2 ; < 0) 
of the 2 z;-plane. A line y = mx drawn through the centre of the circle 
corresponds to a circle m {I — — v^) = 2u which passes through the 
point (0, 1) which corresponds to the centre of the circle, and through the 
point (0, — 1) which corresponds to the point at infinity in the 2 -plane. 
This circle outs the Hne 2 ; = 0 orthogonally. 

Two points which are inverse points with respect to the circle x^ + y^= 1 
map into points which are images of each other in the line 2 ; = 0. 

♦ This presentation in §§ 4-24, 4-61 and 4-62 follows closely that given in Forsyth’s Theory of 
Fwiciions and the one given in Darbonz’s Thdorie gdnirdle des aurfacea, 1. 1, pp. 170-180, 
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The upper half of the w-plane may be mapped on itself in an infinite 
number of ways. To see this, let us consider the transformation 


aw + b _ At — b 
CW + d ’ ^ ~ a — 


.( 11 ) 


in whioh a, b, c and d are real constants and ^ f 4 - «}. 

When w is real ^ is also real and vice versa, hence the real axes corre- 
spond. Furthermore, 

7] [(m + dy + = {ad — be) v, 

hence if od — 5 c is positive, -q is positive when v is positive. There are three 
effective constants in this transformation, namely, the ratios of a, 6 and c 
to d, hence by a suitable choice of these constants any three points on the 
axis of u may be mapped into any three points on the axis of In fact, 
if “i» «8 are the values of u corresponding to the values f,, of f, 

we can say from the invariance of the cross-ratio that 


- ^i) {ii - la) _ (w - Ml) (^ - «8 ) 

it - f*) (^8 - ii) (w - Mj) («s - ■«h)’ 

and so the equation of the transformation may be written down in the 
previous form, the coefficients being 

® (■®2 — Mb) + iaii (Mb — Ml) 4- ^1^2 (Ml — Mb), 

* = M.Ms^i (iz - ia) 4 - (^3 - (f, _ ^3), 

C = (^2 - ^a) 4- Ma (fa - fi) 4- Ma (fi - fa). 

d = UtUa (it - it) + Mgtfi (^3 — ij) 4- UiUt (it - it). 

The quantity ad-bcia given by the formula 

ad - be = (it - it) (it - it) (it - it) (Ut - Ms) (t*, - Ut) (itj - Ut). 

If Ml, lig, Mj are aU different the coefficients c and d cannot vanish 

simultaneoualy, for the equations c = 0, d = 0 give 

— p-~ — fa ~ fi fi - it 

and these equations imply that 


% (mj* — Ms*) 4- Tit (Mg* — itj*) + Ut (Ml* — uy) = 0 , 

” (% ~ Mb) — Tit) (ut — u^ = 0, 

^ different. In a similar way it can be 
vtlS u " simultaneously and that a and b cannot 

«■“ «« tranrformation 

should coSond^to li direction through this point 

through this point The T,r direction 

ugn this pomt. The proof of the theorem may be left to the reader. 
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who should examdue also the special case in which one or both of the 
points is on the real axis in the plane in which it lies. 


1. Prove that Poisson’s formula 
2n- 

maps into the formula of § 3*11, 


EXAMPLES 




where /(^) = F (tan 

2. Prove that the transformation 


2roo8(^-(9')+ra 
yF{z')daf 

TT ) ^oa{x-xy + ya* 


\r\<l 


_Z 


maps the half plane ^ > 0 on the unit oirole | k; | < 1 in such a way that the point maps 
into the centre of the circle. 


§ 4'31. Riemann's problem. The standard problem of conformal repre- 
sentation will be taken to be that of mapping the area A in the z-plane 
on the upper half of the i£?-plane in such a way that three selected points 
on the boimdary of A map into three selected points on the axis of u. This 
is the problem considered by B. Riemann. in his dissertation. The problem 
may be made more precise by specifying that the function / (w) which 
gives the desired relation 

a = / (w) 

should possess the following properties : 

(1) f (w) should be uniform and continuous for all values of w for which 
V > 0. If is any one of these values / {w) should be capable of expansion 
in a Taylor series of ascending powers of w-- which has a radius of 
convergence different from zero. 

(2) The derivative/' {w) should exist and not vanish for v > 0 ; indeed, 
if/' {w) == 0 for = 'z/;o wiU be at least two points in the neighbour- 
hood of Wq for which z has the same value. This is contrary to the require- 
ment that the representation should be biuniform. 

(3) / {w) should be continuous also for all real values of but it is 

not required that in the neighbourhood of one of these values, the 
function / [w) can be expanded in a Taylor series of ascending powers of 
w for, as far as the mapping is concerned, / {w) is defined only 

for u > 0. 

(4) Considered as a function of 2 , the variable w should satisfy the 
same conditions as / (w). If / iw) satisfies aU these requirements it will give 
the solution of the problem. The solution is, moreover, unique because if 


two functions 


z = f{w)y z = g{w) 


give different solutions of the problem, the transformation 

f{w) = g {W) 
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trill map the upper half plane into itself in suoh a way that the points 
tfi, u,, «! map into themsdres. How it can be proTed that a transformation 
which maps the upper hi>,1f plane into itself is bilinear and so the relation 
between w and W is 


(to -«!)(«,- Va) ^ {W - «i) (u, - ug) 

(to -«,)(«,- Ml) 


or 

This reduces to 
and so TT = to. 


to — % W — tti 

w — Tf — tfj' 

(w - IF) (%-«,) = 0 , 


§ 4*88. The general problem of conformal repreaentation. The general type 
of region which is considered in the theory of conformal representation 
may be regarded as a carpet which is laid down on the s-plane. This carpet 
is supposed to have a boundary the exact nature of which requires careful 
specification because with the aim of obtaining the greatest possible 
generalily, different wnters use different definitions of the boundary curve. 
There may , indeed, be more than one boundary curve, for a carpet may, 
for instance, have a hole in its centre. For simplicity we shall suppose 
that each boundary curve is a simple closed curve composed of a finite 
number of piecM, each piece having a definite direction at each of its 
points. At a point where two pieces meet, however, the directions of the 
two tangents need not be the same; a carpet may, for instance, have a 
Mmer. The tangent may actually turn through an angle 2ir as we pass 
from one piece of a boimdaiy curve to another and in this case the boundary 
has ^ point which may point either inwards or outwards. It turns 
out that the former case presents a greater difficulty than the latter. 

to spe^ investigations other restrictions may be laid on each piece 
of a boun^ curve and from the numerous lestriotionB which have beer 
used we shall select the following for special TnAntipp 

A <Jjr««tion of the tangent is required to vary continuously as 

a pomt moves along the curve (smooth curve*). ^ 

point mo™, 

. 1 .?* ^ Onm shoiild le reoSiablo, i.e. it should bo postiHo to do8no 
^ ’rtth the Sid oi . doitaito 

^ t^n in ^ LT^ boiotdiand. suoh « the meontog 

ouri ““ ^ onUod • 

AA 11 WP possesses the properties 1 and 2 a curve (CTO) 

..^whiohposeess«theproperli.sl«si3m.ybeoslMeo»rve(J^^^^^ 

J^npve . m Hurwite-Oanwat, Berlin ( 1986 ), runkUmmtheorie). 
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The carpet mil be said to be eiinply connected when a cross ou 
from any point of the boundary and ending at any other divides tn^. 
into two pieces. A carpet shaped like a ring is not simply oo: 
because a out starting from a point on one boundary and ending at a point 
on the other does not divide the oarpet into two pieces. Such a 
may, however, be made simply connected by making a out of this i 
When we consider a carpet with n boundaries which are simple cl 
curves we shall suppose that the boundaries can be converted into one 
by a suitable number of outs which will at the same time render the carpet 
simply connected. It will be supposed, in fact, that the oarpet is not 
twisted like a Mobius’ strip when the cuts have been made. 

Any closed curve on a simply connected carjjot can be continuously 
deformed until it becomes an infinitely small circle. Tliia cannot always be 
done on a ring-shaped carpet as may be seen by considering a circle oon- 
oentrio with the boundary circles of a ring, and it cannot be done in the 
case of a curve which runs parallel to the edge of a singly twisted Mdbius’ 
strip formed by joining the ends of a thin rectangular strip of paper after 
the strip has been given a single twist through ISO**. Such a closed curve 
is said to be irreducible and the connectivity of a oarpet may be defined 
with the aid of the number of different types of irreducible closed curves 
that can be drawn on it. Two closed curvets are said to bo of different types 
when one cannot be deformed into tint other without any break or crossing 
of the boundary. It is not allowed, for instance, to out the curve into 
pieces and join these together later or in any way to make the curve into 
one wliioh does not close. 

A simply connected carpet may cover the plane more than onoe; it 
may, for instance, bo folded over, or it may be double, triple, etc. In the 
latter case it is called a Riemann surface, i.e. a surface consisting of several 
shoets which conncict with one another at certain branch lines in suoh a 
way ns lo give a sim])ly connected surface. When there are only two 
sheets it is ofi.en (uuivenic'iit to rf'gard thetn as the upper and lower 
surface's of a single carped, wit h a emt eir branch liiiee thremgh wliiedi passage 
may be miwlo freun onee surfiwe' te» the eetlier. In tliee ceisee e)f a ring-shapod 
oarjwt we goneTally cenisiele'r only tlie* iippeT surfaeee', but if the) leiwe'r surface 
is also ceaisielere'el anel a passage is alle»we*el from emei surface) to the other 
across oithe)r eme e)r botli of t he) eslge's e>f the) ring a surfaese wit.h two shoots 
is oi)laint'el, but this elemldy shoetod surface is imi simply connected 
because a curve ce)ncent.ric with the two edges is still irrodueiblo. In a more 
ge)neral the-ejry e)f ceuiforenal ropre)scntatiein the mapping of multiply 
ce)nne)ct.eel Hurfae!e)H is e!e)nsiele)re)el, but these will be excludesl freem the present 
consiele'ratiems. 

A eiaqaet may alse) luivo an infinite numbe'r of boundaries or an infinite 
number of sheets, but these coses will also bo excluded. When wo speak of 



278 Conformal Representation 

an area A we shall mean the right side of a carpet which is bounded by a 
simple closed curve formed of pieces of type (RGTO) and is not folded 
over in any way. The carpet will be supposed, in fact, to be simply con- 
nected and smooth, the word smooth being used here as equivalent to the 
German word “schlicht,” which means that the carpet is not folded or 
wrinMed in any-way. The function F (z) maps the circular area ( » | < 1 
into a smooth region if 

F(z,)-F {z,) Q 
* 1 - 

whenever | Zi | < 1 and | 2* | < 1 . 

We shah be occupied in general with the conformal representation of 
one simple area on another, and for brevity we shall speak of this as a 
mapping. In advanced works on the theory of functions the problem of 
conformal representation is considered also for the case of Blemann 
surfaces and the more general theory of the conformal representation of 
multiply connected surfaces is treated in books on the differential geometry 
of surfaces. 

For many purposes it will be sufQcient to consider the problem of 
conformal representation for the case of boundaries made up of pieces of 
curves having the property that the co-ordinates of their points can be 
expressed parametricahy in the form 


® = /W. y = g(t), 


where the functions / {t) and g (t) can be expanded in power series of type 


S a„ (# - «o)", 

n-0 


.(III) 


which are absolutely and uniformly convergent for aU values of the 
parameter t that are needed for the specification of points on the arc under 
con^eration. In such a case the boundary is said to be composed of 
analjac curves and to is the type of boundary that was considered in 
pioneer work of H. -A. Schwarz, but the restriction of the theory to 

of rem^i.X^°“? necessary* and a method 

remo^g to restnotion was found by W. F. Osgoodt. His work has 

been foUowed up by that of many other mvestigatorat ' 


t ParH^darly E. Study," and L. Bieberbauh. 
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a on the open region B bounded by a curve 6, there being no {specified 
requirement about the correspondence of points on the two boundaries. 
In the second problem the aim is to map the closed realm* A on the 
closed realm B in such a way that each point P on a corresponds to only 
one point Q which is on 6 and so that each point 0 on 6 corresponds to 
only one point P which is on a. It is this second problem which is of most 
interest in applied mathematics. If, moreover, in the first problem the 
correspondence between the boundaries is not one-to-one the applied 
mathematioian is anxious to know where the uniformity of the corre- 
spondence breaks down. 

Existence theorems are more easily established for the first problem 
than for the second and fortunately it always happens in practice that 
a solution of the first problem is also a solution of the second; but this, of 
course, requires proof and such a proof must be added to an existence 
theorem that is adapted only for the first problem. 

The methods of conformal representation are particularly useful because 
they frequently enable us to deduce the solution of a boundary problem 
for one closed region A from the solution of a corresponding boundary 
problem for another region B which is of a simpler type. When the function 
which effects the mapping is given by an explicit relation the process of 
solution is generally one of simple substitution of expressions in a formula, 
but when the relation is of an implicit nature or is expressed by an infinite 
series or a definite integral the direct method of substitution becomes 
difficult and a method of approximation may be preferable. A method of 
approximation which is admirable for the purpose of establishing the 
existence of a solution may not be the best for purposes of computation. 

§ 4-33. Special and exceptional cases. It is easy to see that it is not 
possible to map the whole of the complex z-plane on the interior of a circle. 
Indeed, if there were a mapping function / {z) which gave the desired 
representation, / {z) would be analytic over the whole plane and \f{z)\ 
wotdd always lie below a certain positive value determined by the radius of 
the circle into which the g-plane maps, consequently by Liouville’s theorem 
/ (z) would be a constant. A similar argument may be used for the case 
of the pierced z-plane with the point Zq as boundary. By means of a 
transformation z — Zq= Ijz' the region outside Zq can be mapped into the 
whole of the z'-plane when the point z' = oo is excluded. The mapping 
function is again an integral function for which | / (z') ( < Jf, and is thus 
a constant. On account of this result a region considered in the mapping 
problem is supposed to have more than one external point, a point on the 
boundary being regarded as an external point. 

* We ase realm as equivalent to the German word “ Bereioh, ” and region as equivalent to 
“ Gebiet.” 
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The next case in order of simplicity is the simply connected region 
with at least two boundary points A and B, If these were isolated the 
region would not be simply connected. We shall therefore assume that 
there is a curve of boundary points joining A and B, This curve may 
contain all the boundary points (Case 1) or it may be part of a curve of 
boundary points which may either be closed or terminated by two other 
end-points C and F, The latter case is similar to the first, while the case 
of a closed curve is the one which we wish eventually to consider. 

The simplest example of the first case is that in which the end-points 
are 2=0 and 2 = oo, the boundary consisting of the positive a:-axis. The 
region bounded by this line can be regarded as one sheet of a two-sheeted 
Riemann surface with the points 0 and 00 as winding points of the second 
order, passage from one sheet to the other being made possible by a 
junction of the sheets along the positive £c-axis. The whole of this Riemann 
surface is mapped on the 2 '-plane by means of the simple transformation 
2 ' = which sends the one sheet in which we are interested into the 
half plane 0 < < tt, where 2 ' = 

In the case when the boundary consists of a curve joining the points 
2 = a, 2 = 6, these points are regarded as winding points of the second 
order for a two-sheeted Riemann surface whose sheets connect with each 
other along the boundary curve. This surface is mapped on the whole 
2 '-plane by means of the transformation 



and in this transformation one sheet goes into the interior, the other into 
the exterior of a certain closed curve (7. The mapping problem is thus 
reduced to the mapping of the interior of (7 on a half plane or a unit circle. 
Finally, by means of a transformation of type 

2 = Az' -f B, 

we can transform the region enclosed by C into a region which lies entirely 
within the unit circle 1 2 | < 1 and our problem is to map this region on 
the interior of the unit circle U | < 1 by means of a transformation of 
type C = /( 2 ). 

§ 441. The mapping of the unit cirde on itself. If a and d are any two 
conjugate complex quantities and ccis a, real angle the quantities — a 
and 1 - have the same modulus, consequently if jS is another real 
angle the transformation 

(1 - az) ? = (z - a) 

i^ps I z 1 = 1 into I ^ I = 1, and it is readily seen that the interior of one 
cirde maps into the interior of the other. It should be noticed that this 
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transf orraation maps the point z — a into the centre of the circle | ^ | = 1 . 
If we put a = 0 the transformation reduces to the rotation 

I = 

which leaves the centre of the circle unaltered. If we can prove that this 
is the most general conformal transformation which maps the interior of 
the unit circle into itself in such a way that the centre maps into the 
centre it will follow that the formula (A) gives the most general trans- 
formation which maps the unit circle into itself. 

The following proof is due to H. A. Schwarz. 

Let / [z) be an analytic function of z which is regular in the circle 
I is I = 1 and satisfies the conditions 

I / (iz) I < 1 for I 2 I < 1, / (0) = 0. 

If cl> (z) = f (z)lz, <^(0)=/'(0), 

the function ( 2 :) is also regular in the unit circle, and if | 2 ; | = r, where 
r < 1, we have 

\<l>{z)\< 1/r. 

But since ^ (z) is analytic in the circle | 2 ; | = r the maximum value 
of \ (f) (z) \ occurs on the boundary of this region and not within it, hence 
for a point Zq within the circle | 2 ; | = r, or on its circumference, we have 
the inequahty | ( 2 : 0 ) I < 1/^ (Schwarz's inequality*). 

Passing to the hmit r -> 1 we have the inequality 
I <5^ ( 2 : 0 ) I < 1 for I 2:0 I < 1. 

Now let ^ = f (z), z = g (^) be the mapping functions which map a 
circle on itself in such a way that the centre maps into the centre, then 
by Schwarz's inequality 

I S/2; I < 1, I z/C I < 1 . 

Hence | ^/ 2 ; | = 1, and so \ </> (z) \ is equal to unity within the unit 
circle. Now an analytic function whose modulus is constant within the 
unit circle is necessarily a constant, hence ^ = ze^^ where j8 is a constant 
real angle. 

Since the unit circle is mapped on a half plane by a bilinear trans- 
formation, it follows that a transformation which maps a half plane into 
itself is necessarily a bilinear transformation. 

§ 4-42. Normalisation of the mapping problem. Let F be the unit circle 
I 5 I < 1 in the ^-plane and suppose that a smooth region 0 in the 
2 :-plane can be mapped in a (1, 1) manner on the interior of F. Since F 
can be mapped on itself by a bilinear transformation in such a way that 
two prescribed linear elements correspond, it is always possible to normalise 

* This is often called Schwarz’s lemma as another inequality is known as Schwarz’s inequality. 
The lemma of § 4-61 is then called Schwarz’s principle or continuation theorem. This second in- 
equality is used in § 4*81. 
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the mapping so that a prescribed linear element in the region O corresponds 
to the centre of the unit circle and the direction of the positive real axis, 
that is to what we may call the “chief linear element.’’ We can then, 
without loss of generality, imagine the axes in the 2;-plane to be chosen so 
that the origin Hes in on the prescribed linear element and so that this 
linear element is the chief linear element for the 2:-plane. This means that 
the normalised mapping function C = f(z) satisfies the conditions / (0) = 0, 
/' (0) > 0. Tmally, by a suitable choice of the unit of length in the 2;-plane, 
or by a transformation of type z' = kz, we can make/' (0) = 1. The trans- 
formation is then fully norinalised and / (z) is a completely normalised 
mapping function. The power series which represents the function in the 
neighbourhood of 2; = 0 is of type 

f(z) = z + a^z^ + .... 

The coefficients a2, ... in this series are not entirely arbitrary, in 

fact it appears that 0^2 is subject to the inequality* | 02 1 < 2. To prove this 
we consider the function g (z) defined by the equation f (z) ff (z) ^ 1, We 
have 

zg(z) = 1 + d^z+b^z^i- ..., 

61 =—^2, 62 = — Og, 

If 0<c< 1, the transformation y = gr (2;) maps the circular ring 
^ 1 on a, region A in the y-plane bounded by a curve C and a curve 

Cc which can be represented parametrically by the equation 
cy = -f 61C -h + c^co (c, a), 

where a is the parameter and w (c, a) remains bounded as a varies between 
0 and 2w. Writing cd = 1, we remark that the equation 

yer^ = 

gives the parametric representation of an elhpse with semi-axes d + be, 
tf - 6c respectively, and so the area of the curve O, differs from vd* 
y c , where | B | remains bounded as c -»■ 0. Now the area of the region A 
IS a quantity given by the equation 

^ LJo ^ = ,7 (d* - 1 + S « I 6„ |a - 2 71 I 6jac^ 

and > A' \ also as c ^ 0 the difference wd* - A; tends to the area A 
of the region enclosed by G. Since ^ > 0 we have the inequality 

J^71|6„|2< 1. 

Now the function 

[9(2*)]* = ! + ^2+ 2^_i = 6, 

S’ZZ’ ““ I ' I < ‘ -gion, and .0 by the 

• See, for instance, L. Bieberbaoh, Btrlin. Sitmngaler. Bd. xxivm, S. 940 (1916). 
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Since \= — tke last inequality becomes simply 
I Uj |*< 4 or I I < 2. 

We have | | = 1 when and only when jSj = jSg = . .. = 0, consequently 

Og I = 2 when and only when 

[gr (z®)]i ^ ^ where a is real, 

g (z) = (z“i + 


that is, when 


/(z) = 


(1 + z&^Y 

TilTAIVrPT.TO 


1. A transformation which maps the unit circle into itself in a one-to-one manner and 
transforms the chief linear dement into itself is necessarily the identical transformation. 

[Schwarz and Poincar^.] 

2. A region enclosing the origin which can be mapped on itself with conservation of the 

chief linear element consists either of the whole plane or of the whole plane pierced at the 
origin. [T. Rad 6 , Bzeged Acta, 1 . 1 , p. 240 (1923).] 

3. If the region | 2 | < 1 is mapped smoothly on a region W in the w?-plane by the function 

^ ~ / ( 2 ) = 2 + OiZ® + , prove that, when | z | = r < 1 , 

V T 

(1 4 . ;.)2 <!/(*)! <( 1 _,) 2 ' 

Mence show that if i&q is a point not belonging to the region W 

I I < i- 

The value | I = i is attained at the point Wq = Je”** when 

z 


f(z)- 


' {I 


- 4. If a region W of the w-plane is mapped smoothly on the circle | z | < 1 by the function 
'Ml =f{z) and i£ Zi, Zz are any two points which do not lie within the circle, then 


<4. 


[/(0)-/(^i)][/(0)-/(z,)]| 

[G. Pick, Ldpziger Berichte, Bd. lxxxi, S. 3 (1929).] 


§ 4-43. The derivative of a normalised mapping function. Now let / [z) 
be regular in the unit circle 1 2 ; | < 1, which we shall call K. We shall study 
the behaviour of /' (z) in the neighbourhood of an interior point Zq of K. 
Let Zq be the conjugate of Zq, then the transformation 


, ^ Z-Zq 

1 - ZZq 


maps the circle K into itself and sends the point Zq into the point z' = 0. 
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Writing 

\* “T 

we see that the function/* (z) maps the circle jBl on a smooth region and 
leaves the origin fixed. If have by Taylor’s theorem 

/* (2) = 2 (1 - r*)/' (2o) + izMl - r^) [(1 - r®) /" (2») - (zo)] + ... . 

The functionf 

F (z) = z + A 2 ® + 

• • (l-r*)/'(2o)“* + ^*^ + - 

is thus a normalised mapping function, and so by the theorem of § 4*42, 
M 2 1 < 2, i.e. 




< 4. 


« /” (2b) Tt , -n ^ f ^ 
^/'( 2 o) + 


Writing 

where /' {z) = and u and v are real, we have the inequality 

3 / .V 2r2 I 4r 

{u-\- %v) — < 

ar^ ^ l-r^P 1 ~r2 

Therefore _ ^ ~ ^ 

1 — r® ^ 3r ^ 1 — r* ’ 

_ 4 3t; 4 

red- 
integrating between 0 and r we obtain the two inequalities J 

IH< 21 ogp. 

The first of these may be written in the more general form 


I-I 2 
(I + I2I 


riz) 

/'(O) 


1+ |2 

(1-|2|)3’ 


Where now M / (2) is a function which maps .S: on a smooth region not 
t This toctionwMnsedbyL.Bieberbao]i,Jlfaa.2ei«scAr.Bd iv S 295nftTq\ i * u 

E. Neyar^, see Bieberbach, Matk. ZeiUchr. Bd. ix S 161 (mn Jti Ini’ ^ 
which IS dne to Ifevaidiima is derived fm™ tl,» ^ • tt ^ foUowing analysis 

S. 388 (1925). * account in Hurwitz-Courant, JPunUionentheorie, 

.. . . *W^|/'(z)| ;£A(r) 

s;.r£;£.? 
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containing the point at infinity but is not necessarily a normalised mapping 
function. 

The second theorem is called the rotation theorem, as it indicates limits 
for the angle through which a small area is rotated in the conformal 
mapping. The other theorem gives hmits for the ratio in which the area 
changes in size. This theorem has been much used by Koebe* * * § in his 
investigations relating to the conformal representation of regions and has 
been used also in hydrodynamicsf and aerod57namics. 

When / {z) maps Z on a convex region it can be shown that | /' (^)i 
lies within narrower limits J. Study has shown, moreover, that in this case 
any circle within K and concentric with it also maps into a convex region§. 
Many other inequahties relating to conformal mapping are given in a paper 
by J. E. Littlewood, Proc. London Math. 800 . (2), vol. xxni, p. 481 (1925). 


§ 4*44. The mapping of a doubly carpeted circle with one interior branch 
point. Let P be a point within the unit circle | 2 ;' | < 1 and let rV® 
(0 < r < 1) be the value of 2 ' at P. The transformation! | 

, (1 + r^) 2 : - 2 r^^ , 

^ ^ 2rz — (I + r^) ^ ^ ^ 

satisfies the conditions^ (0) = 0, (0) > 0, | 2 ' | = | 2 : |, when | 2 ] = 1, and 

so represents a partially normalised transformation which maps the unit 
circle in the 2 ;-plane on a doubly carpeted unit circle in the s'-plane, the 
two sheets having .a junction along a line extending from P to the boundary. 
We shall regard this line as a cut in that sheet which contains the chief 
element corresponding to the chief element in the 2 ;-plane. 

It is evident that | z' | < | z | whenever | 2 ; | < 1, and so | 2 ;' | < 1 when 
I 2 ; I < 1. This means that 1 2 ;' | < ( 2 ; ( whenever 1 2 ;' j < 1. 

From this we conclude that for all values of z' for which | 2 :' | < there 
is a positive number q (r) greater than unity for which \ z \ > q {r) \ z' \. 
Indeed, if there were no such quantity q (r) there would be at least one 
point in the circle ] z' 1 < r^, for which | z | = | z' | • expression for q (r) 
may be obtained by writing 

2r 

and considering the points s, 1 js on the real axis. If Ri , Pg ^re the distances 
of the point z from these points respectively we have 

• Qott. Nachr. (1909); Crelle, Bd. cxxxvni, S. 248 (1910); Math. Ann. Bd. lxix. 

t Ph. Frank and K. Lowner, Math. Zeitschf. Bd. m, S. 78 (1919). 

J T. H. Gron^waU, Gomptes Rendus, t. oiixn, p. 316 (1916). 

§ E. Study, Konfarme Ahbildung einfach zuaammenhdngender Bereiche, p. 110 (Teubner, 
Leipzig, 1913). A simple proof depending on a use of Schwarz’s inequality has been given recently 
by T. Rad6, Math. Ann. Bd. on, S. 428 (1929). 

11 C. C3arath6odory, Math. Ann. Bd. ixxn, S. 107 (1912). 
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The oval ciirve for which pBi/sB^ = r® Ues entirely within a circle 
BJRi = constant which touches it at a point'aJo = - /> on the real axis 


for which 


pip + s) = r^ {I + ps), 




The constant is fomid to be 


^± P£ = £ = L__ [(2 + 2r*)i - 1 + r®] 

p + s r® r (1 + r®) 

and we may take this as our value of g' (r). We can see that it is greater 
than 1 when r < 1 because 

2 4- - (1 -f r - r2 ^ r®)® = (1 ~ r^) (1 ~ r)K 


It is clear from the inequality \^\> \ points corre- 

sponding to those which lie within the circle \ z' \< in the a^'-plane lie 
within the larger circle \ z \ < r^q (r) in the 2 -plane, If is the minimum 
distance from the origin of points on a closed continuous curve C' which 
lies entirely within the unit circle | | < Ij the transformation (A) maps 

the interior of C* into the interior of a closed* curve C which lies entirely 
between the two circles | 2 | < 1, | 2 | ~ (r). The shortest distance from 

the origin to a point of G may be greater than r^q (r) but it lies between 
this quantity and r, i.e. the value of | 2 | corresponding to the branch 
point 2 = 6%^. This second minim um distance may be used as the constant 
of type r® in a second transformation of type (A). Let us call it and 
use the symbol Ci to denote the curve into which C is mapped by the new 
transformation. The minimum distance from the origin of a point of this 
curve is a quantity which is not less than a quantity r^^q (r^) associated 
with the number . 

If we consider the worst possible case in which the minimum distance 
for a curve C^+i derived from a curve G^ with minimum distance is 
always r^^q (r„), we have a sequence of numbers rg, ... which are 
derived successively by means of the recurrence relation 


+ 2r„*)4 - 1 + rj]. 

Since r„ < 1 for all values of n and > r„ , the sequence tends to 
a limit B which must be given by the equation 

“ TTW ^ 

This equation gives the value JS = 1. Hence as -►oo the curve lies 
between two circles which ultimately coincide. 

* The curve (7 jmy in some cases close by crossing the line which corresponds to the cut in 
the 2 '-plane. This will not happen if the cut is drawn so that it does not intersect C' again. 
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The convergence to the limit is very slow, as may be seen by considering 
a few successive values of 

•25 -283 *309 

The best possible case from the point of view of convergence is that in 
which = r. This case occurs when the curve C' is shaped something like 
a cardioid with a cusp at P. 

Though useful for establishing the existence of the conformal mapping 
of a region on the unit circle, the present transformation is not as useful 
as some others for the purpose of transforming a given curve into another 
curve which is nearly circular, unless the given curve happens to be shaped 
something like a cardioid or a limagon with imaginary tangents at the 
double point. We shall not complete the proof of the existence of a 
mapping function for a region bounded by a Jordan curve. This is done 
in books on the theory of functions such as those of Bieberbach and 
Hurwitz-Courant. Reference may be made also to the tract on conformal 
transformation which is being written by Caratheodory*, to E. Goursat’s 
Cours d' Analyse Mathematique, t. ni, and to Picard’s Traite d' Analyse. 

§ 4-45. The selection theorem. Let us suppose that the set or sequence 
of functions % (a;, y), 2 /)j ^ 2/)» ••• possesses the following pro- 

perties : 

(1) It is uniformly bounded. This means that in the region of definition 
R the functions all satisfy an inequality of type 

I 2/) I < 

where ilf is a number independent of s and of the position of the point 
{x, y) of the region R. 

(2) It is equicontinuous^. This means that for any small positive number 
€ there is an associated number 8 independent of s, x and y but depending 
on e in such a way that whenever 

- xf + {y' - yf < 82 

we have | Us (pc’, y’) — Us (x, y) \ < Jc. 

We now suppose that the sequence contains an unlimi ted number of func- 
tions and that an infinite number of these functions forming a subsequence 
(^j y)i '^m 2 {^3 y)i *■• selected by a selection rule (m). Our aim 

now is to find a sequence (1), (2), (3), ... of selection rules such that the 
‘‘diagonal sequence” (x, y), (^3 y), converges uniformly in R. 

* Carath^odory’s proof is given in a paper in Schwarz-Festschrift, and in Math. Ann. Bd. Lxxn, 
S. 107 (1912). Koebe’s proof will be found in his papers in Jcnim. fur Maih. Bd. OSLV, S. 177 
(1915); Acta Math. t. XL, p. 251 (1916). 

t The idea of equal continuity was introduced by Asooli, Mem. d. R. Acc. dei Ltncei, t. xvm 
(1883). 
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The first step is to construct a sequence of points Pi, 
dense in B. This may be done by choosing our origin outside E and using 
for the co-ordinates of P, expressions of t3q)e 

a:,= p2-«, ys = p'2-«, 3>0 

where p, p' and q are integers, and where the index 5 = / (p, p , ?) ®' 

positive integer with the following properties : 

I{p,p\q)>IiPo^Po,qo)^ whenever q> qo, 

I (P, p\ ?) > ^ Po', ff). whenever p > 

^ (jPj P\ ?) > {P^ Po'j 3)» whenever p' > 2?o'- 
Since the functions (aj, i/) bounded, their values at Pi have at least 
one limit point Z 7 i (a^i, i/i). We therefore choose the sequence y) 

that it converges at Pj to this limit Since, moreover, the func- 

tions Uy^ {Xy y) are uniformly bounded their values at P2 have at least one 
limit point U2{x2^y^\ we therefore select from the infinite sequence 
y) ^ second infinite sequence y) which converges at P2 to 

^2 (^>2/2)- These functions n^n{^py) uniformly bounded and their 
values at P3 have at least one limit point TJ^ j we therefore select 
from the sequence ‘i^2n (^> y) infinite subsequence {x, y) which con- 
verges at P3 to (rcg, 2/3), and so on. 

We now consider the sequence (a;, ?/), (r, y), (a;, y), .... Since 

the functions are all equicontinuous we have 

1 2 /') - V) \ 

for any two points P and P' whose distance PP' is not greater than S. 

Next let be less than S and let r be such that the set Pi, P2, ... Pr 
contains all the points of R for which q has a selected value satisfying this 
inequality, then a number N can be chosen such that for m> N 

Vs) '^mm (a^s,2/s) 1 < h 

for all values of I greater than m and for all points (a;^, ys) for which q has 
the selected value. This number N should, in fact, be chosen so that the 
sequences {x, y) converge for all these points P^ . These points P^ 
form a portion of a lattice of side 2“« and so there is at least one of these 
points P' within a distance 8 from z. We thus have the additional in- 
equalities 

\y'ii{^,y) -y'li {^\y') |<ie, 

I y') - y'mm 2 /') I 
I % (x, y) - y'mm y) 1 < e. 

This inequality holds for all points P in P and proves that the diagonal 
sequence converges uniformly in P to a continuous limi t function u {x, y). 

There is a similar theorem for sequences of functions of ^ny number of 
variables, and for infinite sets of functions which are not denumerable. 


Equicontinuity 
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In the case of a sequence of functions (z), (z), ... of a complex 

variable z = x-{- iy there is equicontinuity when 

|< h 

for any pair of values z, z' for which | z' — z | < S, 8 , as before, being 
independent of s and of the position of z in the region It. A sufficient 
condition for equicontinuity, due to Arzela*, is that 


z — z 


< Afi 


for all functions /g (z) of the set and for all pairs of points z, z' of the domain, 
Mj^ being a number independent of s, z and z'. We need in fact only take 
hMx = to obtain the desired inequality. 

In the particular case when each function (z) possesses a derivative 
it is sufficient for equicontinuity that | (z) \< where is inde- 

pendent of s and z. The result follows from the formula for the remainder 
in Taylor’s theorem. 

Montel'j: has shown that if a family of functions (z) is uniformly 
bounded in a region R it is equicontinuous in any region jB' interior to R. 

Suppose, in fact, that \fs{z) \ < M for any point z in J? and for any 
function /s (z) of the family, the suffix s being used simply as a distinguishing 
mark and not as a representative integer. 

Let D be a domain bounded by a simple rectifiable curve G and such 
that R contains D while D contains We then have for any point t, 


within R' 


Therefore 


f /» (^) 
2^ Jo (3-0' 


where Z is the length of G and h is the lower bound of the distance between 
a point of C and a point of R' . This inequahty shows that the functions 
/s (z) are equicontinuous in R' . 

Now if /g (z) = {x, y) -j- ivs {x, y) where and are real, the func- 

tions Us , Vs are likewise equicontinuous and uniformly bounded in R . We 
can then select from the set Us a sequence ^^22? %3 j ••• which converges 
uniformly to a function u (x, y) which is continuous in R . Also from the 
associated sequence ^22? ^33> ••• we can select an infinite subsequence 
'^aa> ^ccj which Converges uniformly in jB' to a continuous function 
V {x, y). The series 

faa (^) + lU (2) - faa i^)] + Uco {^) - U i^)] + - 

then converges uniformly to u (x, y) + iv {x, y), which we shall denote by 

* Mem. ddla B. Acc. di Bologna (6), t. vm. 
t Annciles de VJ^cole Normale (3), t. xxiv, p. 233 (1907). 
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the symbol /(z). On account of the uniform convergence the function 
/ (z) is, by Weierstrass’ theorem, an analytic function of z m B'. Indeed it 
/,<»> (z) denotes the nth. derivative of any function f, (z) of our set and O 
is any rectifiable simple closed curve contained within B', we have by 
Cauchy’s theorem and the property of uniform convergence 

(^) + (^) + - 


nl f faaiOdt , nl [ U a) - faa iO 

f 




Since / (0 is continuous in B' and on C' the integral on the right represents 
an analytic function. When = 0 this teUs us that the sequence 

faa (^)> ftft> (^)> 


converges to an analytic function which, of course, is f (z). When n ^ 0 the 
relation tells us that the sequence {z), (z ), ... converges to (z). 

We may conclude from Cauchy’s expression for /^^”^ (z) as a contour 
integral that/g^"^ (z) is uniformly bounded in any region containing JS' and 
contained in B, It then follows that the setfs^^^ (z) is equicontinuous in B . 
Hence from the sequence faa {z), fm {z),fcc (z), ... we can select an infimte 
sequence faaiz), f^^ {z)>fyy {z ), ... such that faa iz),fW (^)> ••• 

verges uniformly in B^ to an analytic function which can be no other 
than/' (z). At the same time the sequence /«« {z),ffip {z), ... converges uni- 
formly to f{z). This process may be repeated any number of times so as 
to give a partial sequence of functions converging uniformly to / (z) and 
having the property that the associated sequences of derivatives up to an 
assigned order n converge uniformly to the corresponding derivatives of 

/(^)- ■ 

We now consider a sequence of contours Ci, C^, ... Cn having for 
limit the contour Cq which bounds JS, the contours C'l, Cg, ... (7^ bounding 
domains each of which contains the preceding and has R as 

limit . From our set of functions /g («) we can select a sequence /^i {z) which 
converges uniformly in Di towards a limit function, from the sequence 
/«! (^) < 2 an cuU a new sequence fg^ (z) which converges uniformly in 
to a limit function and so on. The diagonal sequence /^ (z),f 22 (z), ... then 
converges uniformly throughout the open region J? to a limit function. 

Hence we have Montel’s theorem that an infinite set of uniformly 
boimded analytic functions admits at least one continuoiis limit function, 
both boundedness and contiuuity being understood to refer to the open 
region B iu which the functions are defined to be analytic. 

For further developments relating to this important theorem reference 
must be made to Montel’s paper. For the case of functions of a real variable 
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A. Roussel* has recently invented a new method. The selection theorem 
has been extended by Montel to functions of boxmded variation. 


§ 4’46. M a'p'ping of an open region. Let 12 be a simply connected bounded 
region which contains the origin 0 and has at least two boundary points. 
Let S be the set of analytic functions (z) which are uniform, regular, 
smooth and bounded in B and for which 


/s(0) = 0, /;(0)=1, \f,{z)\<M, 

Let Us he the upper limit of \ fs (z) \ in B and let p be the lower limit of all 
the quantities Ug. There is then a sequence/,, [z) of the functions {z) for 
which Uj. p. Since, moreover, this sequence is uniformly bounded, we 
can apply the selection theorem and construct an infinite subsequence 
which converges uniformly to a limit fimction / (z) in. any closed partial 
region R' or R, This function / (z) is a regular analytic function in R and 
satisfies the conditions / (0) = 0,/' (0) = 1. Being a uniform limit function 
of a sequence of smooth mapping functions it is smooth in R and its ?7 is p. 

The function / (z) thus maps J2 on a region T which lies in the circle 
with centre 0 and radius p. If T does not completely fill the circle, there 
will be a value re^, with r < p, which is not assumed by our function / (z) 
in jR, We shall now show that this is impossible and that consequently T 
does fill the circle. 

Let r = a^p, then a < 1 and if we write 


where 


/o (z) = 


2a 

1 + a^P av{z)- 1’ 


[V {z)f = 


/ (z) — 
( 2 ) - 


V (0) = a, 

we have (0) = 0, (0) = 1 and the function /o (z) is uniform, regular, 

smooth and bounded in R. 

Now let Uq be the upper limit of /g (z) m R. We may find an inequality 
satisfied by this quantity by observing that 

viz) - a 

^ T 

av (z) — 1 

is of the form where r^ , are the distances of the point v (z) from the 
points a, 1/a respectively which are inverse points with respect to the 
circle | ^ | = 1. 

On the other hand, 

a^ I V (z) |2 = pi/pa, 

where pi, pg are the distances of the point /(z) from the points a^pe^, 
a~^pe^ which are inverse points with respect to the circle | z | = p. Now 

* Joum, de Math, (9), t. v, p. 395 (1926). See also Bull, des Sciences Math, t. m, p. 232 (1928). 

19-2 
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the point / ( 2 :) lies either on this circle or within it and so pijp 2 has a value 
which is constant either on | | = p or on a circle within \ z \ ■= p and with 

the same pair of inverse points. This constant for a circle with this pU'ir 
inverse points has its greatest value for the circle \z\^ p circles lyiug 
outside this circle are excluded. This greatest value is, moreover, 

p-a^p _ ^2 

5 • 

P - P 


Hence we have the inequality 1 ( 2 ) |2< 1. By a similar argument we 
conclude^ that has its greatest value when the point v (z) is at some 
place on the circle 1 2 ; | = 1 and this value is a. Hence 

v{z)- a . , 
av {z)-l ’ 

and so TJ^ < p. We have thus found a function for which Uq < p, and this 
is incompatible with the definition of p as the lower limit of the quantities 
Z7,. The region T must then completely fill the circle of radius p and so the 
function / ( 2 ) maps R on this circle. The radius p is consequently called the 
radius of the region R, 

This analysis, which is due to L. Fejer and F. Eiesz, is taken from a 
paper by T. Rad6*. The analysis has been carried further by G. Juliaf who 
first selects from the functions ( 2 ) the polynomials ( 2 ) of degree n. 
Among these polynomials there is one polynomial ( 2 ) whose maximum 

modulus has a minim um value . It is clear that > p. JuUa specifies 
a type of region R for which the sequence p^”^ ( 2 ) possesses a limit function 
/ ( 2 ) mapping the region R on the circle of radius p. 


§ 4-51, Conformal representation and the Oreen^ s function. Consider in 
the ry-plane a region A which is simply connected and which contains the 
origin of co-ordinates. We shall assume that the boundary of A is smooth 
bit by bit. We write 

^ y) = log (1/r) - H {x, y) 

for the Green s function associated with the origin as view-point, r being 
short for Let us write H (0, 0) = log t log (1/p), then t is the 

capacity constant or constant of Robin J. Now let 

Z = ^ (Z) = Z + CgZ + CjZ® + ... 

be the uniquely determined function which maps the interior of a circle 
I 2 I < p on .4 in such a manner that 

4 > ( 0 ) = 0 , ( 0 ) = 1 . 

* Szeged Acta, 1. 1, p. 240 ( 1923 ). 
t Comptes Memdua, t. CLXxxm, p. 10 ( 1926 ). 

^ Jordan onrve, in which case r is the 
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Relation to the Greenes Function 

It will be shown that the Green’s function 0 [x, y) is 

y) = log (/x/r), r=\<f>{z)\, 

Bieberbach* has proved a theorem relating to the area of the region A 
which is expressed by the inequality area > Trp^, This means that among 
all regions A for which H (0, 0) has a prescribed value the circle possesses 
the smallest area. 

For the theorem relating to the Green’s function we may, with ad- 
vantage, adopt a more general standpoint. Let us suppose that the 
transformation w = f {z) maps the area A on the interior of a unit circle 
in the ^(;“plane in such a way that to each point of the circle there corre- 
sponds only one point of the area A and vice versa. Let the centre of the 
circle correspond to the point Zq of the area A, then is a simple root of 
the equation / (^Jq) = 0 and / ( 2 ) = 0 has no other root in the interior of A. 
This is true also for the boundary if it is known that there is a (1, 1) 
correspondence between the points of the unit circle and the points of the 
boundary of A, We inay therefore write 

/ (z) = (z-Zq) 

where the function p (z) is analytic in A. 

Putting p (z) = P + iQ, s — Sq = where P, Q, r and 6 are all real, 
we have 

^ = / («) = {l<^g r P + i(Q + 6)}. 

Now, by hypothesis, the boundary of A maps into the boundary of the 
unit circle, therefore log r -h P must be zero on the boundary of A, This 
means that log r -f- P is a potential function which is infinite like log r at 
the point {xq, y^), is zero on the boundary of A and is regular inside A 
except at 2/o)- This potential has just the properties of the function 
O {x, y\ Xq, 2 / 0)3 where G (x, y, Xq, 2 / 0 ) is the Green’s function for the area A 
when {xq, 2 / 0 ) i® taken as view-point, consequently the problem of the 
conformal mapping of A on the unit circle is closely related to that of 
finding the function O. 

Writing a = Q + 6 , 0 < a < 2 tt, we have on the boundary of the circle 

dw == ie^'^dd, 

while on the boundary of A 

dz^ \dz\ 

where ifj is the angle which the tangent makes with the real axis. Since 
dzjdw is neither zero nor infinite, the function 



♦ L. Bieberbach, Bend. Palermo, vol. xxxvm, p. 98 (1914). This theorem is discussed in | 4*91. 
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is analytic within the circle and its real part takes the value iji — a on the 
boundary of the circle. On the other hand, the function 
F (w) = — i log [— i (1 — M))® dzldio} 

is anal3^ac within the circle and its real part tates the value >!> on the 
boundary. 

If ^ is a known function of o- on the boundary of A, Schwarz’s formula 
gives , 


where 1: is an arbitrary constant. The preceding formula then gives z by 
means of the equation 

The relation between ifs and a is partly known when the boundary of 
A is made up of segments of straight lines but in the general case ^ is an 
unknown function of (t and the present analysis gives only a functional 
equation for the determination of iff. 

To see this we suppose that on the circumference of the circle 

F = t/j + i(l> 

where and ^ are real, then 

I I = i cosec® ^ I dcr I e^, 
and the curvature of the boundary of A is 


w 


d(T, 


0 = 


I dz ' 


_ 4siii®-,^e* 


and may be regarded as a known function of iji, say G (^). Making use of 
the relation between <f> and ^ of § 3-33 

= ^ j%' (ao) log [i cosec® da„ 

where 6 is a constant, we obtain the functional equation* 

(ff) 1 er*M, 

W (ij>) sin® ^ 

where (j> (a) is defined by the foregoing equation. 


EXAMPLE 

Prove that 

[X. Lawner.] 

§ 4*61. Schwarz's lemma. It was remarked that a Taylor expansion for 
/ in powers oi w — is not required for points Wq on the real axis, 

* T. Levi Civita, Rend. Palermo^ vol. xxm, p. 33 (1907); H. Villat, AnndLes de VScde Normak, 
t. xxvm, p. 284 (1911); TJ. Oisotti, Idromeccanica pianct, Milan, p. 60 (1921). 
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but when / (i(;) is real* for real vahies of w belonging to a finite interval^ 
Schwarz has shown that it is possible to make an analytical contimiation 
of / {w) into a region for which v is negative. Let us consider an area 8 
bounded by a curve AGB of which the portion AB is on the line u = 0 
within the interval just mentioned. 

Let 8' be the image of /8 in the line i? = 0 and let the value of / {w) for 
a point w' of S' be defined as follows. We write 


w = u + iVi w' — u — iv^ 

/ (w;) = ^ -h irj, f {w') = ^ - iq, 

where u, v, t) are all real. The function / (^^;) being now defined within 
the region 8 + S' we write 

g {w, 0 = l/27ri (w - Q 

and consider the two integrals 

7 = f g{w, S)/ (w?) dwy 7' == [ ^ {w, 5)/ (^) 

Js JS' 

taken round the boundaries of 8 and S' Since f {w) is analytic within 
both 8 and S' we have 


I =f (0» = 0 when £ lies within 8, 

7 = 0, I' =f (S) when 5 lies within 8'. 
Hence in either case I I' = f (C) and so 


/(^) = f 9 

J8+8' 


for the two integrals along the line AB are taken in opposite directions and 

so cancel each other. .mi 

Now the integral in this equation can be expanded in a Taylor senM 
of ascending powers of S ” ?o ^or any point 'within the area 8 + 
whether is on the real axis or not. The integral in fact represente a 
function which is analytic within the area S + S and can be use ^ ® ® 

f (n within 8 + 8'. In this case, when Co is on AB, f (C) can be e^anded 
in a power series of the foregoing type and the coefficients m this senes, 
being of type 

if (w- io)”+v («>) 

27Ti Jb+s' 

are all real. 

1 to 1 < JJ, v> 0, it ifl holomoiphio in the whole of the oiiole j to | < • 
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Let us now use Zq to denote the value of z corresponding to this value 
5o of w. The equation 

z - Zq = f {w) - f ^ a {w - £o) + 6 - Co)® + (^ “ ^o)®+ ••• 

can be solved for w — reversion of series if e* 7^ 0, and the series 

thus obtained is of type 

w - A [z - z^) + B [z — ^ C [z — ZoY ^ ... , 

where the coefficients A, B, C are all real. The exceptional case a = 0 
occurs only when the correspondence between w and z at the point Co 
ceases to be uniform. 


§ 4*62. The, mapping function for a polygon. Let us now consider an 
area A in the 2f-plane which is bounded by a contour formed of straight 
portions Zg, ... Z„. Let z^ denote a point on one of the lines L and 
let Att be the angle which this line makes with the real axis, also lot Wq be 
the value of w corresponding to z. 

It is easily seen that the function 

f [w) =(z-z^) 

has the properties of a mapping function for points z within 4, and 
consequently also for the corresponding region in the t«?-plane; it is real 
when the point 2 is on the line L in the neighbourhood of Zq and changes 
sign as z passes through the value z^\ consequently, when considered as 
a function of it is real on the real axis and changes sign as w passes 
through the value Wq. Schwarz’s lemma may, then, be applied to this 
function to define its continuation across the real axis and it is thus seen 
that we may write 

(^-Zo)=lw — Wq) P (tv - tVo), 

where P (w — denotes a power series of positive integral powers of 
w Wq including a constant term which is not zero. From this equation 
it follows that in the neighbourhood of the point Wq 

dz ^ 

3^ =e«'Po 


where Pg {w — Wq) is real when w and wjq are real. 

Taiing logarithms and differentiatii^ again, we see that the function 




is real and finite in the neighbourhood of w = 

Nert, let denote the point of intersection of two consecutive lines 
L, L , mtersecting at an angle air; the argument of - z varies from hn 
to Aw - aw as the point z passes from the line L to U through the point of 
mtersection (Kg. 19). Hence the function 


1 

[(*1 — *) «-*']“ 
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is real and poaitiye on L and negative on L\ Moreover, it has the required 
properties within A , and when considered as a 
function of w it has the required mapping pro- 
perties in the region corresponding to A and 
is real on the real axis. By Schwarz’s lemma 
we may continue this function across the 
real axis and may write for points w in the 
neighbourhood of 

J ={w-w^)P^{w~ Wt), 

where Pj {w — Wj) is a power series with real 
coefficients and with a constant term which is 
not zero. This equation gives 



lig. 19 . 


« — % = e®' (w — «^)* Pi (to — Wj), 


where Pi (to — Wj) is another power series with real coefficients. This 
equation indicates that for points in the neighbourhood of t<^ 

^ = e®* (to - tt^)-iP8 (w - vh), 

where {w — is a power series with real coefficients. Taking logarithms 
and differentiating we find that 




dz 


a — \ 

where T (w? ~ w^) is a power series with real coefficients. The function 

F iw) - 

' ' If? — % 

is thus analytic in the neighbourhood oiw==w^. 

For a point on the boundary of A which corresponds to w we have 
(if Z2 is not a comer of the polygon) 

•^1 I -^2 I 

Z — 22 = — H 5 +*--- ' 

^ w 


where p is a power series. The expansion for 2 — 22 indeed, be 
obtained by mapping the half plane w into itself by means of the sub- 
stitution tf? = — l/if?i, and by then using the result already obtained for 
an ordinary point Zq on L. 

The function F {w) is real for all real values of ^f?, as the foregoing 
investigation shows, is analytic in the whole of the upper half of the 
ti?-plane and is real on the real axis, the fact that it is analytic being a 
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consequence of the supposition that the inverse function g {w) is 
analytic in the upper half of the to-plane. Applying Schwarz’s lemma we 
may continue this function F {w) across the real axis and define it analytically 
within the whole of the i^j-plane, the points on the real axis which are 
poles of F (w) being excluded. 

When I to I is large | J’ (to) | is negligibly small, as is seen from the 
expansion in powers of 1/to; moreover, F (to) has only simple poles corre- 
sponding to the vertices of the polygon A and these are finite in number. 
Hence, sinoe F (w) outside these poles is a uniform analytic function for 
the whole to-plane, it must be a rational function. 

Let u, 6, c, ... 1 be the values of w corresponding to the vertices of the 
polygon and let atr, ... Att be the mterior angles at these vertices, then 


■ET / X « a — 1 d . dz 


and there is a condition 


w — a dw* 

S (c — 1) “ — 2, 


which must be introduced because the sum of the interior 
closed polygon with n vertices is equal to {n — 2) tt. 
Integrating the differential equation for z we obtain 


angles of a 


z^ C^{w — {w — 6)^“^ ... {w — dv) 4- G\ 

where 0 and G' are arbitrary constants. By displacing the area A without 
changing its form or size but perhaps changing its Orientation we can 
reduce the equation to the form 


z — K ^{w — {w ~ 6)^“^ ... {w — dw, 

where ^ is a constant. This is the celebrated formida of Schwarz and 
CJhristoffel* If one of the angular points with interior angle /att corresponds 
to an infinite value of the number of factors in the integrand is — 1 
instead of n, and the equation 

2 (a - 1) = - 2 

may be written in the form 

S (a - 1) = - 1 - 

where now the summation extends to the 7^—1 values of a which appear 
in the integral. 

Sinoe we can choose arbitrarily the values of w corresponding to three 
vertices of the polygon, there are still — 3 constants besides G and G' 
to, be determined when the polygon is given. In the case of the triangle 
there is no difficulty. We can choose a, b and c arbitrarily; a, jS and y are 
known from the angles of the triangle and by varying K we can change 
the size of the triangle imtil the desired size is obtained. 

* E. B. Ohristoflfel, Annali cW Mai. (2), 1. 1, p. 96 (1867); t. iv, p. 1 (1871); Oes. Werlce^ Bd. I, 
S. 266, H. A, Schwarz, Joum.filr Math. Bd. Lxx, S. 106 (1869); Oee. .46^. Bd. n, S. 66. 
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An Interesting example of the conformal representation of a triangle 
with one comer at infinity is furnished by the equation 


2 - 2 !o = IJ/ (^) tfe, where / (a) = (2a/7r) (1 - 8^)ij8, w; = w + iv. 
When w lies between 1 and oo we have 


z Zq ^ j (a) da + ^ f (s) da 
= 6 + ic, say, 

where 6 is a constant and c varies from 0 to oo. Thus, the portion w> I 
of the real axis corresponds to a line parallel to the axis of y. 

Again, iiO < w< 1, we may write 

z- f{a)d8 - \ f{s)da 

Ji Jw 

= b — d, 

where d varies from 0 to o6. The portion Q < w < 1 of the real axis corre- 
sponds, then, to a line parallel to the axis of x and extending from 
2 + 6 to — 00 , 

When — 1 < 10 < 0 we may write 

i-Za= + 

= b' + d'. 


and so the corresponding line in the s-plane extends from — oo to 6' -)- Zo 
and is parallel to the axis of x. When — co< w < 1, we have 

z-Zo= \ V W - f V 

Ji Jw 

= 6' - ic\ 

where c' ranges from 0 to cx), and so this part of the w-axis corresponds 
to a line from 6' parallel to the 2 /-axis. The two lines parallel to the y-axis 
can be shown to be portions of the same line separated by a gap. We have 
in fact 


6 - 6 ' 


/ (a) ds - f (a) da = I y (a) da. 


where the integral is taken along the semicircle with the points — 1, -I- 1 

ELS extremities of a diameter. On this semicircle we may put 

j 8 = cos 0 + i sin 

and so 


( 7 r/ 2 a) (6 - 6') = i j - dd [- 2i sin 6 e^]i 

I -f i sin (sin 6)^ dO 

= 2i (" cos 5 (sin 0)i dfl = 2i VZ r (f ) T (f) = i. 
Jo ^ 
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The figure in the *-plane is thus of the type shown in Kg. 20. To solvt 
an electrical problem with the aid of this transformation we put w = ie^i 
where x is the complex potential iji + i<l>. This transformation maps the 
half M)-plane for which v > 0 on a strip of the ;(-plane lying between the 
lines ±<77. 

Performing the integration we find that 

2 — ^ j^2T — log — 2 V2 — 2 log (V2 + f 

where t = (e* + 1)*. 



Kg. 20. Kg. 21. 


When the real part of w is large and negative the chief part of the 
expression for z is 

- - log (t - 1) = - ^ log (1 + ie* + ... - 1) = ^log 2 - ^ X' 

IT IT 'IT IT 

This gives a field that is approximately uniform. On the other hand,, 
when the real part of w is large and positive, the chief part of the expression 
for z is 

7T 71 

and we may thus get an idea of the natxixe of the field at a point outside 
the gap and at some distance from its surfaces. These results are of some 
interest in the theory of the d 3 rnamo. Another interesting example, in 
which the polygon is originaUy of the form shown in Fig. 21, gives edge 
corrections for condensers*. 

Assigning values of w to the comers in the manner indicated, the 
transformation is of type 

2 = (7 (CiCjCsC^OjC,)-! [{Cl - (C, + w)]i. 

* J. J. Thomflon, Hecent Besearchea in Elechicity and Magneiismt 1893; Maxwell, Mec^city 
and Magnetism, French tranBlation by Potier, ch. n, Appendix; JT. G. Ooffln, Proc. Am&r> Acad, 
of Arts and Sciences, voL xxxtx, p, 416 (1903). 




Edge Correction for a Cmdenser 
Making a, ^ 0, c, ^ oo we finally obtain 

2 = (?[(«)+ !)(«,- 6)^, 
j V) 

where O and b are constants to be determined 
Integrating, we find that 

^ = G[w+l(w-bY-b\og (- w) + r], 
where T is a constant of integration. Since a = 0 when have 

r = 1 - J (1 + 6)4. 

the real part must be negative. Since the argument of - m in both con- 
ditions are satisfied by taking (7 = - A/6„, therefore 

^ 2bTT - 26 (u) + 1) _ 26 log (- «>)]. 

Assumii^ that the potential ^ is zero on A A’ and equal to V on BR 
we may wnte ^ * 

X = ^-i<i >=- (log w - in). 


Wz 


35 


A-. 


34 


Fig. 22. 

The charge per unit length on BB' from the edge {w = 6) to a point ' 
[w s) SO far from J3 that the surface density is uniform is 

« = - ^ = - ^ log (a/6). 

Now when a is very small and positive, z = a: -|- iA, and so 

% 

X -h ih = — (1 — 26 — 2i67r — 26 log a). 

Therefore log (a/6) = nxjh + 1/26 - 1 - log 6, 
and«, + 

When 6 = 1 we have the well-known result 
in which it must be remembered that x is negative. 
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When w is very small and negative, z = x, and so 
:^=-^Ll-2b-2blog(~ a)l 

Wieni-l S--s(s-“)' 

I, y /^ \ 

Since to = 6 at the point B, the value of z for this point is 
«=-^[l-6*-261og6-26t7r], , 
and so the upper plate projects a distance d beyond the lower one, where 

Many important electrostatio problems relating to oondonsers aro solved 
by means of conformal representation in an admirable paper by A. B. H. 
Love*. The problem of the parallel plate condenser is treated for planes 
of tmeq^ual breadth and for planes of eq^ual breadth arranged asymmetrically. 
The formulae involve eUiptio functions. The hydrodynamioal problems 
relating to two parallel planes, when the motion is discontinuous, are 
treated in a paper by E. 6. 0. Poolef. 

Some applications of conformal representation to problems relating to 
gratings are given in a paper by H. W. Biohmond$. The general problem 
of the conformal mapping of a plane with two rectilinear or two oiroular 
slits has been discussed recently by J. Hodgkinson and E, 0. 0. Poole|, 

§ 4!-63. The mapping function for a rectangle. When w ^ 4 and 
fl!=j8 = y = 8=|, the polygon is a rectangle and z is represented by an 
elUptio integral which can be reduced to the normal form 

2 = .ff £ (ft [(1 - fo) (1 - W)]4 

by a transformation of type 

w {Gt D) = A.i + r.»rrfp(A) 

If, in fact, the integral is 

I dw [{w — p) {w -- q) {w — r) (w — 

we have {Ct + D){w — p) = (A — Op) t B — Dp, 

{Ot + D^) dw = {AD - BO) dt, 

* Proc. London, MaiOt. 8oc. (2), vol. zxn, p. 337 (1924). f Ibid. p. 423. 
t Ibid. p. 389. § Ibid. vol. xxin, p, 396 (1985), 
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and so the transformation reduces the integral to the nonnal form if 

A — C|p = JS — -Dp, 

A - Cq = Dq - B, 

A-Or = k{B- Dr), 

A-Gs = k{Ds- B). 

These equations give 

0{q-p)=2B-D(p + q), 

O {s-r) = 2kB - kD(r + «), 

^A - 0 {p + q) = D {q - p), 

2A-G{r + s) = kD{a- r), 

G[s - r - k (q - p)]= kD[p + q - r - a], 

C[r + a — {p + q)'\ = D [q — p jf. k {r - a)], 

mu- . + (? - P) (r - a) = 0 . 

Tins equation gives two values of k which are both real if 

[(? - + (r - - (^, + g _ r _ a)a]2 > 4 (^ _ p)i (r _ «)2 

that is, if ^ ’ 


Us P + r «)“-(P + S->--s)‘J[(4-y-r+,)._,p + j_,_ 

AD — BG ^ (1 — (q — p) (a _ j.\ 

^ — k {q — p) ^ 

consequently the transformation (A) transforms the upper half of the 
to-plane into the upper half of the <-plane “ 

When the normal form of tho integral in need the lengths of the eidee 

of the rectangle are a and b respectively, where 

“ = ~ (1 - = 2HK, 

nik 

* = ^Ji [(1 - «*) (1 - = £r£', 

and where 4K and 2iK are the periods of the elliptic function sn u defined 
by the equation x = bu u, whore 

« = [(1 - i*) (1 - 

With the aid of this function t can be expressed in the form 

t = an {z/H). 
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The modulus k may be oaloulated mth the aid of Jacobi’s well-know 
formula r( l + g*) (1 + ff*) (^ + g*) — 1* 

in whioh gf = exp [— vK'lKI >= exp [— 27r6/<r]. 

When the region is of the l^pe shown in 23 the internal angles c 
the polygon are 3^/2 at four comers and w/2 at the other eight. Th 
transformation is thus of the type 

z = Al(w — Cl) (w~ c,) (to — Ct)(w — Cj)]* [(«> — Pi ) ... {w — pg)]~idw + B 
A partLoular tocunaformatioii of tTiia typo is obtained by assigning 
positive values of u; to comers of the polygon whioh lie above the axis o: 
X and negative values otw to comers whioh lie below the axis of x, points 
which are images of each other in the aria of x being given parameters 
whose sum is zero. The transformation is now 

. _ 06.4. ( 

![(«;• - Oj*) (to* — a,*) (w* - bj,*) («i 


V)]* 


+ B. 


Kg. 28. Kg. 24. 

Making the parameters a^, Og tend to zero and the parameters fij, 6j 
tend to infinit y, the transformation becomes 

* = (to* - 1)» K - c*)i + B, 

and the interior of the polygon becomes a region whioh extends to infinity. 

To 1 ^ this transformation for the solution of an eleotrioal problem in 
wh^ the two pole pieces in Kg. 24 are maintained at different poten- 
tials, we write* • i iv ... 

“ “ to ^p ^e half of the w-plane for whioh «> 0 on the strip - -ir < 6 
by I « M tl»t a, bngth. » «.d 6 to U» a*™, M. given 

• Bicoiaiui-Webar, DiffermiialgiMehitngen der Fht/aik, Bd. n; S. 3M. 
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where / («) = [(1 - jS) (i _ * 2 s 8 )-|i ThesA i 

standard forms of elliptic integrals, thus S' ® “e easily redu 

da 




r* ds 


[/(«)? 


Now if we put kar=l, the last integral becomes 

[c (1 _ * 2 ^ 2 ) ^ ^ 

TV) 


da 


p Jc\^dr fo 

Ji /w ~ Ji 

and we eventually find that 

b = Cc \2E' - (1 _ ;5;2) 

»•= 2Gc \2E - (1 - *2) 

Therefore = 2.g' - (1 - ^ 2 ) 

a 2E - {I ~ h^) e: ’ 

EyATVfPT.-p] 

Prove that if OABO is the rectangle with sides ^ =■ 0. a: = £-, y = o, y - Z' and 

^ = log (sn 2 ), 

we have ^ = 0 on OA, AB, BC; ^ = „/2 on GO. Prove also that if 

^ = log (on 2 ), 

where (on z)^ + (sn s)* = 1. we have ^ = 0 on OA, 00; ^ - „/2 on BA, BC. 

See Greenhill’s Elliptic Functicma, ch. n. 

§ 4-64. Conformal mapping of the region cuiaide a polygon. In order to 
map the region outside a polygon on the upper half of the w-plane, we may 
proceed in much the same way as before, but we must now use the extemd 
angles of the polygon and must consider the point in the w-plane which 
corresponds to points at infinity in the 2 -plane. Let us suppose that the 
^-plane is chosen so that this point is given by «; = then there should 
be an equation of the form 


z = 


G 


w — 


- + <?0 + <?! («» - 2) -h ... , 
where the coefficients are constants. This gives 

dz _ C -I 
dw {w — i)^ + ^1 + > 

d ^ dz 2 

dw ^^dw~ ~ w — i + ~ 

where P (w — i) is a power series in w — i 
d 

'dw^'^di^ 

A 

dw 


Cl- d , dz . 

oince - log IS to be real it must be of the form 


/logr-s“=‘ 


_2 ^ 

w — i M) -f- i’ 
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Therefore ’ 

2 = {w - 6)^-1 ... {w — (1 + w;2)“* dw + 0\ ...(I) 

where C aaid G' are arbitrary constants of integration. The relation between 
the indices a is now 

S (a - 1) = 2, 

for the stun of the exterior angles of a polygon with n vertices is (n + 2) tt. 

The region outside a polygon can be mapped on the exterior of a unit 
circle with the aid of a transformation of type 


H — a)““^ {w — 6)^-1 ... 




where, as before, 

S (a - 1) = 2. 

When the integrand is expanded in ascending powers of w-^ there will 
be a term of type w-^ which wiU, on integration, give rise to a logarithmic 
term unless the condition 

S o (a - 1) = 0 

IS satisfied. 

’P^en the polygon has only two vertices and reduces to a rectilinear 
cut of finite length in the *-plane, we have a = ^3 = 2. T^ie second condition 
^y be satisfied by assigning the values w = ± 1 to the ends of the out. 
IJie transformation is now 

z = w-Hw, 

^d the length of the cut evidently depends on the value of H. Taking 
^ i for sunphcity, the transformation becomes 

iz = W + to-l. 

This is the transformation discussed in § 4’73. 

The general theorem (I) indicates that the region outside a straivbt 

'■^1(1 + !»■)•*" ”r5>’ 

-Sr “ 

• a = _ + 1 + 2w tan a 

+ JL — 2iw tan a 

^ plane. 

w = » (sec a + 

) w, say, and that the real axis is a conductor. 



Semicircular Arc 

The corresponding charge in the z-planewm be at mfimtv«r,^+i, • , 

are wiU be a conductor which must be charged wiSTcW? 

amomrt bat of op^rite tign. The eolation o1 the pLntM Sthw'T 
M?-plane is evidently ^ problem m the 

X = <f> + iiff = log ^ 


w + is' 


This gives 
and finally 


W = is OOth (1;;^), 


— ^ 


1 + e X sij2 a 
1 + sin a * 




: cosec a {z + 1 + (^a + 2iz cos 2a — l)i}j . 

The two-valued function (z* -|- 2iz cos 2a - l)i mav be ^ j 
one-valued in the region outside the out and m J be dffiid so 
equal to z when z = 0 and is of the form - z - i cos 2a when T “ 

large. Changing the signs of ,i and ^ we have ^ I * I is very 

a: = Z [2 sin a cosh ^ siu^ -f- sin* a sin 2if/\, 
y = — K.[\. + 2 sin a cosh ^ cos ifi sin* a cos 2^^], 

= 1 + 2e~* sin a cos i/t -i- e-** sin® a. 

With the aid of thrae oquntione Bioldey has drawn the ennipotentiaja 
and hnee of foree for the oaae of a aemioimular are. The eh4e for 

the moat prt on Ihe onter face, the enrfaee deneity heeomfog mflni^ S 

aho^eS eentotf 321*° ™ ^e aria jnat 

The field at a great distance from the circular arc is roughly that due 

to an equal charge at the point z = - ioos®a. for when x is large the 
equation ^ ® ’ 

z — — i ^ ^ ^ “ 

i -(' e-* sin a 
may be written in the form 


= - i [1 + e* sin a] [1 - fi-x sin a] ... 


z -I- i cos® a = — i&i sin a + negligible terms. 

This point, which may bo called the “centre of charge,” is the middle 

point of that portion of the central radius cut off by the chord and 
tho arc. 

On the circular arc 


X = and 2 — — 

Therefore sin (y(^ - 6) sin a = sin 6, 

The Hurfaco density is thus proportional to aS cos ^ + 1 on the convex 
face and to cos 0 - I on tho concave face, S denoting the quantity 

S ^ {sin'^ a — sin® 

If E ia the charge per unit length of a cylindrical conductor whose 
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oros-Koaon i. to oirorfar M« and i I. to diameter of to oirde, to 
surface density a is given by Love’s formula 

2irad = ^ ( see V I (oosec a - cos 

wbere y = — tan 6 cot a. . a j. j j.v.aa 

The solution of the electrical problem of a condnotmg plate under the 

mfluence of a line charge paraUel to the plate but not in its ^ 

derived from the preceding analysis by inversion from a point 0 on the 
unoccupied part of the circle. Let AB be the oross-Beotion of the plate. 
D the foot of the perpendicular from 0 on AB, OC the bisector of the 
angle AOB, then the surface density a is given by Love’s formula 

E OD oosec a — cos v 


where now 


27r OP^ 1 cos V 
sin V = cot a tan {P'00'), 


{AT'.B'P')i 


COB v = ± oosec a 


A'P'C'B' being perpendicular to OC' (Pig. 26). Thus 
E OD OA' ^{A'P'.B'P')i 
*""277 OP® {A'P'.B'P')^ 


0 



This is easily converted into the expression given in § 3-81. 

The region outside a rectangle may be mapped on the interior of the 
unit circle in the f-plane with the aid of the transformation 

(1 — 25® cos 2a + 

while a transformation which maps the region outside the rectangle into 
the region outside the circle is obtamed by using a minus sign in front of 
the integral. 

Let us use this transformation to determine the drag on a long thin 
rod of rectangular section which is moved slowly parallel to its length 
through a viscous liquid contained in a wide pipe of nearly circular section. 
We write log iw = i[u-\- iv), where v is the velocity at any point in 
the 2 -plane, then 


= lo (cos 2a - cos 25)i d5 = 2 (sin® a — sin® 5)i da. 



Eydrodynamical Applications 

8 — flin a sin 6, this becomes 

aim® a (1 — sin® P)d$ „ f® „ , . . „ „,i 

— r—~ — . =2 (1 - sm® a sm® j8)i dB 

(1 - sin® a sin® S i Jo 
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re 

— 2 COS* a (1 — sin^ a sin** j3)"i djS. 
Jo 


^^xxer A immediately to the right of the origin 0 in the 2 -plane, 
i-TT, and 

x^ = 2E (k)-2¥^K{k), 

^ a and E {k)^ K {k) are the complete elliptic integrals to 
l^lie drag on the half side OA of the rectangle is proportional 
ftXce 

sin = sin a sin {^tt) = sia a, 

^ a. The drag on the side OA is thus equal to (a/27r) times the 
Whole rectangle. [C. H. Lees, Proc, Boy. 8oc. A, xon, 

2 


EXAMPLE 

Q at the origin is partly shielded by a oylindrioal shell of no ladiaJ 
? the line charge for its aids, the trace of the shell on the a:y-plane being that 
Qular arc =® for which — w < — 2w < 2^ < 2a) < tt. Prove that the 
by the formula 

i = Q loB ( ®_- “>. + (z + a) sin® 0 . + Jt 

V r V log (j, + a) ^ _ (j, _ ^ ^ jj. 

0s that branch of the radical [z^ — 2az cos 2a) + a®]^, whose real part is 
lo point z is external to the oirole. 

iezisity a of the induced charge at a point 6 on the charged arc is 
<T=^ — Q {sec o) (tan® <o — tan® d)~'^ ± l}/4ira, 

>rresponding to the density on the concave side, the lower sign to the density 
^de. The latter is zero when 2a) = n, that is, when the circle closes. 

CJtLester Snow, Scientific Papers of the Bureau of Standards, No. 642 (1926).] 


[applications of conformal representation in hydrodynamics. 
two-dimensional flow round an airplane wing whose span is 
. “the hypothesis of two-dimensional flow is useful. Let u, v 
nen t velocities, p the pressure, p the density, L the lift per unit 
n , 2) the drag per unit length and M the moment about the 
ordinates, this moment being also per unit length. These 
vy be calculated from the flux of momentum across a very 
• G which completely surrounds the aerofoil. In fact, if J, w 
Aon cosines of the normal to the element ds, we have 

^ p^(v iu)(ul-{- vm) ds ^ p {m ^ il) ds, 

M = — p [ (icv — yu) {ul + vm) ds —\p (xm — yl) ds] 
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the sign of M is such that a diving couple is regarded as positive. The 
equations may be rewritten in the form 

+ *2) = i/) I (w + my dz -j [p+ ip {u‘ + w«)] (m + il) ds, 

^ ~ ip j ~ ®*) (ot® + If/) + 2iuv {my — lx)) da 

+ j (Zy — mx) \/p+ ip (m* + V®)] da, 

where z — x + iy. Now when the motion is irrotationaJ outside the aerofoil 
the quantity p •¥ ip (tt® + w®) is constant, also 


hence 


J (m + »Z) ds = 0, j {ly -mx)da=0, 
L+W = ip^{v + iu)^d,z. 


Taking the contour to be a circle of radius r, we have 
= i/) I [(i4® - V®) 2xy + 2uv {y^ ~ a:®)] dajr 

= iRp j [tt® - w® _ 2iuv\ [a;® - y® + 2ixy-\ dsfir 
= iRp j (v + iu)^ z dz, 

fo5ows*it' Kr? expression which 

adevelopment of analysis is merely 


V + iu = iXJ 4.'b: 4. ^ , 
z 2® 




2'-C„ + ?l(z + J + 


our flow round the circle we may Lte ^ 


dz 


7 = U'e-** - U'e^ a®/z'® + J 


IK 

2nz'’ 


2ei<«. /. jfgjj g 

, o. w (i»U9), Bd. ux, S. 43 (1010). 



Region outside an Aerofoil 

where U', a and k are constants, therefore 


V + iu 




Az' dz 


L 3* J L 2TOV^27m2+ -J 


hK >C<\| 

27T2 2im2® 


■e-^-mf7'e^_+ ... 


If z' = 06 ^ iB the point of stagnation on the circle which maps into the 
trailing edge of the aerofoil, we have 

K = 27raC7' sin (a — jS), 

U = nU'e’^, 

L iD = KpV'ne-^ ^ KpU = 27TapUU' sin (a — j8). 


§ 4-72. The mapping of a wing profile on a nearly circvlar curve. For 
the study of the flow of an inviscid mcompressible fluid round an aerofoil 
of mflnite span, it is useful to flnd a transform ati n n which will map the 
region outside the aerofoil on the region outside a curve which is nearly 
circular. 

If the proflle has a sharp point at the trailing edge at which the tangents 
to the upper and lower parts of the curve meet at an angle <T,it is convenient 
to make use of a transformation of type 

z - KC _ — cy 

2 + /cc “ U + J * 

where cr = (2 — /c) tt. 

If a circle is drawn through the point - c in the ^-plane so that it just 
encloses the point c, cutting the line (— c, c) in a point c + d, say, where 
d is small, this circle will be mapped by the transformation into a wing- 
shaped curve in the z-plane. This curve closely surrounds the lime formed 
from two circular arcs meeting at an angle o- at each of their points of 
junction, z = kc, z = — kc. The curve actually passes through the point 
— KC and has the same tangents there as the lune derived from a circle in 
the ^-plane which passes through the points (— c, c) and touches the former 
circle at the point — c. 

If we start with the profile in the z-plane and wish to derive from it 
a nearly circular curve with the aid of a transformation of this type, the 
rule is to place the point r- kc at the trailing edge and the point kc inside 
the contour very close to the place where the curvature is greatest*. This 
rule works well for thin aerofoils, but it has been found by experience that 
by increasing the magnitude of d an aerofoil with a thick head may be 
obtained from a circle, and that the thickness of the middle portion of the 
aerofoil is governed partly by the value of o-. Hence in endeavouring to 
* F. Hiihndorf, Zeita. f. ang. Math. u. Mech. Bd. Y£, S. 266 (1926). 
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map a thick aerofoil on a nearly circular curve the point kc* may bo tnkrn 
at an appreciable distance from the boundary. Another point to b(^ notioeHi 
is that when a circle is transformed into an aerofoil by nUMiiiH of tlw 
transformation (A) the smaller the distance of the centre from the line 
(— c, c) the smaller is the camber of the corresponding aerofoil and mure 
symmetric is the head. The point kc, moreover, lies very nearly on tlu* line 
of symmetry. 

The actual transformation may be carried out graphically with the aid 
of two corresponding systems of circles indicated by the uh(^ of hiindar 
co-ordinates. The circles in one plane are the two mutually orthogonal 
coaxial systems having the points (— c, c) as common points and limiting 
points respectively; the corresponding circles in the othc'r plains for two 
mutually orthogonal systems having the points (— c, c) m common pointa 
and limiting points respectively. This is the metliod recommended liy 
K&rm&n and Trefftz. Another construction recommended by Hohndurf 
depends upon the substitutions 


t = 


^ KG L 

T = 


Z+KC" ^ 

by which the transformation may be written in the form 

1 

T = 

where 

cr 

The plan is to first consider the transformation from z to L irivon Ijv 
the equation 

r = <i or 

b + C \z + kc) 

This transformation may be performed graphically* by writing 

*0 = 2 + ICC, ^0 = ^ + c. 
when the relation becomes 

= 1 _ 2c 



Aerofoil of Small Thickness 313 

7] = 36. Wten the transformation (A) is expressed by means of series, 
the results are 

y , - 1 c* {k*— 6k^ + 4) c* 

46^5 + •••> 

„ , 1-K®c® (4fc*- 6/c*+ l)c* 

^“*+- 5-7 ifa - ■ + ■■■■ 


§ 4-73. Aerofoil of small thickness*. We have seen that the trans- 
formation 

z' = z-\- a^jz 

maps the circle C given by | z | = a into a flat plate P' extending from 
z' = 2o to z' = — 2a and back. On the other hand, if the A’s are am nil 
quantities the transformation 

^ = z{l + 2 A„(a/z)»} 

maps 0 into a curve F differing slightly from a circle, and if we then put 

^'=^ + aye, 

r maps into a curve 11' differing slightly from a flat plate. Now for a 
point on F 

f; = a (1 + r) c", 

where ^ is a real angle and r a real quantity which is small ; therefore to the 
first order in r 

= 2a (cos 6 + ir sin 6), 

and so = 2a cos 9, rf = 2ar sin 6. 

For points on O and P' we may use a real angle <0 and write 
z = ae**, a:' = 2a cos to, y' = 0, 

then (! + »■) = 1 -t- S 

n-0 

and since — a> is small we have to the first order, with = 

r = S (jB^ 00 a Tko + (7„ sin ncu), 

8 — cj> = Ti (Cn cos Tioj — jB„ sin tuo). 

Hence by Fourier’s theorem 


7r5„ = 
ttG^ = 


27rJ5o = 


r. 

r. 

r. 


r 00 s n6dd = 
r sin nddO = 


r. 

r. 


7}' COS nd 
2a sin 0 

7]' sin nd 
2a sin 6 


rdd = 


7i' dO 
2a sin 0' 


dO, 

de. 


* H. Jeffreys, Proc. Roy. Soc. A, voL oxxi, p. 22 (1928). 
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Sino6 sin 6 and sin n$ are odd functions of 6, whilst cos nd is an even 
function of 6, it appears that 0„ depends on the sums and on the 
differences of the values of tj' corresponding to angles ± 6', thus the C„'b 
depend on the camber of the aerofoil, the J?«’s on its thickness. 

When 6 is small, that is, for points near the trailing edge of the aerofoil, 
we have approximately 

t]' r sin 0 ^ 

2a — J' ~ 1 — cos 6^6* 


and when tt — 0 is a small quantity a> we have 

tj' _ ^ 

“i” 2a oj 


Thus r vanishes at 0 = 0 because ihe slope of the section is finite there ; 
but at 5 = w the section and the axis meet at right angles at a point which 
may be called the leading edge. If the curvature at this point is 1/i? we 
have to a close approximation 


_ 4a^f* sin^ d 
i + 2a ~ 2a (1 + cos 6) 


= 2of* (1 - cos 6) = 4or», 


consequently r is finite and equal to (i2/2a)i at the leading edge. If at 
a great distance from the circle 0 the flow in the a-plane is represented 
approximately by a velocity V making an angle a with the axis of *, wo 
have 

^ = TJze-*°- + Ue'^a^jz + ^ log {zja), 


where k is the circulation round the cylinder. Taking x complex 

potential for a corresponding flow in the ^'-plane the component velocities 
(w, «;) in this plane are given by the equation 


d t/ dzj dz ' 


To determine k we make the velocity flnite at the trailing edge where 

is a maximum and 0 = 0, r = 0, ^ = a,~ = d, 

dX^ 

Hence dxidz is zero and so 



But when = 0 
say, where 


ajz = 




K = 477oI 7 sin (a + j9). 


Therefore 



Thin Aerofoil 


Now 
« — »v = 


- Ue*^ a^Jz^ + iK/27TZ 


{I - S (?i - 1) (o/z)2} (1 _ a*/C^) 

^ (1 + 5. + 

iJ + i#0 - ^2 (o/D*} (1 - avr*) - + ^{S “*) 

. i/f 


l+5» 

+ 


Ua^er*^ n 4- R ^ x 

^ L(1 + -5o)* ^l + 5„ (^ + ^0) + ^ 


+ . 


Therefore by the Kutta-Joiikowsky theorem the lift per unit span of 
the aerofoil is 


^ nrSo ^ (1 + -^o) = U, 

and the lift coefficient is • 

^ (Lfipc(,y^) = TT (I + j5o) isin (a + P). 

The thickness thus affects the lift through J5o, which is a positive 
constant for a given wing. 

The moment about 0, that is a point midway between the leading and 
trailing edges of the aerofoil, is equal to Trp times the real part of the 

coefficient of + in the expansion of This coefficient is 

- 2i VW |(1 + 40 e-**- - (1 + , 

and so to the first order in the B’s and C’b the moment is M, where 
M = 2ttp F®q* {C?jj COB 2q — (1 + J5j) sin 2a + 25^ cos a sin (a + j8) 

+ 20i sin a sin (a + J3)}. 

The moment about the leading edge is 

Mo=M + 2aB =- 27rp F**a® {2a ( 1 + 2Bo + -Bi - 5,) + 0^ + 213(2 + 2Bg + B^)}, 

where terms of orders a®, tzB„ , aG„ have been retained, but terms of orders 
a®, a"5„ , a’‘G„ , dropped. When squares and products of the B’b and C’b 
are neglected, the moment coefficient jK’j^ is 

rr JH -1- 2aL 

” (ia)^pW ” -82) + i^02 + jTTjS 

= (1 + 5o + - J5,) + 

The moment coefficient at zero lift is thus 

jTrOg + 

and is independent of the thickness to this order of approximation. The 
thickness, however, affects the coefficient of 
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For further applications of conformal representation in hydrodynamics 
the reader is referred to H. Glauert’s A&rofoa and Airscrew Theory {(Cam- 
bridge, 1926) and to H. Villat’s Zefons mr I’Hydrodynamique (Gauthwsr- 
Villars, Paris, 1929). 

§ 4-81. Orthogonal polynomials associated with a given curve*. / (z) 
be a function which is defined for points of the a-plane which lie on a cloHcd 
oontiiitLOtLs rectifiable curve G which is free from double points. If 
dB= \dz-\, the integral r 

f{z)ds 

Jo 

denotes as usual the limiting value 


m , , 

lim S / (U I 2. — 2 .- 1 1 > 

m->*oo v-1 

where Zq, ... represent successive points on 0 for which 

lim [Maximum value ot \ z^ | for 0 < v < m] = 0, (zx^ 

and denotes an arbitrary point of G which lies between and Zy . W e 
have in particular c 

\ da 
Jo 

where I denotes the length of the curve G, We shall suppose now that the 
unit of length is chosen so that Z = 1. 

Usmg z to denote the complex quantitj^^conjugate^to we writi^ 


Jo 


■Go Gx — 




z!Pz<^da « 

^00 

hxo All 
Aoo Aqi . . . Aon 
Alo Ai„ 


1 A„0 hnn 1 

Let denote the co-factor of h^n hi the determinant G^, and let 
be a constant whose value will be determined later ; then, if 

Gfi {z) — (fl^On + zHxn + ... z" -A^nn)? 
it is easily seen that 



(Aoi/Afon "t” ^ivGxn “1“ ... 
0for0<i;<ri — 1 


= a„jD„ for V = 71 , 

I (2) = a„a„D„_iD„. 

* See a remarkable paper by Szeg«, Math. Zdtt. Bd. ix, S. 218 (1021). 
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The polynomialfl thus form an orthogonal system which is normalised 
by choosing so that 

If ( 2 ;) denotes the complex quantity conjugate to P^ ( 2 ), the ortho- 
gonal relations may be written in the form 

[ P„ {%) {z) cfo == 0, m^n 

Jo 

= 1, m = n. 

Let us now suppose that is an anal 3 rtio curve and that £ = y ( 2 ) is 
the function which maps the interior of G smoothly on the region [ £ [ < 1 
of the 5“Plane in such a way that y (a) = 0, y (a) > 0. Since G is an 
analytic curve y (z) is also regular and smooth in a region enclosing the 
curve G, It is known, moreover, that there is one and only one function, 
z = g {Cl 9 which is regular and smooth for ( f | < 1 and maps the interior 
of I £ I = 1 on the interior of the curve G. The derivatives of the functions 
y 9 (0 s-re connected by the relation y' (z) gr' ( J) = 1, where z and { are 
associated points of the two planes. 

Our aim now is to show that. 

K r 

n^co yP'i Ja 

where £„ (a, z) = Po (a) Pq (z) + ... P„ (a) P, (z). 

We shall first of all prove an important property of the polynomial 

Let a be arbitrary and 0^ ( 2 ) a polynomial of the ?^th degree with the 
property 

|^|G'„(z)l“(fo= 1 , 

then the maximum value of | 0^ (a) | * is (a, a), and this value is attained 
when Cr„ (z) = eK^ [a, z) [Z„ (a, where e is an arbitrary constant 

such that I e I = 1. 

Let us write 

Gn C*) = <0-Po (2) + (2) + — inPn (2), 

where the coefficient t, is determined by Fourier’s rule and is 

<- = f O'fl (2) Pk (2) ds. 

Jc 

We then have 

1 = f 1 (2) 1 * da = I <0 1 * + I ^ I* + ••• I l*» 

Jo 

0 (a) = <oPo (a) + kPi («) + ■■• kPn (o), 
and by Schwarz’s inequality 

I C?„ (a) I* < J:„ {a, a). 
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The sign of equality can be used when 

t, = eP, (a) [K„ {a, o)]"*; 
that is, when 0 „ {z) = eK^ (a, z) [-Sl„ (a, 

When the point a is within the region bounded by (7, and F (3) is any 
function which is regular and analytic in the closed inner realm of C?, wo 
have the inequality 

where S is the least distance of the point a from the curve C. To prove 
this we remark that Cauchy’s theorem gives 

Vlr,\ M 

andso 


In the special case when F (z) = [(?„ (z)f the inequality gives 

[ 0 . (»)]■< 2 ^. 


This is true for aU polynomials Q„ (z), and so, in particular, 

Z„(a,a)<^. 

Since 8 is independent of this inequality establishes the convergence 
of the series 

K {a, a) = I Pq (a) I® + | Pj (a) |^ + ... 

for the case in which the point a lies in the region bounded by G. Again, 
we have the inequality 

\K, (a, z)\^< [|Po (a) 1 1 Po ( 2 ) | H- | P^ (a) \\ P^{z)\ + K,, (a, a) K,, (2, 2). 
and if Rn^ (a, 2) denotes the remainder 

-Kfi*” (®J = Pfi+l (®) Fn+I {^) + ... P n+TO {^)i 

we have j R^^ (a, 2) < R^^ (a, a) R^^ (2, 2). 

Since the series K {a, a) is convergent when a lies within G we can find 
a number N (a) such that ii n> N (a) we have for all values of 7n 

1 I < 

where e is a small positive quantity given in advance, hence if N is tiie 
greater of the two quantities N (a), N (2), we have for n> N 

|P„™{a,2) I2<e2. 

This establishes the convergence of the series 

K (d, 2) = Po (a) Pq {z) + Pi (a) Pi (2) + ... . 
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To prove that the series is uniformly convergent in any closed realm A 
1^ entirely within C we note that the quantities Z„ (a, z) are uniformlv 
bounded in the sense that 


I (<*> «) 1* < K„ (a, a) K„ (z, z) < . 

The general selection theorem of § 4-46 now tells us that from the 
sequence (a, z) we may select a partial sequence of functions which 
converges uniformly in R towards a limit function / (*). Since, however 
the sequence converges to K (o, z) this limit function/ (z) must be identical 
mth K (a, z) and so the series which represents K (a, z) converges uniformly 
in B, a and z being points within iJ. ^ 

We now consider the integral 


I - A {y' ( 2 )}i p ds, 

where A is a constant which is at our disposal. We have 

I (a, z) I* ds = K„ (a, a), 


( |y'(z)|da= f’dd=2,r, 
Jc Jo 

[ (a, 2) {y' (2)}* ds = [ K„{it,,g (0} LLHU 

•'0 Jo tnxi 


d9 

W (?)}* 

\"^Kn{a,ga)}V^de, 

Now the function K„ {a, g (Q} Vg' (5) is regular and analytic for 
^ I < 1, and so the last integral is equal to 

{a, g (0)} V^) = 2nKn {a, a) [y' (a)]-*. 


where ^ 


Choosing 
we have finally 


A = ^[y'(a)]*, 

^ I y' (a) I - ^,1 (a. a)- 


Our object now is to show that 

lim J„ = 0. 

n-^oo 

Let us write L{^) = [g' 

Since g’ (J) 0 for | ^ | < 1, a branch of L ($) is a regular analytic 

function for | J | < 1. 

We now consider the set of analytic functions E (^) regular in | ^ | < 1 
and such that 


“2ir 
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Let a be a fixed number whose modulus is less than unity, then the 
maximum value of | J/ (a) | * is 

To see this we put 

La)j5(D = <o + «i^ + ...+<„^« + ..., 

then on the above supposition 

1^1®+ Kl*+ •••+ N„|*+ ... = ^ 

and Schwarz’s inequality gives 

|S(a)|*‘|L(a)l*< S 1*„|»S 

w—0 n—0 A — I 

The sign of equality holds when, and only when, 

t„ = c5“, re = 0, 1, 2, 

La)Ea) = .^^. 
de 


27t’ 
ll/2re 


that is, when 

Now 
therefore 
and so 


d6 2ir 

Jo I 

2w I c I® = 1 — I a I®, 

= L_ 

1 - Ca (2,T)i L (0 ■ 


Now let E a) = E {y (z)} =0(z) = G{g( £)}, 
then E (1) and 0 (z) are simultaneously regular, and 

1 = \La)E (0 I® de = I*" \g'a)\\E a) I® I (7 (z) |® d^. 

E'{0) = O (a), 

max I E (0) |® = max | 0 (a) |®, 


Finally, 
so that 
therefore 

E (a, a) = max | G (a) I* = max I (0) I® = ^ 

. . -^(0)1® 2v|f/'(0)|’ 

and so ■ < i \ t 

JSc •^» = ^ I T'' (“) I - ^ / (a) I - I ff' ( 0 ) I } 0 . 

Since [^n(a,z)-A{/(z)}4]® = 

18 a re^ar analj^ic function in the closed inner realm of C, we have for 
any point Zq within C whose least distance from (7 is 8 


■ - ^ f I r, 


/_\ lO J 


2 



Hence 


Begion Outside a Closed Curve 

E {a, ao) = lim (o, Zo) = X {/ (ao)}*. 

Furthermore, eince 

Z(a,a) = ^|y'(a)| = 2,rA*, 

we have / ( 2 ,) = 

2'TT 

and so y {z) = ^o)]^ dz^. 

If the curve C instead of being of Tinit length is of length I the ortho- 
gonal polynomials P„ {z) are defined so that 

i|^|P„{a)|*da=l. 

and the general formula for the mapping function becomes 

where g is a number with unit modulus and is equal to unity when the 
mapping fimotion is required to be such that y (a) > 0. 

A study of the expansion of fxmctions in series of the orthogonal poly- 
nomials P„ ( 2 ;) has been made recently by Szego and by V . Smirnoff, 
Com'ptes Rendus, t. OLXXXVi, p, 21 (1928). 


§ 4- 82, The mappmg of the region outside C\ If we write 


z' {z — a) = 1, lov)' = 1, 

the interior of G maps into the region outside a closed curve O' in such 
a way that the point z = a maps into the point at infinity in the z'-plane. 
The interior of the unit circle 1 1 /; | < 1 is likewise mapped into the region 
\w'\>l, the point w = 0 corresponding to w;' = 00 . 

Hence the region | ti;' | > 1 is mapped on the region outside C' in such 
a way that = 00 corresponds to z' = 00 , the relation between the 
variables being of type 

z' - rw;' + To + Ti + ... + T„ («^')“" + 

Since w = y (z), the function which gives the conformal representation is 


w' = [y {a + ( 25 ')-"}]-^ = ^ ( 2 '), say. 


Szego has shown that the function iff (z') may also be obtained directly 
with the aid of an orthogonal system of polynomials n„ (z') associated ^ 
with the curve C", 

If T = I T I we have in fact the formula 


if, ( 2 ;') = c-** lim 

n-»-oo 


n„+x (*') 
n„ (a') • 


B 


21 
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TiiyAMPT.TO 

1. If is ® equation P„ (z) ■« 0, prove that 


J 5 .W’*./ SlW 

Jo z-zq Jo z-z^ 


zda. 


Henoe show that z^ lies within the smallest convex closed realm R which contains the 
curve (7. 


2. If 0 is a circle of unit radius, 


K(a,z)-- 

y(*)' 


l-38d’ 
z — a 


3. If the curve (7 is a dcuble line joining the points — 1, 1, the polynomial P (z) becomes 
proportional to the Legendre polynomiaL Note that in this case the series K (a, z) fails to 
converge, but this does not contradict the general convergence theorem because now the 
points a and z do not lie within O'. 

4. If (z) is any polynomial and a any point within the curve O', prove that 

7 (<». *) -Bn (*) da = (a). 


§ 4‘91. Approximaiion to the mapping function by means of polynomials* . 
Let a circle of radius B be drawn round the ori gin in the z-plane and let 

= / ( 2 ) = ^0 + + <*22* + ••• 

be a power series converging uniformly in its whole interior. This maps 
the circle on a region of the complex w-plane. For the area of this region 
we easily find the expressions 

A=\^?^\f' {z)\^rdrdd (z = re‘») 

Jo Jo 

= 2 n f rdr S I a„ |aft*ran-a 

JO n-l 

== tiR^ I ffli I® + w S » I o„ I* R^ + 

n-2 

The area of the image region is always greater than wiZ® | |* when 

Oi 0 and is always greater than Tm | a„ when a„ 96 0. When the 
mapping function/ (z) is such that Oj = 1 the result is that the area of the 
picture is greater than that of the original region unless the picture happens 
to be a circle of radius B. 

Suppose now that we are given a simply connected smooth limited 
region B of the z-plane. Let dr be an element of area of this region, we 
then look for a function / (z) regular in B which makes the integral 

^ = jjl/'(2)|®<ir 

* L. Bieberbaoh, Berid, Pdl&rmo, vol. xxxvm, p. 98 (1914). 
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as small as possible. To make the problem definite we add the restrictions 
that / (0) = 0, f (0) = 1, and that / ( 2 ) is a polynomial of the »th degree. 
These conditions are satisfied by writing 

/ (a) = 2 + 082 ® + ... + a„ 2 «. (A) 

If / ( 2 ) + efif ( 2 ) is a comparison fnnction we have to formulate the 
conditions that the integral 

j (0 = |j I /' (2) + ^9' (2) I" dr = |j If' (a) + egr' (2)] + iT^] dr 

may be a minimum for 6 = 0. These conditions are 
^ (2)/' (2) dr = 0 , 

\\f' i^)W)dr=Q, 

^ (2) ^ dr = II I 9' (a) I » dr. 

The inequality is always satisfied, but the two equations are satisfied 
for all forms of the polynomial g (z) only when the ooefiScients satisfy 
certain linear equations. If 

II z’^zodr = z„, 

where z is the conjugate of z, these equations are 
22 o.i + ^,1^2 + 622.103 + ... = 0, 

+ (^'2) Zj^n-iCl2 + (W.3) "1" ••• (^.^) = 0, 

and 

22i.o+ (2.2)zi^ia2+ (2.3)zi^a(^+ ... (2.7i) = 0, 

+ (^-2) + (»1.3) + ... 2Jn-l,fi-lOn == 0. 

These linear equations are associated with the Hermitian form 

(p + 1) (g + 1) Zp^aj,a^, 

piaO 0 

and possess a single set of solutions for which I is a minimum. By giving 
different values to n we obtain a sequence of polynomials which in many 
cases converges towards a limit function F (z). The question to be settled 
is whether this function F (z), among all mapping func- 
tions with the properties F (0) = 0, F' (0) = 1, gives the 
smallest possible area to the picture into which B is 
mapped. The following simple example tells us that this 
is not always the case. Consider the region B which 
arises from a circle when the outer half of one of its 
radii is added to the boundary (Pig. 26). There is no 
polynomial which maps this region J3 on a region of smaller area. For 

2X-2 
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Conformal Bepresentation 

by meanfl of a polynomial the region B is mapped on another region 
which has the same area as the region on which the complete circle is 
mapped and, unless the polynomial is simply z, this region has an area 
which is greater than that of the circle. Hence in this case all minimal 
polynomials are equal to z and F {z) is also equal to z, 

Bieberbach has investigated the convergence of the sequence of 
polynomials to the desired mapping function for the type of region 
^iiscovered by Carath6odory*. For such a region the boundary is contained 
in the boundary of another region which has no point in common with the 
first. The interior of a polygon is a particular region of this tj^e and so 
also is the interior of a Jordan curve, 

Bieberbach’s method of approximation has been used recently in 
aerofoil theory for the mapping of a circle on a region which is nearly 
oircidart. 

Introducing polar co-ordinates, z = and supposing that on the 
boundary r = 1 + y, where y is small, we may write 

r2ir rl'Hy 1 r2ir 

«„ = [ dJd\ r-^-r-s (1 tI- 

Jo Jo IJ + 3 + 2Jo ' 

Hence retaining only terms np to the second order in the binomial 
expansion of (1 + y)i’+«+*, 

* 1 X 1 = y.oos (p — q) g.dg + '^ ^ (jP “ ?) 

+ i y.sin (p - ?) y®.sin (p — 3) B.d^, p # 3, 

+ Jp + (2> + i) 

■ These quantities may be determined from the profile of the nearly 
circular curve when this is given. 

Now writing z«, = , a^ = 4>^ + 

where and are all real, and neglecting all the coefficients 

after O4 in the expansion (A), we obtain the following equations for tho 
determination of ^ 2 . ^a. <^ 4 . 1 A 2 . ^s. ^ 4 : 

^01 + 3^12^8 “I" 3'IJi 2^2 + + 47}i3^4 = 0, 

’Joi + 2^u^a — 3i7i2^a + = 0, 

^^02 + 2^^i2<^a — 2ijj2^g + 3^22^8 + ^^as<^4 + = 0i 

1?02 + 21^2^2 + 2|i2^a + 3^22^8 ~ ^28^4 + 4^23^4 = 

fo8 + 2^13^2 - 2lJi8<Aa + 3^28'^8 — 3l728^8 + 4^33^4 = 0, 

1708 + 2i7i3^2 + 2^13^2 + 3iJ*s^3 + 8^23^3 + 4^33^4 = 0. 

* Mcdh. Ann. voL t.tttTj p. 107 (lpl2). 

t r . HGhndorf, Zeits.f. cmg. Math. u. Mech. Bd. vi, S. 266 (1926). The oonformal representation 
of a region which is nearly ciroiilar is discussed in a very general way by L. Bieberbach, Siizungsber. 
der jpireuBsiachen Akademie der Wusenechafieih S. 181 (1924). 
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DamelVs Orthogonal Potentials 

Eliminating <^4 and ^4 wo obtain the equations 
(0133) + 2 (1133) +3 (1233) ^ 3+8 [ 1233 ] ^3 = 0 , 

[0133] . +2 (1133) 1^3 -3 [1233] 03 + 3 (1233) ^3=0, 

(0233) + 2 (1233) 03-2 [1233] 03 + 3 (2233) 03 = 0. 

[0233] + 2 [1233] 03 2 (1233) 03 + 3 (2233) 03 = 0, 

where 

{p(p'S) — ~~ ~ VvrVQtf LP9^S] = 'fjtnVrt + ^nrVai ~ 

and these finally give the values 

viV0^ = ^2i'-3. vNtI), = Z2,_3, V = 2, 3, 4, 
whore N ■■ (1233)* -l- [1233]* - (1133) (2233), 

== (0133) (2233) ~ (0233) (1233) - [0233] [1233], 

Zj = [0133] (2233) + (0233) [1233] - [0233] (1233), 

Z 3 -= [0133] [1233] h (0233) (1133) - (0133) (1233), 

Zt - [0233] (1133) - (0133) [1233] - [0133] (1233). 


§ 4-92. DanieWs orthogonal potentials. Consider a set of polynomials 
3*0 (2)) 3*1 (*). defined by the equations* 

(0, 0) (1, 0) (n, 0) 

(0, 1) (1, 1) {n, 1) 


3*n (3) == 


1 


Va.-i/?„ 


whoro 


and 


IK - 


(0,71—1) (1,71—1) (71,71—1) 
1 2 2?” 
(0,0) (0,1) (0,71) 

(1,0) (1,1) (1,71) 


) -Do — Ij 


(71,0) (71,1) [n,n) 

{m, 7l) ^ 


the integral being taken over the region to be mapped on a unit circle. 
A donotea lioro tlio arcMi of tlio region and dr an element of area enclosing 
the point z. ThoHe polynomials satisfy the orthogonal conditions 


\ II Vm (*) 3»n (z) = 0, m # » 

= 1 , 771 = 71 . 

A mapping fiinotion / (z) which satisfies the conditions / (a) = 0, 
f' {a) 1, is given formally!' by the expansion 

(a;) Po {a) f («') dz' + Pi (a) [ Pi (z') de' + ..., 

Ja Ja 

whore S -- p„ (o) 2>„ (a) + p^ (o) Pi (a) + .... 


* ThoBO oquatioTiB aro analogouB to thoHu used by Szogii. 

t Thifl BorioB does not oIwayH roproHont an appropriate mapping function os may be seen from 
a oonsldoration of tho oircular rogion with a out extending half-way along a radius os in § 4 91. 
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Conformal Hepresentation 


Hit that thu 


To see thia wo write 

/*(*) “ Oolhi (*) I (hPi (=) i <hl>t (-) i 

f‘ (s) - aitPo {*) "t “if'i (=) I i 

where Oj, aj, S^, ... are otKtfticicntM 1« Ih< 

integral 

^ j|/' {z)r{W.dr i I ... 

may be a minimum aubjoot to the contiititiHH 

/' («) 1. 7' («) 1- (A) 

Differentiating with rofliMict to ou.fli, ... in turn ur tint] that 

a„ kp„ («), n 0, 1 , 

«i» ^ («)• « 0,1,... 

where k and k are Lugningian imiltipliiTH to he determineil hy nn>anH ef 
the oquatiooH (A). We ('iiHily ilud that 

, ] ‘ XvV, hS 1, 

and HO 

A/' (s) - p" (rtj (i) i }7, (rt) (2) ■! ... . 

If 2>n ( 2 ) 1 * 1 , ■■ ii’ni whi're «„ and e„ art> real potentiulH whirh ran Ixi 

derived from a potential fuuetittn by meaiiH «if the eipnt(iiin« 


dx 




wo 


1 , >n H. 

I he potentialH </)„, (f ,^, ... tluiM fortn ajj tirthogiinal nv«t<’in of the tviw 
conHidered by 1>. .J. ThiH deliniti.tn <.f ..rthoK-tnal p-ttentialH ia 

eawly exleiuied by u.sing a tyja* of inti-gral HuggeHted by the ai.propriate 
problem in the ( 'ide.uluH of VariatioiiH. 

I'or the unit oireht itnelf the orthogonal jHilynomialH nr«i 

V„{s) s".(h I l)i, 

and the mapping function is coiweijnently given hy the eipiatitaiM 

(1 »)'. 

I zu 

§ 4-93. Fejnr'n theorem. Jjt't 

f (z) (In I (liZ I I ... (]| 

be the function mapping a region J) in th<' ^ plane on tin- unit eirob‘ ,l with 

• Phil. .Vhi/. (7), vdl. H, ji. ».t7 (lUlMl). 
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equQition | » | < 1 in the a-plane. We shall suppose that D ia bounded by a 
Joidan curve C and that Z = H (6) ia the point on G which corresponds to 
the point 3 = on the unit circle c which bounds the region d. At this 
point, if the sariep converges 

Z = a^ + OiS" + OgC®" + ... + ... 

= 4- «i + 'i<a+ ... say. (2) 

Now by Cauchy’s form of Taylor’s theorem 

«>0, 

= 0, n<0, 

where n is an integer and the contour is a simple one enclosing the origin 
and lying within the circle of convergence of the power series. On account 
of the continuity of f {z)\b. d we may deform the contour until it becomes 
the same aa c without altering the values of the integrals. Hence, writing 
^ we get 

27 ra„ = E (a) c-*"“ n > 0, 0 = (a) e‘"“da. 

Jo Jo 

These equations show that the series (2) is the Fourier series of the 
contiQuous function JI (0) and is consequently summable (O, 1) (§ 1-16). 

Now consider a circle \ z\ = p where p< 1. The function / (z) maps the 
interior of this circle on the interior of a region 22 whose area A is, by 
§ 4* 91, equal to the convergent series 

7r[|ai|V"+2|a,|V"+-]. 

This area A is bounded for all values of p and is less than B, say, 

/. 7r[| Oi IV' +2\a, IV' + ... ^ I IV'”] < ^ 
for 0 < p < 1 and so 

7r[\a,\^-h2\c^\^+ 

This inequality shows that the series S | | ^ is convergent. Now this 

property combined with the fact that (2) is summable ((7, 1) is sufficient 
to show that the series (2) converges. Writing 

= Mo + Un, (n + l)Sn = So + 3i + ... 

we have Sn = — cTn where (?i + 1) a„ = It is suffi- 

cient then to show that a,, -> 0 as go. With the notation = | I 
we have the inequality 

[(m + 1) + ... (m + p) 

< [(m + 1) + ... (wi + p)] [(wi H- 1) + ... + V) ^'m+p]. 

The first factor on the right is less than 1 + 2 {m -}- 2 ?) which is less 
than (m + p + 1)^ Also, since the series converges we can choose 
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m BO large that the second factor is leas than e» whatever p may be. We 
may now write n = m + p, 

^ «. + 4- ... tnVm . (*» + 1) + — (”* + P) 

“ m + p+1 m + p+1 

where the second 'term on the right is less than e and since p is at our 
disposal we may choose it so large that the first term on the right is less 
than e. TTpitkw we can choose n so large that | | < o-^* < 2e and so 

I cr„ I -*• 0 as » -► 00 . 

It foUowB then that the series (2) converges and that the co-ordinates 
(Xj y) of a point on a simple dos^ Jordan curve can be expressed as 
Fourier aeries with $ as parameter. The theorem implies that the senes (1) 
converges uniformly throughout d mid that the mapping by means of the 
funotioa /( 2 ) may be extended to regions which are slightiy larger than 
d and 2>. 

Reference is made to Fej^r’s papers, JUUncJiener Sttzunffsber. (1910), 
Oomptee Sendua, t. olvi , p. 46 (1913) for further developments. Also to the 
book by P. Montel and J. Barbotte, Lefona mr lea famiUea normalea de 
foncHona emdlyiiquea (Gauthier- Villars, Paris, 1927), p. 118. 


CHAPTER V 


EQUATIONS IN THREE VARIABLES 


§ 5-11, Simple soliUums and their gcTiercdisation. Commencing as before 
with some applications of the simple solutions we consider the equation 

d^v __ /9^ 9^\ 

of the propagation of Love-waves in the direction of the sc-axis. If now 
p and fju have the values poi respectively for z> 0, and the values pi, 
respectively for 2 < 0, it ip useful to consider a solution of type 
V = ^^0 = cos 52! + -B sin 525) sin /c (ic — z> 0, 
v = ^3^ = (7e^ sin AC (a: — qt)y 2 < 0, 
where the constants are connected by the relations 

In the expression for we take A > 0 so that there is no deep pene- 
tration of the waves. 

The boundary conditions are 

Po ^ = 0, when z = a, 

^92 ^ 92 I , when 2=0. 

These equations give 

4 sin 5a = B cos sa, 

A = Gy 


[IqsB = pihC, 

Putting jLto = Cq^Po , p^ = (h^Pi we have with 8 = k cosech cjdq, k = K sech coi , 
Cq= q tanh wq, — 9. coth , 


cosh 0)1 = — sinh ojq cot {an 
Ha 


and it is readily seen that there are no waves of the present type unless 

Cq •< Cj . 

Matuzawa has examined the case of three media arranged so that in 
his notation 


v = Vi = Ai (e*!* + erhf) cos (pt + fx), p== Pi, p- = IH, 0 > z> — h, 

u = Dj = + Berh*) cos (pt + fx), p = Pt, IH> — h> z> — H, 

v = V 3 = Ase’t’ cos (pt + fx), P = Ps> /^= — H > z. 
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The boundary conditions 

dvy dvo , , 

/Xi ^ at 25 — — 

give -di (e“^^ -f == 

-di/Lti^i (e-*i^ — e*i^) — 

-dae"*»^ + JSae**-®^ = -dge"**^, 

Eliminating -d^, J-a, dia^ -Sa writing = tanh Sih, = tanh s^^h, 
T 2 = tanh s^Hy we obtain the equation 


M2®2 


n-T,+ £j(l-T,T,) 
l-r,T, + !^{T,-rS 


The cases Si, ^a imaginary, 5^, 8^ real, are not com- 

patible.with an equation of this type. When is real it appears that there 
is only one value of and this is an imaginary quantity; when is an 
imaginary quantity it appears that there are two possible values of Si and 
these are both imaginary. 

Matuzawa has examined the six possible oases 
A B G D E F 

Ci<Ca<C3 Ci<C 8<C2 Ca<Ci<C8 C3<Ci<Ca C2<C3<Ci C8<Ca<Ci 

and concludes that in cases D and F there is no solution. 


§ 5*12. The simple solutions considered so far correspond to the case 
of travelling waves. We shall next consider a case of standing waves and 
shall take the equation of a vibrating membrane 

dhjo 2 ( dHo 9 ^ \ 

^ \.0cc2 9y*/ 

Let the boundary of the membrane consist of the axes of co-ordinates 
and the lines a; = a, y = 6. The expression 


w 


niTTX 


satisfies the condition ty = 0 on the boundary and is a simple solution of 
the difierential equation if 



This equation gives the possible frequencies of vibration, m and n 
being integers. A more general type of vibration may be obtained by 
summing with respect to m and n from m = 1 to cc and = 1 to 00 . 
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The resultiiig double Fouiier series is usually a solution which is sufficiently 
general to make it possible to satisfy assigned initial conditions 

«7 = «>o> for <=0, 


by using coefficients A^n , determined by Fourier’s rule 


A 

"““a6 


a rb 


irynx 


0 Jo 


. HVHiM . TIiTTV t t 

'o sm sm dxdy, 

Of 0 

jj 4 r“ . . niTrx . nny , , 


•RITTAMPT.-RI 

Find the nodal lines of the solutions 

.. ‘ITX . Tty f TTX TTy\ . 

w ^ Aem — sin~oos h cos — ) cos vt, 

a a \ a a) ^ ' 

. . •2ira; . 27Ty 
w ^ sm — am — - cos pU 
a a 

« f . SttX . Tiy , 7TX , Swv] . 

w = 0 "^sm — am — — sm — sm — 2.1 qos vU - 
I a a a a J ’ 

which are suitable for the representation of the vibration of a square if p has an appropriate 
value in each case. 

§ 5-13. Ejection and refraction of electromagnetic waves. In a non- 
conducting medium the equations of the electromagnetic field are* 
curl H = DjCy div D = 0, 
curl £ = — Bjc, div B = 0, 
and the constitutive relations are 

D = t<E, B = iiH, 

where the coefficients k and ^ can be regarded as constants if the material 
is homogeneous and the frequency of the waves is not too high. 

If aU the field vectors are independent of 2 , their components satisfy 
the two-dimensional wave-equation 

dx^ dy^ " dt^ * 

where = c^/k/x = 1/5^, say. 

The permeability of all substances is practically unity for frequencies as 
great as that of light. Hence for light waves it is permissible to write 

V = Cj^/Ky 

and in this case we may also write k = n^y where n is the index of refraction 
of the medium. 

Let us now suppose that the medium with the constants (fc^ , fj^j) is on 


* For oonveuienoe we denote a partial differentiation with respect to the time 2 by a dot. 
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the side a; < 0 of the plane x= 0, and that on the other side of this plane 
there is a medium with constants (k^, /jl^- 

We shall suppose that when x < 0 there is an incident and a reflected 
wave, but that for re > 0 there is only a transmitted wave. We shall 
suppose further that the electric vector in all the waves is parallel to the 
axis of Zi then with a view of being able to satisfy the boundary conditions 
we assume 

where eg denote respectively the exponentials 

fig = 6t«f«i(a;Q08«^+l/Blii^)-<]_ 

The corresponding expressions for the components of H are 
3„ = (csJiij) (A^ei + Ai'ei') sin a: < 0, 

■®a = (^ 2 /^) A^e^ sin x > 0, 

3v = (<Wx/Ai) - Aiej) cos a; < 0, 

if, = - (esaZ/ij) Jjejcos^j, a; > 0. 

The boundary conditions are that the tangential components of S and 
H are to be continuous. These conditions give 


-h = A 2 , 

sin {Aj^ + A-j^) = sin <f> 2 , 

cos {Ax — Ax) = i^xSiA^ cos 

Hence _ ^ 2 _ 

when/x,= ^. 

This is the familiar relation of Snell. Writing 
A'^^BA, A2=TA, 


^ — 3 _ sin <f>x cos 
1 + -B sin ^2 cos ^x ’ 

^ — T ^ sin (j>x cos 4>9 
T sin ^2 cos ^x ’ 
In the case when the electric vector 
= — {CxBx + Cfi'e^') sin 
3v = {Oxex- Oi'ei') cos <f>x (a: < 0), 
3, = {<»i/^) {Qx^x. + GxS^), 

and the boundary conditions give 


J2= 

sin (9^1 + ^2)’ 

T = ^ sin 9^2 cos ^x 
sin {<j>x + ^ 2 ) ■ 

is in the plane of incidence we write 
3a = — sin 

3v= O^e^GOB^^ («>0), 

3. = € 262 , 


(V/H) iCx+Gx') = S2C2/f^2, 
(Gx~Ox') cos .^2= (72 008^2, 

(Ox + Cx') sin ^ = K2C2 siu 
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The third equation implies that the ai-oomponent of D is continuous 
at a; = 0 . These equations give 

= _? whenu, = u.. 

Bm<p2 «1 r~l AT! 

Thus Snell’s law holds as before. If we further write 

C2=rC2, 

so that p, T are the coefficients of reflection and transmission respectively, 
we have ^ tan 

^ tan -f- ^2) 

_ 2 sin <^2 COB <^i 

sin (<^ + ^2) cos ^2) 

Of the four quantities J?, T, />, t only one can vanish, viz. the polarizing 
angle is defined as the angle of incidence for which p = 0 . This angle 
is given by the equation tan (<^ + ^2) = co, and so 

tan Oi = njrii . 

When the incident light is unpolarized it consists of a mixture of waves 
in some of which E is parallel to the axis of z and in the others H is parallel 
to the axis of z. When such light strikes the surface a; =0 at the polarizing 
angle the waves of the second kind are transmitted in toto, and so the 
reflected light consists merely of waves of the first kind and is thus Imearly 
polarized. 

Reflection and refraction of plane waves of sound. (Consider a homo- 
geneous medium whose natural density is p^. When waves of sound 
traverse the medium the density p and pressure p at an arbitrary point 
Q (^> Vi 2) have at time t new values which may be expressed in the forms 
P = Po (1 + 5 )? ^ = Pq (1 + 

where po is the undisturbed pressure and ^4 is a coefficient depending on 
the compressibility. The quantity s is called the condensation and will be 
assumed to be so small that its square may be neglected. 

We now suppose that the velocity components {u, v, w) of the medium 
at the point Q can be derived from a velocity potential ^ which depends 
on the time. Bernoulli’s integral 

f — + ^ = constant 
] p at 

then gives the approximate equation 

^ = 0 , 

where c® = = (^Pl<ip)o is the local velocity of sound and is constant 

since A and po constants. The equation of continuity 

®p ^ ^ I ^ ri 
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aaid the equations u= v = ^, w =^, when u,v, w are small, give 
the wave-equation ^ 2 , * 

J- = c^VV- 

be satisfied at the smface separating two media are 
a t e pressure and the normal component of velocity must be coh- 
muous. On account of Bernoulli’s equation the continuity of pressure 
unplies that p is continuous. 

Let us now consider the case in which two media are separated by the 
p ane a; = 0. We shall suppose that in the medium on the left there is an 
ini la tram of plane waves represented by the velocity potential 

and that these waves are partly reflected and partly transmitted. We 
therefore assume that 


<Ai = x < 0, 

4a = x> 0. 

The boundary Qonditions give 

Pi (®o + Oi) = P 2 «a. 

^ (fflo - Oi) = ^Oa, 

where Pi and are the values of the natural density for a; < 0 and a: > 0 

respeo ive y. and Cg are the two associated velocities of sound we 
must nave . > 

Pi f = cos Q5i , CiT^ = sin cKi , 

Therefore ‘= 2 ? = cos a*, = 




Oa = Oo 


C 2 P 2 cos Oi -f- CiPi cos Og 

2 CaPi cos Q!i 


t^iPi ooB _ P2 cot Cl 
— 


fJl lJUU ttg 


P 2 , oot Ui + Pj cot tt 2 ^ 
2pi cot Cl 


Cgpa cos Cl -F qpi cos cg ““ Pa cot c^ -|- p^ cot Og ' 

The equation Cg sin c^ = sin Cg 

gives a law of refraction analogous to Snell’s law. 

When the second medium ends at a: = 6, where 6 > 0 and for x> b 

TotenSS"" V -i-ity 

<Pi = aoe<»«-f«>-’iv) + 3 , ^ q 

<f>i = age<»“-!r»-’i») + £i3e‘»<*-K»>-w), b>x’>0 

<l>s = 


and the boundary conditions give 

Pi (fflo + Oi) = pg (og + 0,). (Og- a,), 

PgUgC 4- pgagfi'^f* = piCgg-inW^ 

^aae-<»!r»_ ^a3e<«f*= 
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Therefore 

Og + Os = 00s (»60 + sin (ft6t)J , 

®2 - «3 = » sin (»60 + ^cos (n6S)j , 

aoC<»ft = 04 j^cos (n6^) + ^ sin (m65)J , 

(j^g<nf» _. gin (« 60 - 

It should be noticed that these equations give 

I aol* - K 1“ = I ^4 1^ 

and. the first of these equations indicates that the sum of the energies per 
wave-length of the reflected and transmitted waves in the fif st medium is 
equal to the energy per wave-length in the incident wave. 

It should be noticed that if sin (716 f) ^ 0, the condition for no reflected 
wave (^1= 0) is ^Pi, and is independent of the thickness of the 

second medium. 

We have assumed so far that there is a real angle Og which satisfies the 
equation q sin Og = Cg sin , but it Cg > Cj it may happen that there is no 
such angle. If the value of sin ojg given by this equation is greater than 
unity, cos Og will be imaginary and the solution appropriate for a single 
surface of separation {x = 0) will be of type 

a; < 0, 

<^a = a; > 0, 0 > 0. 

In this case there is no proper wave in the second medium, and on 
account of the exponential factor the intensity of the disturbance falls 
off very rapidly as x increases. The corresponding solution of the problem 
for the case in which the second medium is of thickness b is obtained from 
the formulae already given by replacing ^ by — ifl. It is thus found that 

2^2 = i Ij a 4 , 

203 = c'-^bie+io 1^1 _ i Ij ^ 4 , 

j^cosh {nb8) + sinh (?z66)j , 

(“Pi &P2J 

The coefficient Og of the disturbance of type which increases 

in intensity with x is seen to be very small so that this disturbance is small 
even when a; = 6. 
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In the present case the reflection is not quite total, for some sound 
reaches the medium x> b. The change of phase on reflection is easily 
calculated by expressing OiJoq in the form JSe**. 

Let us now consider briefly the case when nb^ = Terry where X; is an 
integer. In this case sin {nbQ = 0; there is no reflected wave and the 
formulae become simply 

<f>i = a; < 0, 

<^2 = ^ (pjpz) gin (^nx), b> x> 0, 

<f >3 = x> b. 

It will be noticed that the value of 9^ is precisely one for which there is 

a potential <j) fulfilling the conditions -^ = 0 for a; = 0 and a? = 6. 

The slab of material between x = 0 and x = b can be regarded as in a 
state of free vibration of such an intensity that there is no interference 
with the travelling waves. 

The absorption of plane waves of sound by a slab of soft material has 
been treated by Rayleigh* by an ingenious approximate method in which 
the material is regarded as perforated by a large number of cylindrical 
holes with axes parallel to the axis of x and the velocity potential within 
these holes is supposed to satisfy an equation of type 


where A. is a positive constant. The new term is supposed to take into 
consideration the efiect of dissipation. 

At a very short distance from the mouth (x = 0) of a nlinnnpil it ia 

assumed that the terms and may be neglected and that the 
solution is effectively of type 

J, = e*"* {a' cos k'x + 6' sin k'x}, 
where — ink. 

If the channel is closed at a: = b, we have ® there, and so we may 
write 

(f> — A'e*”* COB k' {x — b). 

When X is very small 

= k'A'e*^* sin (k'b), 

= — ^ = — cos (k'b). 


u 


— tan {k'b). 
n ^ ' 


* PhU. Mag. (6), vol. zxme, p. 226 (1920); Papers, vol. vi, p. 602. 



Total Reflection 

If, for re < 0 , we adopt the same expression as before, viz. 

_ ^ (gp - ffli) 
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we have 


■ 

\C®Si/x«0 ®0 gl 


Now let CT be the perforated area of the slab and tr' the area free from 
holes. The transition from one state of motion on the side a: < 0 to the 
other state on the side a; > 0 is assumed to be of such a nature that 

(<r + it') Wj = au, 


' Si= 8. 

These equations give the relation 


up gj 
gp + gi 




(7 + a‘ 


7 tan {k'b) 


for the determination of the intensity of the reflected wave. When h = 0, 
we have | gi | = | Op | and the reflection is total, as it should be. When 
O' = 0, Oj = Op , and there is again total reflection. On the other hand, if 
cr' = 0, the partitions between the channels being infinitely thin, we have, 
when h = 0, 

cos {k'b) — ik' sin (k'b) _ cos Oj cos {k'b) — t sin (k'b) 

^ 008 {k'b) + ik' sin (k'b) ~ cos cos (k'b) + i sin {k'b) ' 

In the case of normal incidence = 0, Oj = aoC"****# and the effect is 
the same as if the wall were transferred to a: = 6. When % is very small 
but the term k^ in the complex expression k' = ki_+ ik^ is so large that 
the vibrations in the channels are sensibly extinguished before the stopped 
end is reached, we may write 

cos {ik^b) = sin {ik^b) = J*e*>*, tan {k'b) =» — i, 

and the formula becomes 


gp -_gi ^ g , 

gp -i- gi (g + o') cos Oi’ 


EXAMPLES 

1. In Iho roflootion (if piano waves of sound at a plane interface between two meciia 
the volooity of tho triu'.o of a wave-front on the plane interface is the same in the two media. 

[Eayleigh.] 

2. When the volooity of sound at altitude z is c and the wind velocity has components 
(m, V, 0), tho axis of z Itelng vortical, tho laws of refraction are expressed by the equations 

(/, - <jl,„ c COHUO 0 I M. COH ^ -H « sin <^ = Cp ooseo Aq -i- itp cos -t- Vp 8™ ^ “y* 

whore (fl. <t) are tho sphorienl polar co-ordinates of the wave-normal relative to the vertical 
polar axis and tho suflix 0 is used to indicate values of quantities at the level of the ground. 

:i. Provo that tho ray-volocity (tho rays being defined as the biohaxaetertotics as in 
§ l-n;!) is obtained by coinpounding tho wind velocity with a velocity c directed along the 
wttvc-nurmal. fcJoo also Ifix. 1» § 12*1. 


]i 


22 
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j. w ^ ^ ^ urrWQ!^ 


y “ ((^da^ + va) (fa/r. 


■wiiare , » , 

v-A-uooB r -« fs* -.«*>* 

and Z k defined by the eqnetion « i «, , ’ 


find a solution o/ttlf^i^tio^ conduction of heat. Our first problem is to 


dt v9ai^ 9w*/ ’ 


TThioh wfil satisfy the conditions 

*- MP [<P «-»/«)) when »_0. d-Owhen.-oo 
Assuming as a trial solution 

exp [ip (t _ te/e - y/b) - txy], 
wefindthat ^ * [(a + S)* _ . 


.(A) 


Therefore 


6-2a«. = 


in = 0) varies 

of temperature at^^^ J^^®‘^P®"ofiio<fiai»rbanoe^ 
travelling with the ae.mo v»1nm> * periodic disturbance 

oth.r|hasfan^C:^3i^^^ ^ 

The solution may be generalised by writing 
^ 6 = ctan^, o- (c/2K)tan^, p = (6V2 k) tan ^ sin 

<? = 1^/ (^) d^.eip [{ie/2K) (c« - *) tan ^ Bin ^ - (cy/2K) (tan ^ + i sin^)]. 
arbitrar^fS^tio^ * oonstant mdependent of ^ and / (^) is a suitable 
If we wish this solution to satisfy the conditions 

^-^(c<-®)wheny=0, 9=0wheny=oo. 
the function / (^) must be derived from the integral equation 


9 («) = £ / (^) d4>.exp [(♦ctt/2/c) tan ^ sin (- oo < « < oo). 
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When the function g {u) ia of a suitable type, Fourier’s inversion 
formula gives 

f 00 

/ (<^) = (c/4jrK) 1 JlH- sec* <f>)am^.g (u) du.exp [- (ictt/2/c) tan ^ sin ^], 

0 < ^ < 7r/2. 

In particular, if 

g {u) = (2/c/c^6) sin [tan a sin cs {ouI2k)], 
where a is a constant, we have 

6 == f sin<ji (I + 

J 0 

X sin [(c/2/c) {{ct - x) tan sin 0 — t/ sin ^}]. 

Another solution may be obtained by making c a function of ^ and then 
integrating; for instance, if c == 2 k: cos <f) we obtain the solution 

IT 

f2 

9 = J f {(f)) d<l>.exp [i Bin*«^ (2 k<cos <f> — x) — y (sin <f> -h i em<f>(ioa ^)]. 

It should be noticed that the definite integral 

IT 

f 2 

0 (a:,y,as,t)= /(<^) di^.exp[isia*<^ (2Ktoos<jJ — a:) — z sin ^ — iy sin cos 
Jo 

is a solution of the two partial difierential equations 
0*0 . 0*0 . 3*0 _ 3© „ 3»0 



and is of such a nature that the function 

e {x, y,t) = & {x, y, y, t) 

is a solution of equation (A) . It is easy to verify, in fact, that if 0 (a:, y, z, 0 
is any solution of equations (B) the associated function 6 (*, y, t) is a 
solution of (A), for we have 

0*0 8*0 0*0 3*0 , I o 

035* 0j/* 03:* 3y* 3z® dydz 

” dydz K dt K dt‘ 

Again, if we take c = 2 k cot tf), we obtain an integral 

tr 

r 3 

{x,y,t)= j / {<f>) d(j>.exTg [i {2Kt coa (j> — x ain <f>) — y {I + i cos i^)], 

J 0 

which is a solution of (A), and the associated integral 

tr 

0 {x,y,z,t) = fV(<^)di^-®xp[i(2Kicos<^-a:sm.^- j/cos^)-z] 

•'O /n\ 


33-2 
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is likewise a solution of the equations (B). Indeed, if c is any suitable 
function of ^ the integral 


0 (*, f (^) .exp [(ic/2/c) (ct — x) tan ^ sin ^ 

— (c/2/c) {z tan (f> + iy sin ^)] 


is a solution of the equations (B). 

It should be noticed that the particular solution (C) is of type 
© (*, y, z, t) = e-oF {x, y - 2Kt), 
where F (u, u) is a solution of the equation 


.(D) 


du^ aw* 

This indicates that if is any solution of this equation, then the 
e (x, y, t) = e'-^F (x, y - 2/c<) 


is a solution of the equation (A). This is easily verified by differentiation. 
Since there is also a solution d = jF {x, y), we have two different ways 
of deriving a particular solution of the equation (A) from a particular 
solution of the equation (D). 

Since F (w, v) = + v®] is a particular solution of equation (D) 

there is a certain surface distribution of temperature 

= Jo when 2 / = 0, 

which is propagated downwards as a travelling disturbance gradually 
damped on the way, the velocity of propagation being 2/c. 

If, on the other hand, we take F {u^ v) = cos m^^.exp v — l]i, wo 
obtain a distribution of temperature 

^ y, t) = e-y cos TM. exp {(y - 2/ci) [m^ - l]i}, > 1 (E) 

in which a periodic surface distribution is decaying at the same proportional 
rate at every point of the surface. If < 2 the foregoing distribution 
gives 6=0 when 2 / = oo. The periodic distribution now travels upwards 
with constant velocity 

c = 2 k (ma - l)i/[l - (^2 - 1)1], 

and the rate of damping at depth y is the same as that at the surface, but 
at any instant the temperature at this depth is a fraction 

exp [- 1 + (m* - l)i] 

of that at the surface. When m* = 2 there is a distribution of temperature 

6 = c-**‘ cos (x ■\/2), 


which is independent of the depth but does not satisfy the condition* 
0 = 0 when y= co. When m* > 2 the distribution (E) gives 0=0 when 

th^ is no solution of type 0 = T (y) cos (* ^2) which gives the foregoing 

Biirxace value of t and a valne 0=0 when ^ = oo for Y** (y) = 0 o o 
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y = — CO, and the material into which conduction takes place may be 
supposed to be on the side ^ < 0. In this case the velocity of propagation is 

c = 2/c — l)i — 1], 

and the temperature at depth | y | is at any instant a fraction 

exp — [(m® — l)i — 1] 

of that at the surface. 

We have seen in § 2*432 that iE 9 {x, y, t) is a solution of equation (A) 
then the function 

ia a second solution. If, in particular, we take the function 


.(F) 


6 ix, y, t) = e-** F {x, y), 

, w^ere F {u, v) satisfies (D), we obtain the solution 

4> {x, y, t) = t-^e F(^,^y 

If r^ = there is a solution 

_ r* - 4a*/c* 

cf) = t-^e Tq (arjt) (G) 

depending only on r and t which at time ^ = 0 is zero at all points outside 
the circle r = 2a«:. When ^ > 0 the temperature at points of the circle is 
given by <^ = {2a^Klt). The circle can thus be regarded as a source of 

fluctuations in temperature which are transmitted by conduction to the 
external space. The total flow of heat from this circular source in the 
interval i = 0 to ^ = oo may be obtained by calculating the integral 


Now 


Also 


Hence 


r® - 4a*yf® 
lid 3 


s" 1-'"' 

r dt (a/t^) Jo' (2aV/^) = - l/2«:a, 
Jo 

f ” dt (a/t^) Jo (2a VO = 

Jo 

roo /7\A\ 

— l//ca, 




r=*2aK 


and BO the total flow of heat from the circle is 

4^K, 
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This is independent of a and so onr formtila holds also for a point 
source. The temperature function of a point source of “strength ” Qie thus 

<t> = {QI4^Kt)-^e-^l*'^, (H) 

while that of a circular source is 

<l>={QI4^Kt)~H~ J,{ar/t). (I) 

This result is easily extended to a space of n dimensions, thus in three- 
dimensional space the temperature function for a spherical source of 
strength Q is 

y* - 

<f> = {Ql4^7Tia)-ie Bin {arjt)l{ar/t). (J) 

The solution for an instantaneous source uniformly distributed over 
a circular cylinder has been obtained by Lord Rayleigh* by integrating 
the solution for an instantaneous line source. The result is 


4jct 


A more general solution is 




4jct 


‘‘{Si) (K) 


(Jd 

= ^ COS n<^.e 


r^+o» 

4tKt j 


-(£)• 


.(L) 


pdi /mN l/n- 

Jo ^n(a) 


r < a, 


r> a. 


.(M) 


of respMt to t from 0 to oo gives a corresponding solution 

of Laplace s equation and we have the identity 

o*+fB 

4*1 ^ 1 (r\ 
n U/ 

n \r) ' ^ I 

temperature 6 due to an instantaneous line doublett of strencth o 
we have q ^ {qyj^KH'^) g-r*/***. 

Q is of constant strength 

this temperature by 0 w^ave between 0 and t. Denoting 

0 = IJI ^ , (ffy/WB) c-V4*i 

t P- 61- 

that of the axis of j,. The doublet is supS to’ I ‘%oiyut’Se'^““ “ 
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This Bolutioii m&y be used to find a solution of (A) which takes the 
value F {x) when y = 0 and is zero when j/ = oo and when < = 0. If 0 is 
do dd 

to be such that 6, and are continuous for y > 0, an appropriate 
expression for is 

F 


= if" y^' 




.( 0 ) 


1 fi 

= - daF {x + ytma)e . 

J V 
“~2 

The first integral evidently satisfies (A) if j/ > 0, and the second integral 
tends to J?’ (a;) as y -► 0 if J (x) is a continuous function of x. 

In the special case when F (x) = 1 the expression for 0 takes the form 

n- y*8e0*O 


4dct 


da, 


and can be expressed in the well-known form* 




277 -^ dv. 


•(P) 


where = y^l4^Kt and w > 0, 

If the boundary t/ = 0 is maintamed at the temperature F (x, t) the 
solution which is zero when y = co and when i = 0 is given by the formula 

{x-xy+^ 

(" &. a (Q) 

w/c J_oo Jo ^ ) 

There is a similar formula for a space of three dimensions. 
liO = F {x,y, t) when z = 0 and = 0 when z = oo and when t == 0, 
the appropriate solution is 


V = 


8 (ttk)^ 


(g!-a;')* + (y ~yT+^ 

per® foo F {x\ y\ 4 :K(t-t') dt'dx'dy'. 


n oo foo 
-ooJ-0 


(< - 


.(E) 


In this case an element of the integrand corresponds to an instantaneous 
doublet whose direction is that of the axis of z. 

Let us next consider a case of steady heat conduction in a fluid moving 
vertically with constant velocity w?. The fundamental equation is 

do fd^e dw ^ ,g) 

where k is the diffusivity . Writing d = the equation satisfied by 0 is 

= A*0, 

* The transformation from one integral to the other oan be made by sucoeasiTe difieren- 
tiation and integration with reepeot to w of the firrt integral. 
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whoro A " ^ «j/2/c. A funtianunital nolutifui of thirt tniuation in f^ivrn by 

(-) - AR 

whero f {y l ^ 0*i (f. 7/, { roimtant). 

In particular, it i H<ihttiou H Ar 

where r in the (liHtancii from the 4^ri^iu» and thin iMirrertiH»ndH U\ tin* Mtilutu^n 

6 At .{T) 

Thin Holution haw b(M‘n iistnl by H . A. Wilnon* anti ! 1 . Maeht^t b» livcn^nut 
for the following phentnnonon. 

If a bead of eamly fumble glann (D) lie plat'etl a millifnetrt^H uljove 
the tip of the inner oont^ (A') t»f the Haint' of a Hunmui burner, a nhiirply 
defined yellow Hi)ace^ (A\S’') of luminouH malium vajamr ia forimal in the 

e,urrent tif gan whieb is ^wetuuling vertieally 
withetmHuit^rable vehnuty. 'rhisHpiwHMUivehipK 
the luMui uiul broiubuts tiut in tht‘ hight*r part 
of tiu* fiamt% as shown in Kig. 27. Pnivided 
th*‘ gas> |)n‘SHnn‘ is nul- too high, theeritieal 
v(‘loeity of Osborne KeynohiH, at whi(‘h 
turbuhuH'e sets in, will not be exet^edetl t^ven 
in th<*st‘ parts of the fiarne, so thaitlietlow 
renuuns laminar, and the sodium vnjamr tie- 
velojKsl from th<‘ bead is tlriven inlti the htit 
gas Ht)h'ly under the* infiuenei' of ddlusituu 
The ffudi that the vapotir extentls beneath 
tht' bt'iid in the direetion UA is pn>of t»f the 
high valm‘s <»f tin* eot'fiieiefii of ildlusittn 
assumed at high 1tunjH*ratun*s, and at this 
ptjint dilTusion must bc' abb* tii inon* than 
etauibTat^t. tin* upwanl flow. Siuc^e an iso- 
thermal mirfatui corresponds in the theory of diilusion in a surfaet* of etjual 
partial pressure, it is stajiiicKscsl that for suifuhlp eonstant values id /! and 
(} tlu^ (jquatitui ('T) reprt'stuils the* surface enelo.sing th** sorlium vapour 
developed from thc! glass hts'ifb When t< is small and a* lHrgi\ this surfaei* 
approximates to Urn form of a parahidoid of revolution with the' tirigin as 
focus. 

Mache obtains tli(» solution l)y integrating the tdTeid of an ifjstuntanemis 
Hourets whie.li is simefNssivMdy at the difTenml positions of a j>oint moving 
relative to ihtt mt^tiium with veloe^ity v\ In fuel 

T* 1 I/* * «’ 0 " 

(«77)-i( ti<n.v “rM. r.^ 

0 ^ 

whore A - w/^k. 

* PhiL Mug. (C), voL XXIV, I», HH iVoc. (Utrnft. Phil, .SVjt. vol. xit, p. 4<H) (11S>4}, 

t Phil. Mag. (0), vol, xi.vn, ji. 721 (1U24). 
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A similar solution has been used by 0 . P. T. Roberts* to give the 
distribution of density in a smoke cloud when the smoke is produced 
continuously at one point, and at a constant rate. The case in which the 
smoke is produced continuously along a horizontal line at right angles to 
the direction of the wind is solved by integrating the solution for the 
previous case. 

§ 5 * 31 . Two-dimensional motion of a viscous fluid. If {u, v) are the 
component velocities at the point (a?, y) at time p the pressure at this 
point, the equations of motion, when the fluid is incompressible and of 
uniform density />, are 

du ^ du ^ du 1 , rra. 

dt ox oy p ox 

01; , 0v , dv 1 , T72. 

dt dx dy p dy 

while the equation of continuity is 

^ n 

to ^ 01 / ” • 

This last equation may be satisfied by writing 


V = 


_ ^ 


dx^ 


dJs 

u = — 

dy 


where 0 is the stream-function, and it 

is the vorticity at the point {x, y) at time t, we have 


H . 8 0 

dt^ d (a:, y) 


= 


or 


dt~ dt 
li 8 = XV — yu, we have 


dt 9 ^ , 9 ?, dt 


dx 


dy 


ds 


dv 




du , 
d~x + 


ds 


dv 


du 


dy=^Ty-y^-^’ 


0 ^ 

da?' 


dx^ 


dhc. 


dv ~ ~ _ 

^ d/«*3 2 / 0<2;2 0/jj * 3fl/2 


0*5 

9 y 2 


d^v 

dy* 


dy* 


V M/ fl V 

y-- 2^, 


du 

dy' 




Jix^ y^ = we may write 


05 


05 0 i; 

dx^ ^ dr dy 


du 


ds ds / dv to\ 

0 a; dy \ dr dr] 

* Proc, Boy. Soc. London, vol. orv, p. 640 (1923). 
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U the flow is of siioh a oalnire that p depends only on r and v/u is 
independent of r, we have 

' V (V*s — 


Sinoe a =* r we have 


Ba 




Qeiloe in tliG Bpodal case wliGii 0 depends only on f , and the velocity 
ifl everywhere perpendicular to the radius from the origiUj we have the 
differential eq^uation 

V rdr) V8r« rdr)' 

This indicates that the vdooiiy V = a/r satisfies the equation 


3 F ra*F , 1 9 F FI 


whi^ is of the same form as the equation of the conduction of heat when 
the temperature 0 is of the form 0 = F cos ff. 

In ^ present case ^ and f are related sinoe they both depend on r 
and so the equation for { is 

|=«v.c. 

The 


+/(*), 

where / (f) is an arbitrary function of t. 

In the particular case when 

we ^ve s = _ y^_ 

The total angular momentum is in this case 
^pj“ardr=- 8vp^, 

is constant. The kinetio energy is on the other hand 

oon^o^th ^ ^mwaed by G. I. Taylor* in 

motion in wS ^ ^ oc^pondipg type of vortex 

taw. ^ 1918-10, p. 73. 

{ H. levy, PM. Jfaa /7\ ' , aula ( 1822 ). 

» ^ ««y, rati. Mag. (7), Tcd. n, p. 844 (1826). 



J)ecaying avd Growing Disturbances 347 

§ 5-32, Solutions of the form iff = X {x^t) + 7 (y, ^). The condition to 


be satisfied is 


d^X (d^X 8^r\ 

dx'^dt'^ dy^dt dx 3t/® dy dx^ Sy*/ 

Differentiating successively with respect to x and y we get 

a^za^r a^ra^z 

dx^ dy^ ay® dx^ 

We can satisfy this equation either by writing 

a*’ ' 8»’ ' 


or by ‘wiitiiig 


X = xa' (t) + b (t), 7 = yA' (<) + B (t), 

- [ft (<)] » i,,,i - [/* (0] 0 2 ■ 


The supposition 


3*-3^ _ ri mia - Q mia 

(0] 0j^* . 9 jb8 (*)] 0ya 


leads to 


These equations follow from (C) if we put y, (<) = 0. 

Solving equations (.0) for Z and T we get 

X = a(t) + 6 (t) + xc (t) + d {t), 

T = A(t) + B (t) + yO (t) + D {t). 

Substituting in the original equation and assuming that a it), b {t), 
A {t), B {t) are not zero, we find that ii {t) must be a constant n and that 
the functions a, h, c. A, B, 0 must satisfy the equations 
fi^a' — Cay? = vay?, y?b' + Chy? = vby?, 
y?A' + cAy? = vAy?, y^B' - cBy^ = vBy\ 

primes denoting differentiations with respect to t. 

If the functions c {«) and 0 («) are chosen arbitrarily, a (<), b {t), A (t) 
and B {t) may be determined by means of these equations when their 
initial values are given. In paitioulajr, ifo = j4. = 0,c*C? = 0, we can have 


^ = pe"*'*''*® + 

v, = yQe’^'^\ v=- yPe/^*~>^*, 

This represents a growing disturbance in which each velocity com- 
ponent is propagated like a plane wave. The pressure is given by the 


equation p ^ ^ ^ C* + y^PQ e*^’*-<* 

J P 
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The fluid may bo mipiKwod to «K«f«py ii»* r»‘nion r • < 1 , y * U. If hi*. 
fluid ontors thia region aeroHH tho plnno jt - tt) niol b>nvtiH it nt ttu* 

piano y = 0 (P > 0 ). TIu* amount ontcnng lin* n‘ginii in (‘i|iinl to flu* nmoimt 
leaving the region if P Q, the tlennity /* being iihhuimi'iI eofiHtnnt. 

If 7 « 0 andpw ie the. proHHure at iniinity , y /■), we bii\‘e 

The pressure is generally gretitt'r than /*«, and in }tro}Higat«<i} tike a 
plane wave with veluoity 

e uvVs V ■ 

' It e 


\ 2 


Thus the velocity of a piano pn*KHure wav«‘ in an ineonipreaHible fluid 
M equal to v times the ratio (*f tlio v<*rtieity and tl»* f rauHverw* eotn|M«nent 
of velocity. * 

When tlie motion is atoudy the e<] nation l.o lie HufialiiHl ia 
ae/** (yft + C) lipri^ (v/i fJ) | (»7* <") i Uf (e/i » e) 0, 

and wo have four tyiuoal HoIutioiiH: 

ill px» I ex -I- yy* I r'y ! li, 

ifi > vfiif I /«'“»•' i rj’ I tl, 

iji vfi (x I- y) 1 /If#*! I hr **' ? il, 

Ip -• Ai^v 1 vitx 1 Cy j. I). 

Betuming to the first ease wo note that when <l tlie eipiations 

(B) do not give all possililo Holiitions, for if 


A' J-fi' (t) ! /,(/). 
the original oquatiun boeonies 


3 » 1 ‘ 


dip-.h ' ey" •' i -„4 ■ 


f)*r 


r 


Writing U - wi' luive the siinpler n|ua(ioM 


which possesses a solution of tyi« 


\ tl' 

r ft (t) ^ 

n/ f .v^ 


fit 


2 E r; r •'*“ eon A (y - ,t (f) | (A) ,/A. 

where a, (A) is a suitahlo arbitrary funetion. For the eorresponding motion 

^ (0 I f> (0 -I £‘<r ►*“ eoH A I y n (() ) (A) . 

« = c (/) - ^ I.'/ - <• (0 1 <» (A) 

» = o' (/). 
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This solution may bo used to study laminar motion. The corresponding 
solution for tho caso in which the motion is steady is 

??/ 

0 - Kx + Pe " + Qy^ + Ry + S, 

whom P, Qy R,S,K arc arbitrary constants. If JT ->■ 0 while the coefaoients 
P> Qt ^ bocomo infinite in a suitable manner, a limiting form of the 
solution gives tho woll-known solution 

ij> Ay^ + Qy* + Ry + 8. 

It may bo montioned hero that an attempt to find a stream-function tft 
deixinding on a parameter s but not on t, and such that 

r 

da’ 


led to the equation -g - p = / (*, y) 

Tho conditions for tho compatibility of this equation and 

''v-l 

Hoem to roquiro / (x, y) to bo a constant. By a suitable choice of axes the 
former equation may then bo reduced to the form 


and MO 


i!l = o 

dxdy ^ 

ifj -= A" (x, s) H- Y (y, 8). 


EXAMPLES 

1. In Uio when t-hc^ro irt a radial volooity U and a transverso velocity F, both of 
which (If^pciul only on r and t and when tho prcaavirej) depends only on r and t, tho equations 
for (J and V an^ 


dV L. ^ } 

dl dr '■ V ¥ dr 




, Hoticio show that V HatislicH tho cniuation 


V 0r r) \9f r /' 


whf^ro K iH a oonHtant. If a - K/2v, prove that there ia a solution of type 
and verify that the total angular mf^mentuin about the origin remains constant. 


! that, tho equation for V is satisfied by a series of type 




(1 -h n — 2a) {71 I- 3) 


, m{m + l) (r^UY - 

(1 + n - 2a) (3 + n - 2a) {n + 3) (n + 6) 



Equations in Three Variables 

hat when « « 1, m « 2, 

7 = rt-. |i - (^/4.0 + (r*/4.^)‘ - ...} 

= (r*/4rf) + i (r*/4rf)‘ + ... | . 

a partionlar case of K nrom er^a identity F{a; y; x)e^=^ J'(y — a; y; — a?), where 
a;) is the confluent hypergeometrio function (Ch. ix). 

rove that there is a type of two-dimensional flow in which 

f - * v> 


and tfi is consequently of the form 

^ = e-*^F (», y), 

where F (Xy y) satisfles the diflerential equation 


Discuss the cases in which 


^ d^F 


+ 1<^F 


0 . 


= cos a® COS py, a* + 

F « e“«v COS hx, 62 „ qj 2 « ^ 2 ^ 

Prove that in the latter case if a* > 6® there is a growing disturbance which is propagated 
with velocity vh^Ja, and show that 

v1<fi ^ 



CHAPTER VI 


POLAR CO-ORDINATES 

§ 6* 11. The elementary sohiticms. If we make the transformation 
x = tBinOoos y.= rsm0sm<f>, z=-r cos 0, 
the wave-equation becomes 


2 dW 

r 




3*17 1 0*17 


0r* r 9r r* sin B dd 
This is satisfied by a product of type 


f*sm*fl 9^s c* 8i* 


= 0 . 


W=R{r)@ {6) <5 (^) T (i), 
S?T 

^ + X!*c*T=0, 


.(I) 


71 ( 71 + 1 ) — 


7W® 

sin® 8 




,]e = o, 


where i, m and n are constants. 

The first equation is satisfied by 

T = a oos (kct) + 6 sin {kct), 

where a and b are arbitrary constants; the second equation is satisfied by 
O = A cos m<l> + S sin 77i<^, 

where A and B are arbitrary constants. The third equation is reduced by 
the substitution cos 0 = to the form 
d 




^ 

Its solution can be expressed in terms of the associated Legendre 
functions P„"* (p.) and (/*) which will be defined presently. 

When fc = 0 the fourth equation has the two mdependent solutions 
and except in the special case when n= -{n+ 1), 

TC = - Mn.TriTig the substitution w = m this case we obtain th 

equation ^^1^ = 0 

dr* r dr ’ 

which is satisfied hj w = C + Dlogr, where C and P are arbitrary 
constants. 
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Palur Oo-ordinaiea 


The fact that r" an<l r " * are milutitms tif thetapuititiii for U furninhea 
UH with an illuHtrati<*u of Kelviii'a th«'t>reiu that, if / (j-. i/, ia a Mi»lnfi»t» 
of Laplace’s eqtaation, then 

1 ./j- ;/ sN 

rJ\r*' r»’ rV 

is also a solution. The transhirination in faot transforms intit r " ' t-Hl*; 
it also transforms r-4 {(! i I) log r) ("hi* into r * (t ' /> log r) (-KI». 

When m ^ U and n 0 the tlifhwntial eiiuation for ("» is salislictl hy 

H- 1 and H - j 1 il'wl 

Thus, in addition to tlu* ptJttmtial ftmotuam t amt wi* have the 
potential functions 

1 , r I s tit r i 2 
2 , .• 

It should be notices 1 that 

(• /I , r ! 2\ I 


In fact wo have 


-,Jog(r I 2 ) 




{r ’ z) 


und it in oamly v(TifhMl thui. (r i z) and IniJi; (r «:) urr nf 

Laplaoo’H <»<iuation. Thrsp formulai' arc» all illuMlratiouH nf tla* thriurm that 
if W ia a Holut-ioii of Itiaphu’r’a (Mjuation (or of thi' uavi* tMjtmiioiiK thm 

is also a solution of ba{ilai’(''.s (‘(|Uiition (etr iif tbr wave* e’tpiation). 

§ 6 ' 12 . In the' euise* of tho wavi* <*i|uation tin* .solution I'iirrcsininiluig to 
1 /r is and tli(*rt( eert* a.ssooiati'il wave fiinrtions 

1 I , 1 . . 

^<!OH /.;(>•- r/), ''O- 

which arc, of course, partiesular eases of tin* wave-f unction 

in which /( t) is an arbitrary functioej which is e*ontineioUM \ 1 ), ‘J). 

§ 6 - 13 . In tiio case* of the* c«tnduc(.ion <»f beat the fiinilanu’nt al ctpiaf mn 
possesHOH solutions of tlie* form (I) whe*re* H, (*». tp satisfy tin* same 
dilforontial oepiatioiiH us I)eifore but. 7 ' is of type 

a esx]) ( - k'^h'H), 



Cooling of a Spherical Solid 

where a is a constant and Ji* is the diffusivity. Thus there ai 
of type 

which depend only on r and t. The second of these is the one suitable for 
the solution of problems relating to a solid sphere. If, in particular, there 
is heat generated at a uniform rate in the interior of the sphere the 
dijBFerential equation for the temperature 0 is 

I? = + 6*, 


where 6 is a constant. There is now a particular integral — 6®r®/6fe® which 
must be added to a solution of ^ 


If initially 6 = 6^ throughout the sphere, 0g being a constant, and the 
boundary r = a is suddenly maintained at temperature 0i from the time 
< = 0 to a sufficiently great time T, the condition at the surface is satisfied 
by writing 


e=0. + |,(a*-r«) + JJ^D„sin^s' 


while the initial condition is satisfied by writing* 


Dm = (-)” 


' 2a»6* 2o(gi-go) 




a* 


As t 


00 


ja fQ 2 _ |.2\ 

, 6 tends to the value H and 


d9 


to the value 


6V 

— across the surface is, per second, 


— 4^a^K 


_ 4 7r6W 
4r)r~a ”3 A® 


O K 

Writing 6^ = — and A® = — , where p is the density and a the specific 
^ pa pa 

heat of the substance, we have the result that the rate of flow of heat 
across the surface is 4Q7ra®/3, a result to be anticipated. 

52 (^2 _ y2\ 

If, on the other hand, the initial temperature is H — and 


the surface of the sphere radiates heat to a surrounding medium at 
temperature at a rate E {9^ - 9^) per square centimetre, where 9^ is the 
(variable) surface temperature of the surface of the sphere, the solution is 

e = B - ^+1 sin rvr. 

51 

* The constant is obtained by Fourier’s rule from the expansion of 


in a sine series. 


B 


23 
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The surface condition is satisfied by writing 
o _ o , ah^{Ea + 2K) 

^ . QETi? 
an = <f>^^ 

where <j>^ is the mth root of the tranflcendental equation 
The initial Jondition gives 


where 


Fr= S Z)„ sin nr, 

m— 1 

jjT /) a Eoib^ 

ZEh^' 


and the extended form of Fourier’s rule gives 

n _ 2F ZVm* + {Ea - K)^ f» . /r4,^\ , 

- “S' SVJ + ^a(^o-Z) Jo [a) 

_ 2a’^EF + (Eg - K)^-\i 

i>m + Ea (Ea - jg")] ' 

, These results have been used by J. H. Awbery* in a discussion of the 
cooling of apples when in cold storage. 

§ 6-21, Legendre functions. The method of differentiation will now be 
used to derive new solutions of Laplace’s equation from the fundamental 


solutions - and — loe LiL? 

r 2r ° r ~ z’ 


After differentiating n times with respect to « the new functions are of 
term r-»-i0, consequently we write 

1 - ■ d” /I) 

nl 




yn+l 


0 („) - (-)" 9" / 1 


~ »■ + 

92” \2r r-z)’ 


adopt these equations as definitions of the functions P„ (u.) 

The ^ positive “teger and 0 is a real angle. 

The first equation mdicates that there is an expansion of type 


{r^2ar^ + a»)-i= |a|<|r| 

and this equation may be used to obtain various expansions for P„ (u). Thus 
1.2 ... 7^ 

X Fu" - « {» - 1) (» - 2) (m - 3) , T 

L 2(2»-l)'‘ +- 2 r 4(2„-l)(2L_3)- >‘'"‘+-J 

* PhU, Mag. (7), vol. rv, p; 029 (1927). 



Hobson's Theorem 

where F {a, b) c; x) denotes the hypergeometrio series 

1 ^)b(.b+ 1) 

^ l.c ^ i.2.c(c+ 1) ® ^ 

§ 6'2a. Hobson's theorem. The first expansion for P„ [fi) is a • 
case of a general expansion given by E. W. Hobson*. If / (*, j, 
homogeneous polynomial of the Tith degree in x, y, z, 

./ 9 9 9 -\ 1 

S) f - (-)”■ 1-8 - (*» - 1) 

Fi I j,, 

^ 2 (2% - 1) 2.4 (2ra- 1) (2w - 3) “ ■"] ^ 

When / («, y,z) = ^ this becomes 
9 " / 1 \ 

X \z” - ” 4- l)(^t-2)(^-3) 

L 2(2to-1) ** ^ 2.4 (291 - 1) (271 - 3) 

which is equivalent to the expansion for n ! r-«-ip„ (/*). 

Assuming that the theorem is true for / (a;, y, z) = z" it is easy to see 
that the theorem must also be true for / (a:, y, z) = (^x + rjy + ^z)", where 
^x + Tjy + ^z is derived from z by a transformation of rectangular axes, for 

9 0 0 9 

such a transformation transforms 7 ^ into ^ ^ -h v ^ + Lrr- and leaves 

dz ox ‘ oy oz 


fti-i _ 

...J, 


unaltered. 


dx 


To prove that the theorem is true in general it is only necessary to 
show that / (a;, y, z) can be expressed in the form 

/ y.^)= 2 A, (^,x + r},y + 5,2;)”, 

8—1 

where the coefficients are constants. 

To determine such a relation we choose k pomts such that they do not 
all lie on a curve of degree n and such that a curve of degree n can be drawn 
through the remaining A — 1 pomts when any one of the group of h pomts 
is omitted. Let be proportional to the homogeneous co-ordiuates 

of the 5th point and let ^3 (x, y^z) = 0 be the equation of the curve of 
degree n which passes through the remaining k — I points. 

Assuming that a relation of the desired type exists we operate on both 

/ 0 0 0 \ 

sides of the equation with the operator iffg result is 

2/» Agljjg (fg, TJg, ^g). 

Giving 5 the values 1, 2, ... i all the coefficients are determined. Since 
a curve of the nth degree can be drawn through Jn (n + 3) arbitrary points, 
♦ jProc. Land. Math. Soc. (1), vol. mv, p. 66 (1892-3). 

23-3 
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the numlHT k should bi* taken to l«i J (« j I) (h s 2 ). w Jiieh is exiietlv the 
number of ti'nim in the general hutungeneous polynomial /(r, i/,':) of 
degree n. Thrt eiKtilicienta .' 1 , eould, of eourM>, be obtained by equating 
coofiicientH of the different produetn and solving the resuiting linear 
oquatioiiH, but it ia n(»t evid<‘nt « jtrhri tluif the determinant of thia system 
of linear e(iuiition« is different from zero. The foreg4»ing argtunent showa 
that with our hjkhuhI ehoiee e«f the quantities t;,. the d«-ferininant is 
indeed different from zero heeuuw* with a siH-eial ehoiee of /. say 

/ - ^ H, i I i,i)\ 
the equations can bo solved. 

The solution is, moreover, unique heeause if there wete an identieal 
relation 

k 

0 r i; f.', U-,jr ! T/.;/ ( 
the foregoing argmnent wouhl give 


0 U„ U- 

llobHon's tlie(»rem has been gem'ialised so as to he appheable to 
Laplaew's e<iuation for a Kuelidean spare of ni dijnensions. Writing 




r-f 


' * ■ 



.r,» 1 .. 

I r 3 

• " •* «i » 


V » 


and using/ (.rj , Xg, ... x,„) to denote a homogeneous polynomnd of di-gree a, 
th<i gen<«ral ndation is 


1 - 

2 (>« I 2 « ■ . 1 ) 2 ..|{m i 2 « tjtm , 2 « tJ) 

§ 6*23. I'otintial fiinrtwuk of tlv>jrtr zno. When « n the ditfi-iential 
e([uation Hatisfied by the produet 1’ M«Ii may l>e written in the form 

}'*V i-l’ 


III 1 2 n 

■• \j (•''» ■ ■*'j» ■I'm). 




i 


./e 


tt. 


where 


f f M n 

Jl p-* J sinf/ 


It follows that there are Holutifum of typi* 


<’ /(-I I i<l>) A’ ^fan.^,\"*' j, 

where / is an urhitniry function ami / («) (< «). 

This solution may fie writbui in tln> form 

i> * >!/\ 



Differentiation of Primitive Solutions 

where F is an arbitrary function. The general solution of Laplace’ 
of degree zero may thus be written in the form 


U=^F 



where F and 0 are arbitrary functions*. The general solution of degree — 1 
may be obtained from this by inversion and is 


7 = 



Solutions of degree — (riH- 1) may be obtained from the last solution 
by differentiation. In particular, there is a potential function of type 

T7 _ 9"* 

^ dz^lr\z-^r) J ’ 

which is of the form (6) The function must 

expressible in terms of Legendre functions. When m is 
equal to or less than n we have in fact the formula of H 


9" ri / X + iy Y 

dz^ _r \z + r ) 


(-)” {n- m)\ r-^-^P„^ (fi) 


When w is a positive integer greater than or equal to w. we have the 
expansion 


^ f- JL_1 = + 1-3 -(2^-3) 2^1 . _ 

0Z" L»‘(* + ^)”'J ^ [rSn+i (a + r)*"-" 9-“" (z + r)™-"+i 1 ^ ' 


+ 


1.3 ... (2«,- S) (2n - 2) (2» - 3) 

^2n-l |.Jm-n+2 j _ 2 


(m — «) (m — » + 1) + ... 


which may be used to define the function x (^) ^ case. In particular, 
we have the relation 


9 " r ^ 1 - ^ 1.3 ...(2^-1) 

02 ” (z + r)«J ^ ^ 

When this is used to transform the expression for {[i) 

we find thatf 




Y-n+m+l 


{n — m)\ 


* W. F. DonJdn, PAiZ. ^’raTW. (1867). 

t This formula is given aubstantially by E. W. Hobson, Ptoc. London Math. Soo. (1), vol. xxn, 
p. 442 (1891). Some other expreasiona for the Legendre funotions are given by Hobson in the 
article on “Spherical Harmonics” in the SncychpoBdia Britannica, 11th edition. 
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EXAMPLE 


Prove that if m is a positive integer 


1 ( x + iy y 


2 + iajoos a + ^sin o r \2 + ry 


X + iy \m 
z + rj ’ 


^ r 

2w jo 

» ritr 2 / 

^ / log (z + ta; cos a + ty sin a) e*”*® tfa =* — — f 
5- r tan-i / ‘«°<»a + yama \ ^ (-)”» 

§ 6’24. Upper and lower bounds for the function P„ {p). We shall now 
show that when — 1< /* < 1 the function P„ {p) lies between — 1 and + 1 . 
This may be proved with the aid of the expansion 

P (2«- 1) a , 1 1.3... (271- 3> 

n 008 »» + 5 . 008 (n - 2) 9 

, 1.3 1.8... (2«_ 6) , „ „ , 1 

which is obtained by writing 

(1 - 2* cos 5 + a:*)-i = (1 — a:e‘*)“i (1 — a:e-")“i, 

and expanding each factor in ascending powers of x by the binomial 
theorem, assuming that | ® | < 1. 

It should be observed that each coefficient in the expansion is positive, 
consequently P „ {p) has its greatest value when 6=0 and p= 1, for then 
each cosine is unity. 

If,^ on the other hand, we replace each cosine by — 1, we obtain a 
quantity which is certainly not greater than P„ (/*). Hence we have the 
inequalitv 

^ ^ -l<P„()^)<l,for-l<;x<l. 

When 7^ is an odd integer P„ {p) takes aU values between - 1 and + 1, 
but when ti is an even integer P„ (p) has a minimum value which is not 
equal to - 1. This minimum value is - | for P* (p) and - f for P^ (p). 

§ 6'25. Expressions for the Legendre polynomials as nth derivatives. 
Lagrange’s expansion theorem tells us that if 

z = p + a<f> (z), 

the Taylor expansion of /' ( 2 ) ^ in powers of a is of t 3 T)e 

00 qh 

Writing 

2(^ ( 2 ) = 2» - 1, /' ( 2 ) = 1, 

dz 

02 = 1 - (1 _ 2 ^ + a^)i, —=(^i_2pa + a‘)-i- 
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a comparison of coefficients in this expansion and the expansion 

00 

(1 - 2/ta + a^)"* = S a"P„ (/i) 

0 

gives us the formula of Rodrigues, 

[((*•- 1)"]- 

If, on the other hand, we write 

(f) (z) = 2 {Vz t), 

we have z = /x + 2a {Vz — t), 

z — 2aVz + - 2at + /x, 

Vz = a i Vcb^ — 2(it -h fif 

A I - («• - M + i i>, (;^). 


Hence 

w + l 

f t \ 2" 0" {VJI — 

J “ n 1 9ja" V/i 


1 p 

n\ 1 0" {r-ty 

or 

^+1 

\f)~n\{rdrY r 


This formula is due to A. W. Conway, the previous one to E. Laguerre. 
Replacing t by s we have the following expression for a zonal harmonic 

J_ p { \ -l ~ 

r"+i ” nl (rcZr)" r ’ 

z and r being regarded as independent. 

§ 6-26. The associated Legendre functions. The differential equation (II) 

m 

of § 6*11 is transformed by the substitution 0 = (1 — /x^)^ P to the form 
(1 ~ 2 (w + ^ 1) — m (m + 1)]P = 0, 

but this equation is satisfied by P = , where v is a solution of Legendre^s 

equation 

particular solutions of which are P„ (p.) and (p.). 
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Hence we adopt as our definitions of the functions {fj*) and (ix) 
for positive integral values of n and m 

- / 7 ot 

(/^) = (1 — Pn (/^)j 

- / 77 » 

— 1 < /i < 1. 

With, the aid of these equations we may obtain the difference equations 
satisfied by P„”' (/i) and {(i ) : 

(« - TO + 1) - (2n + 1) /tPn™ + {n+m) = 0, 

Vl — = 2mijP„”^ — (to + to) (» — TO + 1) Vl — ju.® 

= /iPn’" - (TO - TO + 1) Vi - il^P,r-\ 

■P”«+1 = + (« + m) Vl - 

Vl - = (to + TO + 1) jLtPn”* - (to - TO + 1) P”*„+i, 

and the following expressions for the derivative 

(1 - M®) ^ (f*) = («+!) #4P«’" (/x) - (to - TO + 1) (/i.) 

= (to + to) P^B.i (/a) - TO/aPn*" (/x). 

Similar expressions hold for the derivative of (n). 

Expressions for the Legendre functions of different order and degree to 
are easily obtained from the difference equations or from the original 
definitions. In particular 
Po® = 1. 

Pi“ = cos 6, Pi^ = sin 6. 

Pj" = i (3 008 ® 0 — 1), Pgi = 3 sin 5 cos 6, Pg* = 3 sin® 0. 

Pa® = i (5 cos® 0 — 3 cos 0), Pj® = | sin 0 (16 cos® 0 — 3), 

Ps® = 16 sin® 0 cos 0, Pg® = 16 sin® 0. 

P 4 ® = i (36 cos* 0-30 cos* 0 + 3), P^ = J sin 0 (36 cos® 0 - 16 cos 0), 

P 4 ® = i sin* 0 (106 cos® 0 - 16), P*® = 106 sin® 0 cos 0 , P,* = 106 sin* 0 . 

Pe® = i (63 cos® 0-70 cos® 0+16 cos 0 ), 

Pg® = i sin 0 (315 cos* 0 - 210 cos® 0 + 16), 

Pg* = ^ sin® 0 (316 cos® 0 — 106 cos 0), 

Pg® = I sin® 0 (946 cos® 0 — 106), 

Pg* = 946 sin* 0 cos 0, Pg® = 946 sin® 0. 
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F.TATirPT.Ti« 

1. Provo that if m aod n are positive integers 

Is Ir It+tJ J = (« - f») I 

2. Prove that 


/ ^ d \ 

Vs + * s) (n) e‘"^« *, 

(s " *s) “ (» +m) (» + TO - 

(s + * s) - - r^* P^»H-1 (^) e<(TO+i)«, 

/ 9 9 \ 

vS ~ * S/*'*^* ■= (» - m + 1) (» - TO + 2) r-»’-« e«">-u+. 

§ 6*27. Extensions of the formulae of Rodrigues and Oonieay. By 
differentiating the formula of Rodrigues m times with respect to ^ we 
obtain the formula 

m 

d^ - 1)" (A) 

We shall use a similar defimtion for negative integral values of m and 
shall write 

P„- (u) = ^ (a« - 11" 

Expanding by Leibnitz’s theorem we obtain 

d"+*» {fi + 1)" {/x - 1)» 
dfx”+^ 


”v”* {n + m)\ n\ n\ , 

«_o (nt + fl) I (» — 4) I (n — m — s) 1 s I ^ (p ~ ) j 

d”-” (/A + 1)" {fi - 1)" 

djj,”-^ 

_ (» — m)I »! «I ^ , 

~ «-o 4 ! (» — OT — a) ! (?t — a) I (m + a) ! 

Comparing the two series, we obtain the relation of Rodrigues 
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This may he derived also from the equations of Schendel 

m 

(^)' $ [(/* - 1)-" (M + D-l (D) 

which may likewise be proved with the aid of Leibnitz’s theorem. We 
have in fact 

d" 


dfi' 


[(/A - I)"-** (/[t + 1)«+™] 


n\ {n — m) I {n + m)\ 
s \ {n — 8) \ {n ■ 

By differentiating Conway’s formula m times with respect to t and 




multiplying by (r® — we obtain the formula 

m 

M-Q - (-)” (r--)" «.> 0. 

Making use of the formula (0) we may also write 

m 

r"+® "If/ (n + m) ! \rdrj r ’ 

Changing the sign of m we have 


This formula also holds for m> 0. 


, m< 0. 


§6*28. Integral rdations. The Legendre functions satisfy some interesting 
integral relations which may be found as follows: 

Writing down the differential equations satisfied by (fi) and Pj* (jit) 



+ [»(»+!)- 



P„» = 0, 
P,‘=o, 


let us first put k = m and multiply these equations respectively by Pi* 
and P„*" and subtract, we then find that 


A 

dfL 



Pm 

- n 


dP^N] 


+ (71 — Z) (» + ? + 1) Pn^P,** = 0. 



Integral Belaiiona 363 

Integrating between — 1 and + 1 the first term vanishes on account of 
the factor 1 — and so we find that iil ^ n 

P„'» ifi) P,™ ill) diM = 0. 

Next, if we put I = n and multiply by P„‘, P„»» respectively and 
subtract we find in a similar way that if m® A® 

|'p„«(/.)p„MM)r^a = o. 

To find the values of the integrals in the oases I — n, k = m we may 
proceed as follows : 

If we multiply the first difierenoe equation by P”*„ 4 .i (/a) and integrate 
between — 1 and + 1 we obtain the relation 

(» - w + 1) (m)]® dij, =« (2n + 1) dfl, 

while if we multiply it by P'^n-i (i^-) integrate we obtain the relation 

(« + m) j^^[P%-i {lJ>)?diJL = (2» + 1) dfj.. 

Changing n into » — 1 in the previous relation we find that 

(2n + 1) (n - m) [P„«* (/*)]® diJi = (2n - 1) {n + m) [P«'„_i (^a)]® d/i. 
But 

m m 

2 ^ 

P„« (^) = (1 - /X®) ^P„ (iu) = 1.3.. .(2m - 1) (1 - /X®) . 

Therefore 

(m)? d/x = 1^ 3® ... (2m - 1)® j'^(l - ;x®)- d/t = (2m) !, 


and so j [Pn™ (ju.)]® d/x 


2 (ra + m) I 


271 + 1 (ti — m) r 
Let us next multiply the difference equations 
dP « 


(1 - ^*) 

(1 - ;x®) 


dy. 

dP”^. 


n-1 . 


dfJL 


(71 + m) P*"„_i - Tl/xPn”*, 

• w/xP"*„_i — {n — m) P„"* 


by (1 — /x®)“iP’"„_i and (1 — jtx®)“^P„’" respectively and add. 
Integrating between — 1 and + 1 we obtain the relation 


(71 




= 1 




0 if m > 0. 
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(/*)]» l*.3»...{2m l)'|‘^(t ,.«)« 

«■ 2. {2m - 1) !. 

Therefore I^’n" (m)1* 

J-i^ " 1 /i* wi (« 7/0!' 

These relations are of great imp*»rtnn<*e in the tlnn>rv of expimMuim m 
series of Legendre functions. See Ap{M>iuiix, Not*' iii. 

§ 6'29. Properties of the. Legendre roe^ianth. H the funrti.m fu\ 
integrable in the interval - 1 v * v 1. whielt we siinll ih-ntite l.y the 
symbol I, the quantities 


{n I i) 


m 


are called the Legendre constants. If these t’tnisfniifs are kiioun fur all 
the above specified values of n Hiel certain rcstnetions are laid on the 
function /(*) this function is determined uni<pn-ly by its ronstants. Aji 
important case in which the funoticjn is unnjue is that in whii-h the fnnetion 
(1 -»»)*/(*) is continuouH throughout /. To prove Dus ae shall sh.>w 

a 1 <f> (x) (1 _ where t/i (x) is eonfinunns m /, fhrn the 

equations 

(^) Pf, (r) d;r 0 (n 0.1,2,..,) fH) 

imply that ^ (x) 0. 

The first step is to deduce from the relations (H) that 


[ ^<)4 (*) a;'‘</x - 0 (» o. 1, 2. ...i 


»-’Tresent*'d as a h„,...r cm 

bination of the poIynonualN P„ (.,■), I\ (j-). ... /i^ 

LerS^* ThaToH *" »>v 

ijeroh . Ihe following proof w due to M. H. Stonet, 



P {-r) '-- A - id (j- - f Jj 

is not negative in / and has a singU. maximum at j- / \i‘ t .. 
constant A so thnt o, +i„. i nuixirnum at j - f. rhoisa- the 

^ so that in the above-mentioned neighhourh.sHl ..f ( th.-re are 

Acta Math> vul. xxvii (llHlO), 
t Annaln of Math, vol. xxvii. j», 3i:i (iWlI). 



Theorems of Lerch and Stone 
two distinct roots of the equation p{x)=\ which we denote b 
latter root being the greater. We thus have the inequaUties “ 

*»<*<!, 

p (a;) > 1 , ^ (a:) > m, ah<*<a: 2 > 
ij> {x)> — M, — 1 < a: < 1, 

where Jf is a positive quantity such that - ilf is a lower bound for the 
continuous function 0 (a;). 

Writing {*) = [p(a;)]", we have 

4 (*) Pn (a:) da: = 0, n = 1, 2. (A) 

On the other hand 


f ’ 4 (»)i>n (*) da: > m f”' p„ (x) dx, 

Jxi 

|_J 4 (*) Pn{x)dx> - M - a:*>)-i da:, 

£ 4{^)Pn¥)dais> -M^ (l-x*)-*da:, 

[ 4 (*) Pn {») da: > m\ p„ (a;) da: - Jf f (l - a:*)-l da: 

■^-1 ^Xx J-1 

^ ^ I — •TtM, 

Jx, 

f®* 

Since p„ (a:) da: -»■ oo as n -*■ oo we can choose a number N such 

Jxi 

that the right-hand side is positive for n> N. This contradicts (A) and so 
we must conclude that (a:) = 0 throughout I. 

Lerch ’s theorem is that if 4 (®) is & real continuous function and 

j^x” ifi (x) dx = 0 toT n = 0, 1, 2, ... to oo, then 4 {x) = 0. 


By Weierstrass’s theorem the function 4 (®) may be approximated 
uniformly throughout the interval (0, 1) by a pol3momial 0 (x). In other 
words, a polynomial Q (x) can be chosen so that ^ (a:) = G (a:) -f- 86 (a:), 
where | 0 (a:) | < 1, and 8 is any small positive number chosen in advance. 
Now if ^ (a:) is not zero throughout the interval (0, 1) we can choose our 
number 8 so that 

0<8[ 1 i/t (a:) I da: < [ [4(x)]^dx. ......(B) 

Jo Jo 

But, since Q (a:) is a polynomial, we have 
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Therefore f Js (x) [t/i (x) — h6 (x)'\dx = 0 

So 

or [^[di (a:)]2 dx = S T 0 (x) t/t (x) dx 

Jo Jo 

< 8 [ I 0 (a:) I I ^ (a:) I (ia: < 8 [ \^{x)\dx, 

Jo '0 

This contradicts (B) and so we must have ^ {x) = 0. Putting x = 

f C30 

we deduce that if e"** <f> {t) dt= 0 iov z> 0, and tf> {t) is continuous for 

J 0 

t > 0, then {t) = 0. 


EXAMPLES 

1 . When m and n have positive real parts 

^ + 1) - *{m + 1) -iT \(B - C) Bin (iw + }n) ir 

- (/J + C) ftin (Jm - Jn)7r], 


where \^(z) = ~ log r (z), 


A = (w - n) (m + n + 

^ + L + 1) 

+ L + 1) 


1 ) 

and BC = 1 


[S. C. Dharand N. G. Shabde, HuU. Calcutta Math. .S’oc. v. 24, 177-186 (1»32).J 


Show also thiit with the same notation 

A ^ Qm ( 2 ) Q,i (z) dz ^ yp {tn + I) — ^ (n H- 1) 

[Ganesh Prasad, Proc, Benares Math. Sac. v. 12, pp. 33-42, 19.; 

2. Show by means of the relation 

/_1 (>*)'*/“ = 0 . 

that when ra is a positive integer the equation P lul = 0 *• j. ^ . 

in the interval - 1 < 1 ^ 'W = 0 has » distmot roots which all lie 

3. Prove that when m and n are positive integers 

/■'(I +s)’^P„(2)p ^ + «)!}. 

(’»l»H)“(2m + 2«,qrr)]- 

An elementary proof of this formula is given by R G Gont p r ^ Titohmarsh. 
Tol. ixm (1926); Records of Proceedings, p. xix. ^ ^ (2). 



Oreen^s Function for a Sphere 367 

§ 6-31. Potential function with assigned values on a spherical surface 8. 

Let P, P' be two inverse points with, respect to a sphere of radius a. 
If 0 is the centre of the sphere we have then 

OP.OF=^a\ 

and Oy P, P' lie on a line. The point O is sometimes called the centre i 
inversion. 

If P lies inside the sphere, P' lies outside ; if Pis outside the sphere, P' i 
inside. If P is on the sphere, P' coin- 
cides with P. If P describes a curve 
or surface P' will describe the inverse 
curve or surface and it is clear that 
a curve or surface will intersect the 
sphere at points where it meets its 
inverse. If a curve or surface inverts 
into itself it must intersect the sphere 
8 orthogonally at the points where it 
meets it because at these points two 
consecutive inverse points lie on the 
surface and on a line through 0. This line is then a tangent to the surface 
and a normal to 8 at the same point. If is any point on 8 the triangles 
0PM ay OMaP* are similar, and we have 

OP OM, 



PMa^FMf 

If charges proportional to OP and — OM^ are placed at P and P' 
respectively, the sum of their potentials at any point on 8 will be zero. 
Writing OP = r, PM = P, P'M = where M is any point, we see that 
the function 

Q -i-® 1 

r'R 


is zero when M is on and is infinite like at the point P. We shall call 

t.Tiifl function the Chreen’s function for the sphere. is easily seen to be 
a symmetric function of the co-ordinates of P and Jit, for if Jit is the 
inverse of M we have 

OM _ OP 

P'M^PMT^ 

The point P' is called the electrical image of P and OpM represents the 
potential at M when the sphere S, regarded as a conducting surface at 
zero potential, is influenced by a unit charge at P. When a becomes 
infinite and 0 recedes to infinity the sphere becomes a plane, P' is then the 
optical image of P in this plane, and the virtual charge at P is equal and 
opposite to that at P- 
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Now let OM = r' and POM = (a, then 

= r* + r'* — 2 jt' oos co, 


B'* = r'^ + %- 2f' ^ 008 
r* r 


-/O* 


=■ 


r*- of 


a (a* + r® — 2ar oos ai)*‘ 

Let (f, 0, <f>), {r, <f>') be the spherioal polar co-ordinates of the point 

P and a point M, on the surface of 8, then the theorem of § 2-32 tells us 
that if a potential function F is known to have the value F (O', <f>') at a 
point M, on 8 then an expression for V suitable for the space outside 8 is 


V (r, e, <!>) ■■ 




47rJo 


de' I ■■ 64 


8s- 

0 


F (r, 0, (^) 




,,, a (r® - g®) F {0', <f>') flin 6' 

(a® -f r* — 2ar oos to)^ 
while a corresponding expression suitable for the space inside 8 is* 

.. a(a®-f®)P(y, ^Qsing' 

(o® -f r* — 2ar cos a>)f 
When the sphere becomes a plane the corresponding expression is 
TT , . 1 f* , , f* , , ±/(»'.y') 

the upper or lower sign being taken according as 2 ^ 0. In this case 
/ (*', y') = V {x\ y', 0) is the value of F on the plane a = 0. 


fir f 2tp 

,60' 6<f>' 

Jo Jo 


§ 6*32. Derivation of Poisson’ a formvla from Gauss’s mean value theorem. 
Poisson’s formula may also be obtained by inversion, using the method of 
Bdcher. 

Let us take P' as centre of inversion and invert the sphere 8 into itself. 


The radius of inversion is then c = (r,® — a®)* = ® (a® — r®)i, where c is the 

length of the tangent from P' to the sphere, it is real when P' is outside 
the sphere and imaginary when P' is within the sphere. (In Pig. 28 
OP' = J-Q.) 

Let Q, Q' be two corresponding points on 8, then the relation between 
corresponding elements of area is 

^_(P'Q'Y_( C Y_/ cr Y 
68-\P'Q) -{P'q) -[^ZPQJ • 

Writing 68' = a®di2', 68 = a®d!Q, where 6C1' and dii are elementary 
solid angles, we have 

“ (a^^) ^ + a^- 2ar cos w)-^ dQ, 

where co is the angle between OQ and OP, 

* This is generally called “Poisson’s integral,” both formnlae having been proved by S.D. 
Poisson, Joum, jSeoU Polyt, vol. iix (1823), The fonnnla for the interior of the sphere had, how- 
ever, been given previously by J. L. Lagrange, ibid, vol, iv (1809), 



Poisson^ 8 Pormula and its OeneraUsatioTis 

Now ii V'q* is a potential fnnotion when expressed in tenm 
co-ordinates of Q\ the function 


C TTf _ ^ T7f IT 

oTFQ ^ ^"31 say, 

is a potential function when expressed in terms of the co-ordinates of Q, 
consequently the mean value theorem 


gives 


4,rFo' = jF'«.da', 

47tFo' =—(«* — »■*)* [F^diJ [i"® + a* — 2ar cos w]*, 
cr j 


and since c . Fo' = P'P . Fp , we have crF®' = (a* ~ r®) Fp, and onr formula 
is the same as that derived from the theory of the Green’s function. 

This method is easily extended to the case of h 3 rperspheres iu a space 
of n dimensions. The relation between the contents of corresponding 
elements of the hyperspheres is now 

dS' fP'Q'Y-^ ( 0 / cr 

'M^Kp'Q) \P'Q) Ka.PQJ 

while the relation between corresponding potentials is 
Writing the mean value theorem in the form 

■ Fo' I dS' = I F'a.<iS', 

the generalised formula of Poisson is 

I*)"'* Fp j d8' = ( jy j Fg dS [r» + o® - 2flr cos a.] ^ 

n 

r®) j Fg d8 [r* + o® - 2ar cos oi] 


(- 


1 1 d8' = ± o' 


(a® 


6 6-33. 8(meapplicaiiorusofCkm8’simanvalv£the^ 
theLm may be used to obtain some interesting properties of potential 

first place, if a function F is harmonic in a region B it can have 

^ave a marimum op minim^um 

value at a point P B “®an ’^a^e of J Know the spSre^^made 

centre at P would not be equal to^T P^ theorem maybe applied 

so small that it lies entirely withm B, Gauss s tneo j 


B 
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and we arrive at a contradiction. Since a function which is continuous 
over a region consisting of a closed set of points has finite upper and lower 
bounds which are actually attained, we have the theorem : 

If function is harmonic in a region R with boundary B and is con- 
tinuous in the domain i2 + -B, the greatest and least values of V in the domain 
R-V Bare attained on the boundary B. 

One immediate consequence of the last theorem is that if the function 
V is harmonic in i2, continuous in J? + 5 and constant on B it is constant 
on iJ + J?. This theorem is important in electrostatics because it tells us 
that the potential is constant throughout the interior of a closed hollow 
conductor if it is known to be constant on the interior surface of the 
conductor. Another interesting consequence of the theorem is that if the 
function V is harmonic in iZ, continuous ia R + B and positive on B it is 
positive in J? -h 5. For if it were zero or negative at some point of R the 
least value of F in iZ would not be attained on the boundary*. 

This theorem may be restated as follows : 

li Fi and be functions harmonic in R and continuous in iZ + JJ, 
and if Fi is greater than (equal to or less than) at every point of jB, 
then Vi is greater than (equal to or less than) F2 at every point of iZ + JB. 

A converse of Gauss’s theorem, due to Koebe, is given in Kellogg’s 
Foundations of Potential Theory^ p. 224. 


§ 6‘34, The expansion of a potential function in a series of spherical 
harmonics. If F (a:, y^z) is a potential function which is continuous 
throughout the interior of a sphere 8 and on its boundary, and whose 
« 4. ^ SV dV . 

nrst derivatives W likewise continuous and the second 

derivatives fimte and integrable (for simplicity we shall suppose them to 
be continuous) then F admits of a representation by means of Poisson’s 
formula and it wiU be shown that F can be expanded in a convergent 
power series in the co-ordinates x, y, z relative to the centre of 8, Writing 

cos o) = cos cos 0' + sin 0 sin 8' cos {<f> - ^') = /a, 

we have 


a (r” - a^) 

(a^ + — 2ar cos o>)i 


S 

n «-0 


(?n + 1) 



I r I > a, 


a (a* — r®) 


So(2ji+ 1)Q P„(^) lr|<a. 


(a® + J-® — 2ar cos 

Substituting in the expressions for F we may integrate term by term 
because the series are absolutely and uniformly convergent on account ot 
the inequality | P„ (n) \ < i. 


* See a paper by Q. E. Raynor, AnnaU of Math. ( 2 ). vol. T-rnr p. igg (1923). 
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Expansion of a Potential Function 

We thus obtain the expansions 

^ + '> £) (*• #) I f I < o. 

where in each ease 

Sn {e, <f>) = ^ J' {6', 4,') p„ (^) Bin d'de'd4,\ 

The function r^S„ {&, j,) is called a spherical harmonic or solid harmonic 
of degree it is a polynomial of the wth degree mx,y,z and is a solution 
ot tiaplace s equation because r»P„ (;l) is a solution. 

The function /Sf„ (6, <^) is called a surface harmonic, it may be expressed 
in terms of elementary products of type P„"‘ ( 00 s 6) e‘»>* by expanding 
P„ in) in a Fourier series of type ® 

P„ ill) = S Pn™ {6, 6') 6*"“*-*'). 

m— -n 

By expanding r^P^ (^) in a series of this form and substituting in 
Laplace’s equation (in polar co-ordinates) we get a series of type2(7,„c*"* 
each term of which must be separately zero, consequently each tera in our 
expansion of r«P„ (ft) is a solution of Laplace’s equation and is a poly- 
nomial of degree n in x, y and z. Similarly, if r', d\ 4 ,’ are regarded as 
polar co-ordinates of a point (as', y', z'), r'”P„ (ft) is a solution of Laplace’s 
equation relative to the co-ordinates of this point. We infer then that 

F„^ (0, e') = An”'P„”' (cos 6) P„-™ (cos 6'), 
whore is a constant to be determined. 

Wo thus have the result that 

Sn (0, 0) = S (cos 0) 

m— — n 

whore B,,*" = ~ A„^ (0', 4') P„-™ (cos 0') sin 0'd0'd4'. 

To determine the constant we consider the particular case when 

V = r^P^”* (cos 0) e'™*, 

F {0', 4>') = a»P„>" (cos 0') 

then (2v + 1) S, (0, 4>) = a"P„’" (cos 0) v = n 

= 0 v^n, 

and consequently 

I = — f f'* -Pn” F) P„-^ (cos 0') Sin 0'd0’d4>' 

477 Jo Jo 

= (-)"‘^„™, 

or Ar^"' - (-)”. 


24-2 
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Henoe we have the expanaion 

P„ (n) = S (oos 0) P„“*" (ooB O') e*"**-*'*. 

§ 6'86. Legendre's expansum. Transforming the last equation with the 
aid of the relation of Bodrigues, 


p -m 
n 


we obtain Legendre’s expansion* 




P»(m) = 2 S 


S (» - m) 1 


Pn*" (cos B) P^" (cos 0') oos m (<f> — <f>') 


»_i (» + m) 1 

+ P„ (oos d) P„ (oos 6'), 

and the expression for Bn” may be written in the alternative form 

\X <**■ *'> 

One simple deduction from the expansion for {9, if>) is that a simple 
expression can be obtained for the mean value of S„ (6, <f>) round a circle 
on the sphere. Let the circle in fact be 6 = a, then the mean value in 
question is obtained by integrating our series for 8„ {0, <f>) between ^ = 0 
and (^ = 2it and afterwards dividing by 2n. The result is that 

Sn {B, <f>) = B„®p„ (oos a). 

Now when B — 0, P„“ (cos 0) = 0 except when m = 0, and then the 
value is unity, henoe 

SA0.4>) = B,o, 

a^'iso Sn (9, <!>) = 8^0, <l>)Pn {OOB a), 

where the coefiacient S„ (0. is the value of 8„ {6, <f>) at the pole of the 
circle. This theorem may be extended so as to give the mean value of a 
function/ (0, j,), which can be expanded in a series of type 


The result is 


S{B, <f>) = Lc„8n(9,<l>). 

n*-0 


/ {B, ^) = S c„P„ (cos a) 8n (0, ^). 

n-0 


If the analytical form of the function / is not given, but various graphs 
are available, the present result may sometimes be used to find the 
coefl&oients in the expansion 

/ {B, <f>) = ^^C„P„ (cos 9) oos m<j> + B„»»8in nuf>']. 

To use the method in practice it is convenient to have a series of curves 
m which / is plotted against ^ for different values of 0 and a series of 
curves in which / is plotted against B for different values of The two 
* Legendre, EisU Acad. 8 ci. Paris, t. 9, p. 432 ( 1780 ). 
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J3 and <f> = p ir may be regarded as one great circle with 



round, “parallels of latitude’’ for which 6 has various 
) will give linear eq[uations involving only the coefficients - 

) = 0 when n is odd and (0) = 0 when n is even and 
mean values round meridian circles will give equations 
the coefficients An^ and in which both m and n are 
IB of type Cn will also occur. To illustrate the method we 
rh.at the function / (0, <!>) is of such a nature that spherical 
dd order or degree do not occur in the expansion and that 
Lmation to the function may be obtained by taking terms 
Legrees up to u = 4 and m = 4. We have then to determine 
sients Cq, G 2 , A^^ A^, B^, Three of these 

lined from the mean values of / round parallels of latitude, 

^ Two equations connecting A^, A^, A^ may be 

the mean values of / round the meridians ^ = 0, tt and 

lie two equations involving B^^ B^, A^ may be obtained 

n values round the circles 

ons may be obtained from the mean values round the circles 

77 477 . 277 11'”' 

ind Oo> from the first three equations and having 

B^^ B^ in terms of A^^ with the aid of the next four, 
tt set of equations can be transformed into equations for 

two sets of curves have been drawn the mean values of / 
srent circles may be found with the aid of a planimeter. 

'jpansim of a polynomicU in a series of surface harmonics, 
is a polynomial of the nth degree in a:, y, « the expansion 
series of surface harmonics may be obtained in an elementary 
the operator V^. Let us write r^F (6, <^) = /„ (x, y, z). The 
determine a polynomial /„_2 (x, y, z) such that 

fn (^y Vy “ ^®/n-2 {^y Vy 

f Laplace’s equation of type The equation 

^nfn-r%-,] = 0 

agh equations to determine the coefficients To stow 

?ininant of this system of linear equations does not vanish 
■that 
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PoZof Ob-onUhotw 


however, fy^iwte a qilMBiioalhaniianio at degree turoduwilid hare 
» 0 when Integrated over the ephioioal emfooe, beoanee/a.. 


oan he eapreeMd In tenna of enifaoe haimanioB (^i 4) ^ degree leee 
thann. Bnt thie eqnatian fa impo ea ih le imlnnii /,-, vaaiehee idantioelly. 

Having fonnd /,_• we repeat the prooeea with /«_• in place of /, and 
noon. We tfana obtain a aeries of eqnationB 




fron ednoh we find that 

/.-»• [d. + 5 ^ fP 

Whena— aM^^lrilalBm^aanintagBl^Mldj^^^/,^lhil■ p'h«lp^H^,lllA.rfnn(nlnt 
an determined by the eyetem of egnationa* 

vrf- (*».*)(*"» + 1 . 8 ) 8 ;, 

- (9m, 4) (9m + 1, 8) rtSf# + (8* - 9, 9) (9m + 8, 7) rtS;, 

- (*"». 8) (9m + 1, 7) fW, + ][9m - 9, 4) (9m + 8, 9) rW, 

+ (9m - 4, 9) (9m + 8, 11) rW., 


when (o,6)-o(o-9)(o-4)...6. 

Salving these linear equations we flnH thatf 
(9m - 91;, 9) (9m + 9h + 1, 4jb + 8) 

_ Pi ** 7 * , r«V* 

"L 9(4i- l)'''a.4(«- l}(4i- 8)" •••] *) 

{41c- 1, 

whan ^ (*, y, ,) » (*, V, 

The eqnivalenoe of the two eipiteaaiaiia for 8 is a ann«wqiiAnn^> of 
Hobson’s tfaeonm (| 6*89). 

Then is a oorawponding theonm for a spaoe of n dimenaionB. The 
fandamantal fonnnla for the effect of the operator 

V (r*i\i) - ^(^+9g + «-2) 

'* “ *^* + ^* + ^ (^. a*. ... a,). 

- tp (ep + if + 1) f«-«iL + 

H>aw If VN^ ■ 0 tha aflBot ol nnaariTC apaattOH V 

t CL laa^ JML Jan. Td. iza^ p, 48B (lSU)b 


is 

vriien 



Legendre Functions of i cot 6 
The equations are now 
V„a">/= (2m, 2) (2m + n - 2, w) 5,. 

= (2m, 4) (2m + » - 2, «, + 2) r^8o + (2m - 2, 2) (2m + n,n + 4 .) , 


*’**'^ 1 !* (2w!' — 2i, 2) (2m + 2A + w — 2, 4& + n) 
r*V * 

.+ 


= 1 




2 (4i + 91 - 4) 2.4(4* + 91 -4) (4A + 99, - 6) 

= , / 9 9 3 \ 

(4* - 4 + 91, 91 - 2) V3a:i’ dx^ ’ dxj 
where (*1 . ar^ , . . . a;„) = (x^,x^, ... x„), 

and / is a homogeneous polynomial of degree 2m. 


-•] 


^2m-2kj^ 


§ 6-41. Legendre functions and associated functions. It should be 
observed that Laplace’s equation possesses solutions of type 

/"Pn™ (n4) e^*”*, 9^Q„"* (/*) e±<™+, 

when 91 and m are any numbers. It is useful, therefore, to have definitions 
of the functions P„"* (/i) and (jn) which will be appHcable in such cases 
and also when ^ is not restricted to the real interval — 1 < ^ < 1. 

The need for such definitions will appear later, but one reason why 
they are needed may be mentioned here. 

In an attempt to generalise the method of inversion for transforming 
solutions of Laplace’s equation* it was found that if 


r“ — a 
2 (a; — iy) ’ 


Y = 


. 9'® + a* _ _ az 
^ 2 (x — iy) ’ x — iy’ 


(I) 


and if f (X, 7, Z) is a solution of Laplace’s equation in the co-ordinates 
X, y, Z, tlien y, Z) 

is a solution of Laplaco’s equation in the variables Xy yy z. Introducing 
polar co-ordinates, we Hnd that 

R = iaei^'^y r = sin 0 = cosec 6. 

'Flic standard simple solutions of Laplace’s equation give rise, then, to 
new simple solutions of type 

(sin Oyi {i cot 6) 

and wo are hud to infer the existence of reciprocal relations between 
associated Ijogendro functions with real and imaginary arguments and of 
more* genc*ral n^lat-ions when the arguments are complex quantities or real 
((uantiti(*H not restricted to the interval 1 < < 1. 

Dolinitions of tlu^ associated Legendre functions {z) for all values 


* Proc. London Math. Soc. (2), vol. vn, p. 70 (1908). 
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of n, m and z have been given by E. W. Hobson* and by E. W. Barnesf. 
The definitions adopted by Bames are as follows : 

« 

Let z = x + iy, w = log , 

® 2 — 1 


y (m, n,a) = -^ 


2 * r (1 — m — a) 


then, if 


2 r (a - «)T (» + 1 + a) T (- a) 
I arg (2 - 1 ) I < ,r, 


g-Jmio 


•P«“ (a) = - sin Twr J y (m, n, a) (2 - 1)* da, 

where the integral is taken along a path parallel to the imaginary axis with 
oops if necessary to ensure that positive sequences of poles of the integrand 
e to the right of the contour, and negative sequences to the left. Also 

Cn™ (2) = ^ e~“® (wi, », a) (— 2 — 1)» da + e=F"*’' , 

where Im~ "ft coseo n7T.P„”* ( 2 ), and the upper or lower sign is taken in th© 
exponential f^tor multiplying /„ according as y 5 0. 

, functions (2), ( 2 ) are not generally one-valued. To render 

th^ values unique a barrier is introduced from - 00 to 1 . When m is 

to °° ““ W “ e*p™«bte 


- r(lW) - «. » + 1: 1 - i (1 - ,)), 

denotes the hypergeometric function or its anolytioal 
^nWrirm fonnole, which give, a convergent series ^ 

Itoch it neighbourhood of 

rts . <‘-‘)-*"(0. + 0.(s-l) + ...). 

Under like conditionfl 

— ( 2 ) . gin juj . , r (— W — 72,) 

ttP im) , 

where, aa before, gw _ ?_lLJ 

sm wtt (2)]j, = e-<„w sin (n -I- m) [Q„« 

• A, voL oixsxTn, p. 443 (1896). 

T Quart. Joum. voL XXXtt, p. 97 (1908). 



Belationa between the Functions 

It follows from the deiimtions that 


(~ z) =. e=F"'*P„'» (a) _ 2 q « / ^ 

On’" (-*)=- Q„"* (a).C±»’'‘, 

(2) = p,"* (»), 


Q"*-,-! ( 2 ) = Q„"* (2) - TT cot »iir.P„<» (a), 


. ■Pj.-’" (*) Pn” (2) 

r (1 -- m + ») r (i + m + ft) 


aGn™ (2) r (- m - 


Q„ ( 2 ) r (m - n) = Q„»» (z) r (- m - n). 

Wlu*n m 0, or when ?n is an integer, P„™ (z) has no singularity at 
2 ' 1. 'I'hiH iH tividont from tlio expression for Pn™ (z) in terms of the 
hyjMTgoometrio function in tlm oases when m is negative or zero and may 
b(» <loriv('(i from the formula 


P„-"* (z) P„»» (z) 


P (1 m -|- n) 

r (1 + + n) 


in the caHc when m is positive. We add some theorems without proofs. 

1". The nature of the singularity of P„»* (z) at z = — 1 may be in- 
f(>rre(l from th*' formula 


r (- m) 


r ( I m I fti r i- m ^ V + 


II 


r (m) 


!'( n)r(l+ft) 

\vh<‘n‘ If J (I f r). \Vh(‘n m in a poBitive integer, 

r (7// i- rt I- 1) 
n m /^a 1 \ / 

” ' ^ ^ 2 "»r(i I fi - 7/0 r (771+ 1 ) 


{1 - 7/1 + n, - 771 — ?i; 1 - ? 7 i; 0 }, 


/'’ !»! - «,7// I 71 H l;77i + 1; J (1 — z)} (A) 

2 , Whrn in inlilition tt in an intoger there are three cases: 

(1) 0 . n • m. In thi.M <’iib(^ (2) - 0 but F (1 + 7i — tti) [z) is a 

Htiliitinn iif llu* diiTerential equation. 

(2) n ^ m. In thin (aisr thi' formula (A) is valid. 

(3) a ' i) In tliiN rase, if // • 7//, 


1)* H)r(7//-i i) 

• {7/1 7J , 7/1 f n + 1 ; 771 + 1 ; J (1 — 2;)}. 

\ If n /a. I\r (') but r (- rn - n) (z) is a solution of 
the (iitTenuithil 
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4°. When m = 0 and n is not an integer and is not zero, 

(TTCOseo nw)®P„ (a) = - ^|{r (- s)}® F (- » + a) T (w + 1 + a) 

_ V F (< — w) r (ra + 1 + <) 

<-o (<1)® " 

- X {log B—irjtil+t) 4- ^ (i - ») + ^ (» + 1 + t)}, 
where j (1 4. 2) and ^ ^ log p 

Hence P „ («) has a logarithmio singularity at * = — 1, at which it 
becomes infinite lilro 

17-1 0iji {—»,»+ 1 ; 1 ; 0} log 0 + a power series in 6 , 

6 . When 7?i = 0, we have seen that P„ (z) has a cross-cut from co 

to — 1; when, however, Jm is not an integer and not zero, (z) has a 
cross-cut from - 00 to 1, and is therefore not defined by the preceding 
formifiae when - 1 < z < 1. It is convenient to have a single value of the 
unction in this interval, and one which is real when m and n are real. 
It IS ther6f or© assumed that as e 0 and — 1 < a; < 1 , 

■P„”’ (*) = lim e*”’" Pf,”' (x + ei) = lim (j. _ 

_ ' 1 /I + ajN Jm 

r (1 — m) u — icj ^ + 1 ; 1 — w; J 

Qv.”' (*) = i lim {Q„‘” (x + ei) + (x - ei)} 

_ TT COS IrriTT 


where 




2 sin 1177 F (— m — n.) 
1 -I- a;\i 


[$(m) (jpJ ^ 


n -I- aiNi® _ , 

™ + 1; 1 - m; J - Ja;). 


nf t ' (*) Jiaa a cross-cut between - 1 and 1. For values 

of z for which I z I > 1 the function can be expanded in a convergent power 
series in 1/z. If j arg (z ± i) | < „ and (z® - l)*” = (^ _ i)i-» 

$„”■ (z) = sin {n + m)iT V{n + m+ 1) F (^) (z® _ i)i"* 
sinwTT 2"+ir(»V|) 

xF{ln + lm+ ^,\n + \m + \-,n + f ; z-®). 

I * I < 1 -ay b. deduced by analytical 
defirti„n“lenctr^'®“"“°“° ‘ke foregoing 
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§ 6’42. Reciprocal rdaliona*. Baxnes has shown that the power series 
in l/z can, under the foregoing conditions, be expressed in the form 

xj’|j(n + m+l),i(n-m+ 1); » + 

, „ _ sin {n + tn) IT F (n_+ ot + 1) F (^) 

^ ~ sin Jiff 2“+^ r (’^ + 1) 

Putting z = i cot 6, we have 
Qn™ (t cot 0) = sin”+^ 6 

X F{^{n + m+ l),i(7i-m+ 1); w + |; Bin*0}. 

Now 

{J (n + m + 1), J (re - m + 1); » + I; sin* 0} 

= F{n + m + l,n — m+ l;re + f; sin® 

= (cos 40 )-®"-! J* [m + 4, 4 - m; re + f ; sin® 40 ]. 

Therefore 

(i cot 0) = 2"+4 (sin 0)i (cot 40 )"“"* 

xJ’[m + 4 , 4 -m;« + S; sin 40 ]. 

But 

(cos = r + I) (°°* P {w + i i - ; « + S ; sin® 16 ). 

Therefore 

(i cot «) - - (i “ ^’5^1 <“« *)• 

Writing — m — J in place of n and — ri — J in place of m, the formula 
becomes 

■J 'm— i 

(i cot 0) = r _L « j- f i (i 

' COB mTT. r (m + ?i + 1) 

Again, Barnes has shown that when | 1 — z® | > 1, 

f 1 I 

+ Oj(z®- l)i"j|4(»re-re),4(-m-re);4-re; y^|> 


where 


2-"-!F(-re-4) ^ 2"r ( re + 4) 

Cl = -,-^r^ r > = 


Tri F (— rei — re) 


7ri F (re - wi + 1)’ 


* Judging from a conversation with Dr Barnes in 1908 he had at that time noted at least one 
explicit reciprocal relation between the functions P (s) and (z). 
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ooDsequently, using again the transformations of the hypergeometrio 
series, we find that 

P,»» (f cot B) = (2ir ooseo fl)"* |^ p j~ ” (tan 

xP{J + m, J — m; « + f ; sin* 

+ r (¥^m+l) - m, J + m; i - n;sin*i<?}] 

= - sin (m + i) ir.r (m + « + 1) (2^- ooseo 6)~i lim (®o® ^ — **)• 

w •-►0 * 


and so 


P““ (i oot fl) = — - sin Tiw . r (— m — ») (27r ooseo 0)"* lim Cn” (cos ^ ~ *«) 

== ~ T — \ . ^ ( 2 ^ ooseo 0)“i lim (oos B — 1 «). 

r(l + «i + ») Bm(m + M.)ir' ' ,_,.o 

This is very similar to the reciprocal formula obtained by P. J. W. 

Whipple*, which may be written in the form 


sm 


sinnw , , irP (I + ffl. + . ,, . 

7 — ; — ^ Qn” (cosh (C\ = — ^ j— ^ P ~ 1 (ooth a). 

(n + m)7r^" ' ' (2irsinha)* ' 


•BiyAMPT.ES 


1. Prove that when n is a positive integer 

^ = ra (|l)" «'** - + '*» - -P" 

[A. B. JoUiffe, Mub. of Math, vol. xux, p. 126 (1019),] 

2. Prove that if 2a: 


= ?d[(21og2-ilogt)P(i,i;l:<) 

- IG)’ - - Gr5’ • - (i^) - - G^iO’C - o * o) - ••■}]■ 


Prove also that 


= - id [(4 log 2 - 4 - log «) F (i, l;t) - 4{(f)« (i - i) t 

+ i HD* + «* + ...}]. 

[H. V. Lowry, Pha. Mag. (7), vol. n, p. 1184 (1926).] 

* Proe. London Math. Boo. (2), vol. ivi, p. SOI (1017). 
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3. If £ is the qnartec period of elliptio funotioinB with modahiB ib and oomplementaiy 
modulxiB ifc' = (1 — Ai*)i, prove that 


.j-P 

Zif * VI - W 
" 2 (1 - *!) ^ I (1 + *)*) 

- k, 2 - log (i^]p {l. IP ^ 

The last series is reoomnieiided by Lowiy for the oalonlation of K when k is nearly 1. 

4. Prove that if n is a positive integer the equation ^ ( 2 ) » 0 has no root which lies 
in the ra^ 1 < z < 3. 

6. Prove that if 2n + 1 =t= 0 

i /'p„(l-2riii»aam*ff)emad« = ^^|L^. 

6. Prove that if n is a positive integer 

P„ ( 1 - 2 Bin* o Bin* 6) = [P„ (oos >]* + 22 [-Pn*" {ooa tf)]* oos 2«*a 


and deduce that for 0 < ^ < n- 


[P„ (008 (?)]>> 


sin (271 +1) 6 


Hence show that the roots of the equation P^ (cos 0) = 0 can only lie within certain 
intervals in which sin (27i +1) 0 is negative. 


§ 6-4f3. Potmtial functions of degree n-\- \ where n is an integer. If we 
apply the imaginary transformation (I) to the potential funotions of 
degree zero and — 1 we find that if H- and J ( ), 0 ( ) are 

arbitrary functions of their arguments, the functions 

v= {x- iy)-i (p - tz) + G (^75^) j . 

V={x+ iy)-i (p -iz) + G (^-^)] 

are solutions of Laplace’s equation. In particular, 

(x — iy)"^ (p — 


is a homogeneous solution of degree n-\- Differentiating this h times 
with respect to x we obtain a solution which may be written in the form 

/*> 


k 

S 

«-0 


3 * 1 3 *“' 



gg2 PolcbT Co’^ordiuatBS 

The typical tenn of this series is a constant multiple of 

and when the derivative in this expression is expanded in powers of x, the 
coefficient of is 

Now x= ip [e^ + 

conseqnently the term involving jc*'® gives rise to a term in onr series 
the exponential factor and a number of terms with exponen m 

factors of lower order. Taking aU the terms with the exponential actor 
giCAH-j)* '^0 must get a solution of Laplace’s equation and this solution is 
represented by the series 

F= c‘<*+*i* S ‘ 0 > - 

,_o ^ \p opj 


where 


*! (2s)! 


0 ,-{ )*2»+«(5l)a (* - s)!' 

We may conclude that if / (a) is an arbitrary function with a suitabl© 


number of continuous derivatives, the series 

* , /I 0 \ 

«“0 

is a solution of Laplace’s equation. 


y = ei(fcH)* i C,p^-^>-i (-^) ‘“V (p - »*) 
«-o Vp ^P/ 


§ 6 - 44 . Conical harmonics*. When V is independent of <56 a set of 
solutions suitable for the treatment of problems relating to a cone may be 
obtained by writing r = ce*, V = (cr u. The equation for u is then 


dji 


du 


dhi 




and there are solutions of type u = cos {ha) (p,), where {/x) is a 
solurion of the differential equation 

Mehler writes 

iriM/ V 2 , „ , f“ oosl;o!.do! 

A«' (p) = - cosh {kn) ; :;t, 

V 'Jo [2 (cosh a + p.)]l 

and remarks that ^ (p), (— p) are two essentially different solutions 

ir *,f' S. 101 (1881); C. Neumann, idid. S. 196; E. Heine. 

Kugdfunhtonen, Bd. n, S. 217-260. 
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of the difierential equation. The function (fx) can he expanded in a ' 
power series 

(jit) = j i - ki; 1; 

, . 4P + 1* /I - M + 1®) + 3*) /I - /n\* , 

= 1 + 2^V“^j+ 2^4* 

and its relation to the Legendre function becomes clear. 

There is also an expansion 

L a/tT 2jf ^TT 


ill) = 




where 


L= 1 + 


M= a + 


4jfc* + 1“ . , (4fc» + 1*) (4fe* + 6») , , 

-T* -I- fl 


2.4 




2. 4. 6. 8 


4i:* + 3V 3 ^ (4fc» + 3«) (4i!» + 7«) ^^5 


/A® + 


/i® + 


4.6 ' 4. 6. 8. (10) 

Problems relating to a cone have also been treated with the aid of the 
ordinary Legendre functions*. 

If, for instance, there is a charge q on the axis of at a distance a from 
the origin, and the cone 6 = a is at zero potential, the potential V is given 
by the series 

7 = - 2 (q/a) S (r/a)" . — r<a 


2 (g/r) L (a/r)» 


InM. 


r > a. 


“ (w^“L 

where the summations extend over all the positive values of n which 
make P„ (cos a) = 0. 


EXAMPLES 

1. Prove that when 0 < < Jw 

£iw (ooe #) = F ^ l! 

. , + , + (4iit d.. . + .... 

When iw < < V the series represents (- cos d). 

X<*>(co8 B)= ;,J||[2(ooBp-co8fl)]i' 

3. Provo that 

H. ^ e„ ,)-» - /; ^ iT" (— ) 

• See, for inetanoe, H. M. Macdonald, Comb. Phil. Trans, vol xvni, p. 292 (1899). 
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4. Prove that when k is large and positive 

jr<») (cos e) ~ e*«(l + 8) (Zirk sin 6)“^ 

where 8 0 k The point S ^ ir must be excluded, for K (oos B) has no meaning 

for d = ff. 


5. Prove that 




oosh(fc7r) ^dx 


(p) = /■“ 

V Jo 


\/(l + 2f(a; + a;®) 

£(») (_ „) f “ K»Hv)dv 

^ 7 1 V— II * 

r2ir 

I (cosh oosh V — sinh u sinh v oos (cosh u) (cosh v). 

/ (a) - J " £•(*) (a) tanl (Jfcir) (ifc) <i*. 


6 , If 

shpw that imder suitable conditions 
The results of examples 1-6 are 'all due to Mehler. 


§ 6*51. Solutions of the wave equation. These may be found with the 
aid of the Green’s substitution 

cc = 8 sin a sin j8 cos y = 8 sin a sin j8 sin <f>, 
z = 8 sin a cos j8, ict = s cos a, 

dx^ + dy^ + dz^ — cHt^ = + sHa^ + s^ sin^ a dp^ + sin^ a sin^ j8 . d<f>^y 

d {x, y, z, t) = s^ sin® a sin j8 d ( 5 , a, p, <f>). 

The wave equation now becomes 
dhb ^du 2 du 1 dhi 
05® 5 05 5 ® ^ da 5 ® 0a® 




^ 5 ® sin® a sin® j3 0j8 

and possesses elementary solutions of the form 

u = 5 M (a) J5 (jS) cos m — (^q) 


5 ® sin® a sin® jS 0^ 


0 

2 ^5 


if 


cosec 


^ + 2cot«^ + [»(»+2)- 


5]b=o, 

hf’] - = »■ 


sin® p 
v{v+ 1)" 

^ sin® ^ 

We may thus write 

^ (cos (cos j8), 

^ = V cosec a; [ 6 iP;'!;.* (cos a) + (cos a)], 

where Cj^, C 25 are arbitrary constants. On account of the reciprocal 
relation between the Liegendre functions we may also write 

A = cosec a [(hPZ'',ll {i cot a) + {i cot a)], 

where a^ and 02 are new arbitrary constants. 
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The analysis is easily extended to Laplace’s equation in » + 2 variables. 
The appropriate substitution is 

a;i = rcosdi, ®2 = r sin ^icos a:* = »• sin S^sin ^2*508 
a:„+i = r sin 01 sin 02 sin 0„ cos (f>, x„^ = r sin 0i sin 02 ... sin 0„ sin 
and Laplace’s equation becomes 

^ j^r»+i sin" 01 sin"-i 02 . . . sin 0 „ ^ sin" 0 i 8 in»-i 02 ... sin 0 „ 

+ ^ sin"-* 01 sin“-i 02 ... sin 0 „ + ... 

+ sin"-* 01 sin"-® 6 ^ ... cosec 0 „ ^ j = 0 . 

AaniimiTig that there is an elementary solution of type 

u=B(r) ©1 ( 0 i) ©2 (02) ... 0 „ ( 0 „) cos im<f> + e), 
we obtain the equations 

S + + [*'« (*'« + ~ m*008ec* 0 „] 0 „ = 0 , 


-50;;2 - — "d0„ 

d0* 


d®, 


+ (n— 5+1) cot 03 + [Va (V, + - 5 + 1) 

— ^'s+i K +1 + ^ — 5) coseo* Og] 0, =* 0, 


d^R , ^ ^ (^1 2J Q 

and so we may write 

©„ = (cos 0„) + (cos 0„), 

©, = (cosec.0,)i'"-'> (cos 0,) + (cos 0,)], 

R = ^ri + 

where i ^)> J (^ "■ ^)" 

If in place of Laplace’s equation we consider the equation* 

n + 2 ^ZTT 

S ^„+fc2F=0, 

the analysis is the same as before except that now the equation for R is 
d^R ?^ + 1 dR r ,5 Vi + ^)"j jD _ A 

dr*+-F- di^ + L 

and the solution is 

R = J,,+in (*»•) + (Ar)] r * . 

If vi = 5 — ^n, where 5 is an integer, one of these Bessel functions must 

be replaced by Yg (kr), the second solution of Bessel’s equation. 

* E. W. Hobson, Proc. L<mA(yn Math. Soc, vol. xxv, p. 49 (1894). 
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It should be remarked that the elementary sold angle in the generalised 
space for which x^, ... a :„+2 are rectangular co-ordinates is 
dco = sin" ^i.sin"-^ 6^ ... sin d (d^, d^, ... 

When this is integrated over all angular space the result is 





where a = » 4- 2. See, for instance, P. H. Schoute, Mehrdimensiondle 
Oeomeirie, Bd. n, S. 289. 

For ordinary space n= 1, and the foregoing result tells us that the 
equation V*F -f h®F = 0 is satisfied hy 

F = r~i Jg+j (kr) P”' (cos 6) cos 
In particular, when a = 0 we have the solution 

F = r-iJ^ {kr) = (2/A^)i 

and when 5 = — 1 there is a corresponding solution 
F = {kr) = (2/*7r)i 5^. 

These may be combined so as to give the solution 



which arises naturally from the wave-function 

F =± 1 e*fc(c<-r) 

r 

suitable for the representation of waves diverging in three-dimensional 
space. This type of wave-function is fundamental in the theory of Hertzian 
waves and also in the theory of sound. The general function r’ij^^Akr) 
can be expressed in the form * 

<r-i (a) = (-)» (2a)* (2/7r)i , 

and is easily seen to be of the form 

Pg (a) sin a + Q, (a) cos a, 
where P and Q are polynomials in a~^. 

For some purposes it is convenient to use the notation 
^7. (*) = (iva;)^ (a;), 

(*) = (-)” {hrx)^ J-n-\ {x) = - {inx)i (a:), 

Vn (x) = (a:) - ix„ {x), 

L (x) = tl>n («) -t- ixn (x). 
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These new functions Cn connected with Hankel’s cylindrical 
functions by the relations 

{X) = (*). L (*) = (iTT*)* (*). 

When I a; I is large and | arg a; j < tt we have the asymptotic expansion* 


i (n — 1) (n + 1) (n + 2) 


■( 2 J 


2 ! 


+ 




The series terminates when n is an integer and gives an exact repre- 
sentation of the function. In this case we may write 

ii(n+ 1) 

Mr r 


In 


Fi--^ 

I Ur 


+ 


{ i \”(2n!)l 
" V 2kr} n\ y 


and when hr is real a series for | {hr) |* may be obtained from the Hnear 
differential equation of the third order satisfied by {tfi„ (&r)]®, [x„ (^)]* and 
^*1 (^) X» (^)- series 

1 tn{1cir) 1*= 1 + + l)m(»+ l)(n+ 2)^^ 


1.3 ... {2n- 1) 


(2ra !) 


1 


^ 2.4... 2» ' 

which contains only positive terms, shows that ] 4n (^) | decreases as hr 
increases, hence, if a series of the form 


s L {hr)f„ {6, <^) 

n— 0 

converges absolutely for any value of hr greater than zero, it converges 
absolutely for all greater values of hr. 

For small values of 1 r [ the function (Jcr) is represented by the series 

V'bW- i.3.„(2n+ 1) L 2{2«+3)^2.4(2»4-3)(2»+6) 
which converges for all values of r. For large values of | r | we have 
approximately 

*A« {^) = i + (- 

This formula is exact when n = 0 and ip^ (^r) = sin kr, and when 
n = — I and ip^ (kr) = cos kr. In other cases it represents simply the first 
term of an expansion which terminates when n is an integer. It should be 
remarked that 

, ,, , sin At , 

*Ai - cos kr, 




sin ir — r- cos kr. 
kr 


* Whittaker and Watson, Modem Ancd/ysia, p. 368. 


25-2 
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The functiops (x) may be calculated successively -with the aid of the 
difference equation 

(2n + 1) (x) = X (») + (aj)], 

while their derivatives may be .calculated vith the aid of the relation 

(2w + 1) =(»+!) 4>n-i (*) - nil>^+x (a). 

Similar relations may be used to calculate the functions and their 
derivatives. 

These functions are particularly useful for the solution of problems 
relating to the diffraction of waves by a sphere*. 


TCYAWTT.-BR 

1. Prove that if « = rju 

Jo*" 

and deduce that 

\/ ^ '^»+i ^ '*'*• [Bauer.] 

2. Show by means of the result of Example that 


/: 


W ~ = 0 m 4 = » 


2 


2w + 1 


m ^ n. 


3. Prove that 

sin Vr® + a* — 2 aru ® ^ -r 

v;:( 2"+ r.W 

[Glebaoh.] 

4. K — r® + a* — 2rafi and n = prove that 

where (A t) = (A») (At) or (At) (Aw) according as r is less than or greater than a. 

[Macdonald.] 

6; Prove that tlf„ {ka) (Jca) - (Aw) (Aw) «= - z. 


6. 


Prove that if _|_ ^2 _ 2arfi 

, p sin (AjJK) _ 

1 /I cos(A;i2) , 


sin (At) sin (Aw) 
r ha * 

sin (At) cos (Aw ) 
hr a 


f < a 


cos (At) sin (Aw) . 

5 — a, 

r ha 


[Rayleigh.] 


* See for instance, Lamb’s BydrodyimnicSf 6th ed. p.496 ; H. M. Macdonald, Proc, Boy. Soc. A, 
vol. xo, p. 60 (1914); G. N. Watson, ibid, vol. xov, p. 83 (1918); Lord Rayleigh, PhU, Trans. A, 
vol. oom, p. 87 (1904); Papers, vol. v, p. 149; A. E. H, Love, Proc, London Math. 80 c. voL xxx, 
p. 308. (1899). 
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§ 6*52, There is a second method of dealing with the homogeneous 
wave-functions which is due to Stieltjes*. 

If we write 

x = u cos <f>, y ^ z = v cos x* w — vsiax, 

the equation OW = 0 becomes 

dw im 1 dw dw idw I dw _ 

du^ u du"^ d<l>^ dv^ v dv dx^ 

This equation possesses solutions of type 

W = f (Uy v) 


if 


ay 2m+l df d^f 2Jc+l df 
dv? u du^ dv^ V dv 


(A) 


This equation belongs to the class of ‘‘harmonic equations” studied by 
£uler and Poisson, it retains the harmonic form in which the variables are 
separated when the variables u and v are subjected to a number of 
transformations of type n \ 


The general theory of these transformations has been discussed in 
Ch. IV. At present we are interested only in the particular substitution 

iv ^ se^y 


which transforms the equation into 

a^TT . 3 0F . 1 d^W , 1 d^W 1 ^ 

“aia i ”§7 52 cos2 0 9^2 + 52 sj[ii2 0 9p^2 

cot 6 — tan 0 dW _ 


Putting cos 20 = fjL we 
the form 


find that there are elementary solutions 
W = 52^0 (jLt) 


of 


where 0 satisfies the differential equation 


i”<” + ">-27rT73“2(r^) 


= 0 . 


•(B) 


This equation is satisfied by 

- - / 1 - 
@ = {1 + ix)^ (1 - fit F [n + 1 + p,p- n] k + I; 

where 2p = m + ifc and jP as usual denotes the hypergeometric series. If 
» - p is a positive integer the series terminates, and if n is also a positive 
integer we obtain a solution in the form of a polynomial. 

♦ Comptes Rendus, t. xov, p. 901 (1882). 
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Writing v = n — p we have a solution of equation (A) which may be 
written in the equivalent forms 
f= (u* + v^y F {v + m+k+ l, — v,h+ 1 ; t) 


= (-)>' (m* + v®)” 


r (v + m + 1) r (fe + 1) 

r (v + k + 1) r (m + f) 


F (y + m + Jc + l, 

— v;ni+ 1; 1 — v) 


/ \ 

= F [ — V, — m - v,h + 1; — 

' , ,.„.. r(v+m+i)r(i + i) ,/ . 

' r(i.+ii+i)r(m + i) V ’ « 


where 


T = 




1 — T = 






To express a given wave-fnnction in a series of elementary wave- 
functions of the present type we need an expansion theorem relating to 
series of hypergeometric functions. A formula for the coefficients in such 
a series was given long ago by Jacobi and is derived in § 6*53. The con- 
ditions under which the series represents the function were investigated 
by Darboux and have been studied more recently by other writers. 
Corresponding studies have been made of other series of hypergeometric 
functions. Some references to the literature are given in Note III, Appendix. 

An interesting reciprocal relation between solutions may be obtained 
by making use of the fact that if 

^ 52 ^ ^2 ^ . s'^ Jr ^ _ az ^ ^ aw_ 

^~¥{x^iyy ^2{x^iyy x-iy' x ^ ly’ 

and if / (Z, 7, Z, W) is a solution of 

027 ^ 027 327 ^ 

0z®'^0r®'^ ’ 


then v= (x- iy)-^f (X, Y,Z,W) 

is a solution of ^ dH dh ^ ^ 

dx^ dy^ dz^ dw^ 

when considered as a function of x, 1/, z, w. Now, if 
oj = 5 cos 0 cos <^, y = SQOQdsm<l>f = ssin 0 cosx, w = ssinBQmx, 
X = cos © cos <I>, r = cos© sinO, Z=/Ssin0cosX, Tr=/S sin 0 sinX, 

we have the relations 

5® == — cos © = sec 0, X = x> 

and so a solution 

j^n cos”* 0 sin*' G {n, m, k, cos 0) 


corresponds to a solution of type 

— (8 cos 6 €^)“^.sec”* 6 (i tan 0)*'. (s/ia)”*. 0 (n, m, fe, sec 0) (ia)” 

i.e. (cos 0)"^“**"* (sin 0)*= G (n, m, k, sec 0). 
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EXAMPLES 

1. Prove that if 

(w, m, h) = 8“^ cos’” 6 sin* J?’ (^ + 1 + Jm + p - -Jti; ifc + 1; sin* $) 

r (j^ + H- + 1) 

then r(& + l)r(4n-4»»-tfc + iV 

( 0 9 

+ ♦ ^) («. >». fc) = 2 (» - 1, m + 1, k), 

( d d \ 

— i (n,m, k) = i (n -h m — k) (n -j- m -h k) (n — l,m— 1, k), 

( d d \ 

i g^ j (n, m, k) = (k — n — m) (n — 1, m, k 1), 

( 9 d \ 

dz“^ dw) wi, fc) =« (n + w + &) (w — 1, w, i; — 1). 

2. Prove that Mu — y — z, — x, w^x — the (Merential eq[uation 
. 9*F 3*F 9*F 9F 9F 9F 

~ dy^ +(*-“) ^ - y) = + 

possesses a solution of type 

V = [- m, l + 2a-|-y _ - _ m . 2 + y + a-2ff-2m . _ 

When this solution is a homogeneous polynomial of degree wi in x, y and z it can be 
expressed in six different ways in terms of the hypergeometric function, the arguments 


V w w u u V 

u* u* v’ V* W* IV* 

3. If u + iv = a cosh (a + ij3) 

and X — u cos <l>, y sin z — v cos ici — v sin x, 

the wave-equation becomes 


9*W , dm 


dW 


dW 




+ -g^ H- 2 coth 2a g^ + 2 cot 2j3 + (cosech^a + cosec* P) -g^ 


9a* dp 


dm 

(sech* a — sec* J3) -g^ = 0. 


Hence show that there are simple solutions of type 
W ^Ae (cosh 2a) e (cos 2)5) 

where A;, m and A are arbitrary constants and 0 (/a) satisfies the differential equation (B)* 
4. Prove that the differential equation 

9x* dy^ c* 9i* 

possesses simple solutions of the types 

F = 5-iJ2n4-i(Me(,x)e^”^+^*x, 

F - {hu cos a) (^v sin a) 

and deduce the expansion of the second solution m a series of solutions of the first type. 
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§ 6'53. Jacobi’s polynomial. The function 

(t) = F (n + — n\ Ic 

may be called Jacobi’s polynomial*. It may be expressed in the form 
{h +l){k + 2) ... (ifc + ft) T* (1 - r)”'H„ (r) = (1 - 

(C) 

With the aid of this formula and integration by parts it is easUy seen 


3„ (t) H„- (t) t* (1 — t)“ dr = 0 n' ^ n 


T{n+1) [r (k + 1)P r (m + W + 1 ) 

~m + fc + 2w + 1 T (m + ft + i: + 1) F (Jfc + » + 1)’ 


n' = n, k> — l, m> — l, n' =n> — 1- 

When m + k = 2p, m — k = 2q where p and q are positive integers, the 
polynomial can be expressed in terms of the Legendre polynomial with the 
aid of the formula 





2» (p — g) ! ft ! d® 
(ft + 2p ) ! d/x** 





p>q. 

Many interesting expansions may be obtained by expanding special 
solutions of the equation (A) in series of Jacobi polynomials. A few of 
these will now be mentioned. 

In the first place we have the two associated expansions 

(1 - I - (>11$— i] = S ii) H„ {rj), 

H. (i) H, {i) = is, (1 - 1= - qY i). 

where 

A„ — {m + k + 2n + 1) 

r(«.+fe+i)r(p+i)r(j)+w + i)r(ft + m + ji; + i) 

r(»-f-m + l)r(p-ft+l)r(u+l)r{i:+l)r(iJ + ft + m + i; + 2 )’ 
-B, = (-)»+>’ 

r(s + l)r{m+k + s + p+l)T{s + m+l)r{k+ 1 ) 

r(2 )+l)r(s-p+l)r(s + ?ft + i:+l)r(p + m+l)r (a + *+!)■ 

A proof of these relations may be based upon the fact that if we make 
the transformation 


* C. G. J. Jaoobi, OreBe’* Journal,, Bd. vn, 8. 166 (1869); Werie, Bd. •n, S. 191. 



Various Expansions ggg 

and take ^ and i, as new independent variables the equation becomes 




[(m+ 1) 1} + (& + y ^ 

■* 07) 


and is consequently satisfied by / = Eg (f) H, (ij). 

To determine the coefficients in the expansion of this solution in 
terms of the solutions already found it is sufficient to put tj = 0 and to use 
the expansion ^ 

Hg (i) = E B, (1 - 

which is already known. To find the coefficients A„ we put ij = o in the 
other expansion; we have then to find the coefficients in the expansion 

This may be done by evaluating the integral 


r (i -t- 1) 


(I) P (1 - 

Jo 

tih + n+i) D' - «’ $ <1 - 

= r (^ + 1) r {p + 1) 

r (ifc + » + 1 ) r (p - » + 1 ) Jo ^ ^ 
r (^ + 1) r ( p + 1) r (m + p + 1) 

'°’r(p— «. + i)r(m+i:+n. + p + 2)' 

In the particular case when m = k = 0 we obtain an expansion which 
may be written in the form 


1 + fj-y- ' 

TT+T? 


m^-( 

- ^ r (» - i +rr Z , + 

When ju.' = 1 this gives the well-known expansion 




“ r (n - s^+ ^ 1 ) r (i V S + 2 ) 


The second expansion gives 


a+n 


r (» -1- g -1-1) (tjLiLY p (LlJdi] 

ir(n-h i)?r(s-n-i- 1) V 2 ) ”\p + pj' 


P,(^)P.(p')= E (-) 

n-0 

If we write 


1 -I- 
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the quantities ju. and fi' axe the roots of the equation 

6^ — 29x + 2xy —1 = 0. 

In particular, if y = 1, we have fi = 1, [i = 2x — 1. 


§ 6‘54. Some, further interesting results may be deduced from the fact 
that if F (*, y, z) is a solution of Laplace’s equation, then 

IF = (a: + iy)~i V {Vx^ + y^, z, ict) 
is a solution of the equation. 

In particular, if we take the solid harmonic 
F = (cos 6') 

m 

where P ^ {a) — F (ti + ^ + 1) ^ __ 2\2 q m / 

wnere ^ 2”»r (m + 1) F ( 7 ^ - m + 1) ^ 

(/^) = -P ^ + 1, ^ ^ + 1 ;• ^ 2 ’ 

we obtain the wave-function 

W = W -i- f- . 

Wu^ + ^2/ 

Comparing this with the type of wave-function already obtained we 
find that 

n m./ \ TP fm + n^lm-n __ A 

(f^) = F ^ 2 > ; m + 1 ; 1 - j n-m even, 

= fjuF ( 2 ’ 2 ; m + 1 ; 1 - j 72, _ m^odd, 

the conditions under which the series terminates being given on the right. 

The expression (C) for Jacobi’s polynomial now gives the interesting 
formulae* 

where ^ = 1 — jLt^. 

Writing 

f = 1 — 7] = I — v^, = 1 — 


iv 


fJL^V^ 


-f 77 - 1 /X2 + - 1 ’ 


* Given explicitly by A. Wangerin, Jahresb&richt dmtsch. Math. Verein, Bd. xxn, S. 386 (1914). 
The formulae are both included in the general formula given on p. 122 of the author’s paper, 
Proc. London Math. Soc. (2), vol. m, p. Ill (1905). 
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the two expansion theorems give 

(^2 + ^2 _ i)p p f (25 H- j) --^y + i)r(p + ^) p p 

= 1: (2s + 1) r* (y + r (p + f) p 

,_o ^ r (p - 5 + 1) r (p + s + 1 ) 

Ptn((J')Ptn (v) 

r(ipTirfT^“H) r (» - + 1) 

P 2n+l (p) Pj„+1 (v) 


= S (-)«+p 


r (ra + p + 


3»-0 


r (p + f ) r (p + 1) r (w - p + 1) (<^) • 


EXAMPLES 

1. Prove that the differential equation 


dx^ *' 


is satisfied by 


Pm (i3 

L st 


1) ^n(n- 1) 


sin^ X 


y = sin™ X cos"* P 


COS* a; 
m + 71 — A; 


- P 


■;m + 


i; sin® a;^ . 


Show also that 

is satisfied by 
2. Prove that 


[G. Darboux, ThMe des Surfaces, t. n, p. 199 (1889),] 
L cosh® X j'' 

tanh kH 
2 


da;® 




/I + u\"* 

(—2^) ^’[-ra.n + wi+ l;m + l;J(l + M)] 

= /_)n 2 + 1 )P r.(n + m+ 1 ) ( 2 ^ + I)P.(^) ' 

„ r (« - « + I) p {« + m + » + 2 ) r (to + w + 1 - «)’ I ^ I < 


, (n - I )2 {n - 2)* (n - 3)=> 

+ 2 .4 (2n - 1)» (2n - 3P (2» - 6) (2^-^f) ® « 


-...]. 


3. If 24 = a;”® prove that 


a:*”*+* /’.m (X) = J, (I - 2=“)”*]. 


x'^m+2p 


2Tn+i 




m ! dw*” ^ 
1 d»» 


[L. Koschmioder, Rev, Mat. Hisfpano-Amer. (1924),] 

§ 6*61. Definite integrals for the Legendre functions. Some useful definite 
integrals for the representation of Legendre functions may be obtained by 
deriving Newtonian potentials from four-dimensional potentials by inte- 
gration with respect to one parameter. 
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Starting with the four-dimensional potential 
W = f{x + iy,z-ir iw), 

we derive a second potential W from it by inversion. 

If s^= + to® we have 

PF- i 

a® ’ a® /’ 

and a Newtonian potential is derived from this by integrating with respect 
to to either between — oo and oo or round a closed contour in the complex 
to-plane. In particular, we may obtain in this way a Newtonian potential 

„ If® (a:4- iy)® (z -I- ito)“-”‘dto 

J_„ '(K® -I- y® + z® -h to®)«+i ’ 

which may be expected to be a constant multiple of (cos 6) e*”**. 

We thus obtain the formula 


P “ (u) = r (n -I- 1) • 

” 7rr(%-m-hl) 


r® (/X -t- 


n>m, 


which is certainly valid when n and m are positive integers as a simple 
expansion shows. The corresponding formula for P„ (/l) is 




2“ f ® {fji + 


n > 


1 , 


TT J-oo(l + «T+' 

and the formula for P„”* (y.) may be derived from this by difierentiation. 

The last result may be obtained directly by expanding both sides of 
the equation 

[®® + yi+ (z- a)®] i = a:® y® + (z - a)® + (w - ia)® 

I 

in ascending powers of a and equating coefficients. The general formula 
may likewise be obtained for positive integral values of m and n by 
e: 5 pandmg the two sides of the equation 
{{X - 6)2 + (1/ - i6)2 + (2 - a)2]-4 

dw 


^ 1 foo 

” TT J _co (X - i 


(x — 6)2+ (y— i6)2 + ( 2 : — a)2 + {w— ia)^ 
in ascending powers of a and 6. We thus obtain the expansion 

- 00 71 1 //Ti— m/)7n 

[(X - 6)® +(y- ibr + (z - a)®]-i =22+ P„- [y) 

which is easily obtained from the Taylor expansion 

71 hm 

P„ (cos 6 -I- A: sin 0) = 2 — r P^*" (cos 6), 
by writing k = -e^. 
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A fommla for Qn (/x) due to Heine* may be derived from the fact that 
if 1^2 ^2 _|_ ^2 ^ function 

W = t-^f {z + it) 

is a four-dimensional potential function. 

Writing w = p sinh u, where p^ = the integral 


takes the form 


1 

V = - \ f{z + ip cosh u) du. 
TT J -.00 


With suitable restrictions on the function / this integral represents a 
solution of Laplace’s equation. 

In particular, \ix,y and z are not all real quantities 

^-n-l J I (24- ip cosh u)^-^ du 

or Qn (5) = J f [^ 4 - (5® — 1 )^ cosh du. 

J —00 

This equation may be deduced from the well-known formula 
Qn («) = (1 - tr is - t)—m, 

with the aid of the substitutionf 

t = -il* 

c“ (s + 1)* + (a - i)*' 

When X, y and z are real the corresponding formula is 

foo 

(2 + i/> cosh du = r~^'^Qn (/x) — ^iirr^-^Pn (/x), 

Jo 

where z = ;xr. 


EXAMPLE 

Prove that, if o > 0 and | 2z | < 1, 

( \-2z + it)-^dt 2^T(a) r(ah-r-::\ 

j_ao (1 + 2®r(c)r(a + 1 — c) ' ’ ' ' 

Show also that in the analytical continuation of the integral the line 2z = 1 is generally 
a barrier. 


♦ Kugeljunkticnen, p. 147. 

t Whittaker and Watson, Modern AnalyaiSy p. 319. 


CHAPTER VII 


CYLINDRICAL CO-ORDINATES 


§ 7-11. The diffusion equation in two dimensions. When cylindrical co* 
ordinates p, <j>, z are used we have 

a; = p cos <l>, y = psia(f>, z = z, 
alid the equation of the conduction of heat becomes 
dv __ rdhy , I , 1 9^ 

Let us first consider solutions which are independent of z. Writing 

V = e“*^**jS (p) (I) 

the equation for R is 


and is satisfied by 


d^R I dR , /vg m^\ 

7 ‘) 




0 , 


R = (Xp) + (Ap), 


where (Ap) and 7^ (Ap) are the standard solutions of BesseFs equation, 
the definitions of which are given in § 7*21. In particular, when v is in- 
dependent of <f> the solution is of type 


t;=e-^»^[AoJo(Ap) + 5oro(Ap)], 

if A 9 ^ 0, but when A = 0 the solution is of type 

t; = J. -1- 5 log p, 

where A and B are arbitrary constants. 

In the case of diffusion from a cylindrical rod r = 6 to a coaxial cylinder 
which collects the diffusing substance we may use boundary conditions 
such as 

V = 0 when p = a, k-^ = — Q when p= b. 

If Q is constant there is a steady state given by 
V = — log - b < p <a. 

K ° p 

If there is no rod inside the cylinder but an initial distribution of 
concentration, say v = f {p) when i = 0, we may try to satisfy the conditions 
by a series of type 

« = S c„e-'“n*t {ps„), 

n=l 

where the quantities s^, Sz, ... are the different values of s for which 

Jo {aSn) = 0. 
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The solution of this problem is facilitated by means of the formula 


\ rJ^ (rs„) Jo (»-s«) dr=0 

JO 


= -2[Ji(o«„)? s» = s„. 

The solution (I) may be generalised by making A and B functions 
of A and integrating with respect to A between 0 and oo. Many interesting 
solutions of the equation may be expressed by means of definite integrak 
in this way as the following examples wUl show. 


1. Prove that if iS = 


EXAMPLES 


/■ 

j 0 


/. 


^ e-'<^’‘Jo(Ap)Aa = ^^e-S, 


/: 


e-KX*« pos ^Xp)-i A* d\ = (n/Kpt)i e“^. 

These are particular cases of Sonine’s general formula (Ex. 9, § 7-31). 

2. Prove that 

j“ To (Ap) ArfA = + log S + (e* - 1) , 

where C is Euler’s constant. 

p<Xl 

3. Prove that Jo (Ap) dA = J V(7r/ic<) e'i® /» (JS), 

X 

6--^=* Fo (Ap) dX = -i e-is ( JS). 

[0. Heaviside, Electromagnetic Theory, vol. m, p. 271.] 

§ 7-12. Motion of an incompressible viscous fluid in an infinite right 
circular cylinder rotating about its axis. Let co = a> (r, denote the angular 
velocity of the fluid about the axis of the cylinder at a distance r from 
this axis, then the equations of motion of a viscous fluid take the form 

2 

d^co 3 aa> _ 1 ^ 

0^2 r dr V dt' 

If the boundary conditions are 

oj = (r) for < = 0, CO = G (t) for r = a, 

the solution given by McLeod* is 

ra> = S 2aJi (Nr) [j piP (af) (Na^) d^ 

ri== 1 Jo 

- S 2uNr/, (Nr) j (N) 1^0 (r) e-^^^dr, 

n-l Jo 

* A. R. McLeod, Phil. Mag. (6), vol. xliv, p. 1 (1922). Particular cases of the formula have 
been obtained by other writers to whom reference is made in McLeod’s paper. A paper by 
K. Aiohi, Tokyo Math. Phys. JSoc. (2), vol. iv, p. 2200 (1922) also deals with this problem. 
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where j {N) {Na) = 1 and (Na) = 0, aN being the nth root of the 
Bessel function. V^en (i) = Q = constant and F (r) = 0, we have the 
case in which the fluid is initially at rest and the cylinder suddenly starts 
to rotate with angular velocity Q. 

When (i) = 0 and jP (r) — £i = constant we have the case in which 
the fluid is initially rotating with angular velocity Q and the cylinder is 
suddenly stopped. 

The case in which the cylinder is of finite height 2A may be treated 
with the aid of the equation 

3 00 ) 0 * 0 ) ^ 1 00 ) 

This equation was solved by Meyer* by means of an infinite series of 
ft) =« S (Xt), 

where I, m, k are functions of n connected by the relation 

k^ = m»- IK 


A. F. Crossleyf has given a solution of the case in which the boundary 
conditions are 

ft> = fli (<) when a = 0 and to = £2 («) when r = a, 

£2 (t) being an assigned function of t. This is the case of the semi-infinite 
cylinder. He has also considered the case when a constant couple of 
magnitude G per unit length acts on the cylinder. The corresponding 
problem for an infinite cylinder has been treated by Havelock J. 

Many years ago Meyer § applied similar analysis to the problem of the 
damping of the vibrations of an oscillating disc and obtained the following 
relation between the coefficient of damping k and the coefficient of viscosity 


, ira* ,, .i , 7rO®u 


where I is the moment of inertia of the disc and to/ 2 is the frequency of 
oscillation. Hobayashi || has recently made a more exact calculation and 
has obtained a formula 




•na* 

27 




TT^a^Pfji 


in which 8 is estimated by means of some approximations to be 2*11. 
Kobayashi’s formula, however, does not agree with experiments as well 
as that of Meyer, and the reason for the discrepancy is yet to be found. 
One possible explanation is that the component velocities u and w have 
been ignored. A fuller treatment of the problem has been commenced. 

* 0. E. Meyer, Wied, Ann. Bd. xun, S. 1 (1891). 
t Proc. Comb. PhU. Soc. vol. xxiv, pp. 234, 480 (1928). 

} PM. Mag. vol. xm, p. 620 (1921). 

§ O. E. Meyer, Pogg. Ann. Bd. oxm, S. 66 (1861); Wied, Ann. Bd. s. 642 (1887). 

II I. Kobayashi, ZeiU. /. Phya. Bd. xm, S. 448 (1927). 
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EXAMPLES 

1. If v satisfies the differential equation 


dH . 1 dv 


dH 


0r2 y 0y y2 + 

and the boundary conditions v = 0 for r = a, v = Vrja for 2 ; = v = 0 for 2 = A, we have 


»= F S 


2 


n=l Pn*^2{Pn) 


sinh 


AW-O. 


2. If t; = F for r » 

V ' 


0 for 2 = ± A, we have 

— 1) CT« [(m — J) wr/A] 
2A Jj [(m — ira/A]* 


: o, V : 

— 2 2^-: i COS 


Vw:=i2m — 1 

[W. Hort.] 

§ 7*13. The vibration of a circular membrane. The equation of vibration 
in polar co-ordinates is 




dt^ 




o' 

2 ’ 


\_dr^^ r dr^ r^ 

and is satisfied by 

w = (A „ cos kct + Bn sin kct) cos n((f> + an) Jn 
The boundary condition i(; = 0 for r = a is satisfied if Jn [ha) — 0. 
The roots of this equation may be calculated by means of the following 
formula given by McMahon* 

4?i2-1 4(47i 2-- 1) (28n2~ 31) 

where i3 = Jtt [2n + 45 - 1), 

and k^a is the root corresponding to the suffix s in the series k^ayk^a, ... 
where the roots are arranged in ascending order of magnitude. 

For the fundamental mode of vibration [n = 0) there is no nodal line. 
For the other modes there are nodal lines which may be concentric circles 
or diameters. The nodal lines for the simple cases are shown in Rayleigh’s 
Sound, vol. I, p. 331. 

The solution may be generalised by summation so as to be suitable for 
the representation of a solution which satisfies prescribed initial conditions 

w = w/o for t == 0. 

For the determination of the coefficients in the series the following 
formulae are particularly useful. If k and k/ are different roots of the 
equation »/„ [ka) = 0, 




Jn (kr) Jn [k'r) rdr = 0, 


2 f [Jn (f^r)V rdr = a* [J„' (ia)]”-. ■ 

Jo 

* Annals of Maih. vol. IX, p. 23 (1894). See also Watson’s Bessel Fumtions, p. 606, 


26 
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§ 7*21. The simple solutions of the wave-eqmtion. In cylindrical co- 
ordinates the wave-equation is 


^ , 1 3^ dhi 

0/>? p dp p® 3^® 3g® 


-i 

‘c® 3i®’ 


and possesses simple solutions of type 

u — B(p) Z {z) 0 {(f) == Ve^, say 

~±l^Z= 0, 


if 




dp^ p dp 

k, I and m being arbitrary constants. The last equation is satisfied by 
R=^oJ^[p V{k^ T l^)] + bY^[p y/{Jc^ T 1^)1 
wherb a and b are arbitrary constants. When the lower sign is chosen it 
may be more advantageous to write the solution in the form 
R = alni[p V(l^ - + PKm [P Vil^ - 

where a and j8 are arbitrary constants. 

For convenience the definitions and a few properties of the Bessel 
functions are listed below; for a full development of the properties of the 
fimctions reference may be made to Whittaker and Watson's Modem 
Analysis, to Watson’s Bessd Functions and to Gray and Mathews' Bessd 
Functions. The notation used here is the same as that of Watson. 

The function [x) is defined by the infinite series 

srr(m^8+iy 

which converges for all finite values of x. 

When m is an integer we have the relation 

= (-r J'm 

and it is necessary to define a second solution of the differential equation, 
because in this case the two solutions (x) and (a;) are not linearly 
independent. 

The function {x) which gives the second solution is defined by the 
equation 

(x) cos V7T — (aj) 


Y^ (a;) = lim 
1 


Sm VTT 


= “ e~*‘^"cosm7r 

r n- 

m+fi 

+ 2y — 2 n~^ 
n-l 


- i «-4 r (m - s) ~| ^ 

n— 1 J 8-0 J 


where y is Euler’s constant. 
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Properties of Bessel Functions 
When X is imaginary it is convenient to use the functions 

(aj) = (ia:), 

F-m (x) = in {/_„ (x) — (a:)} coseo mn — (x). 

When m is an integer (a:) is defined by the equation 
Kn (x) = lim K, (a:). 

v^m 

When 1 arg a; I < Jtt and R(m+i)>0 the function {x) may be 
represented by the definite integrals 

roo 

Fm (x) = cosh ma.dtt 

Jo 

p /IN rco 

= 2 - r (m Vl) Jo sinh-^d.^ 

= ( 2 a:)"' n-i T (m + J) f (m* + x<‘)-”‘~J oos u.du. 

Jo 

In the first integral m is unrestricted. 

The functions J (a;) and (x) satisfy the difference equations 

X 

== ^m-X (^) — - Jm 

,, (a:) = (- )^ ( i ^)} . 


EXAMPLES 

1. Provo that 

{L * dj “'“'''J = P™"" '^n+» (p) 

{L ~ * 3i/)' <P> = P”"”''^«-» (p)e'<"‘-»'*. 

2. Show that when m is a positive integer the relation 

= 1.3 ... (2m - 1) 

may be deduced from Poisson’s relation 

j Jo (iy)di: = 1/r 

by differentiation. 

26-2 
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3. lYirt'rtiwt 

(i^ y... 

+ *^i» I li'l ' 12 '*"• 

4. Prove tlwt 

2 " (v) ^*^11 I t 2 #»l - 3 ^ 4 » I w 


§7*22. Tin* i*li*fni*iifarv Militftnti^ fhr ftiii<fi*>n •/,. arr 

UH(>fiiI for thi* r4*pn*M*iitfifti«it tif iHifrnfmlM Jinfiitiiiiir.ti i*( « Im .iirei 

near the uxin of In {ffiiiinthir. fi*r ■« |mioii i fmrK^ <»t l)i<' Mri^*io m* li.t^r 
the forinitlii of itnaaet 


I 

f 


I 


•I . 

I h t 'It’ I < eft r -l/, 
^ . 1 * 


ftn<l from thw W«* nmy »l#*«lilrf* fhr |Nt!riili. 4 l ,k Imr* I ' f 't* t f.!^ / i; t 


V “(* A‘„i/,Hr// j ’ r..W - ; / , f. 

In th«* nei^hiMHirhtHHi »if f|ir .i%i* *» fi.jh t, i l.«...fi,rif 

infinifo like 

•j ^ ’ 

* loD! |I . .// , I : r J 

W j 


y |c) W U fttfirtifill 11111 ?<»' I »'l f . ii I . * • ‘f % ) ‘Utii'T 

clotihii* iiiti'ftnil, Ihi* {i<n'ii;i«in); ruirrie-nin )h. . i;,r • 


i’J .. l-v., 


at a pliu’c whiTi’/ is riiutiiiHiiii * .itoi 

{ft! 'H t" H l-v*. 

at a pirn* whi‘r<*/(;} lins a litiilr iti-i •'iit:>iit.f 1 I l,i- i).. n !•, r. • 
th«« JM*havioiir uf till- .,f .1 Im. . h it,-. ^ 

Iiy mcfuiH of iiiiKifni l•l^'‘llH . rrl.iloo- 1 .. r..in . r >.<. , i i I ■ . i • . - 

lM*Mi goiM-ralwitl hy |••.illlM|V.^ l^mnni. j.,..,.; . , 

appliuahlo lo a i-hnrjji- on a .-iinitl lim- \\l.. t. i>. . ,ii. | . o . 
qnatititypinth(‘fnn-){oinKft4riiiul<iismiii|>U fi. j...»ihi> .i. i o. . . f i , 




< l.'rf 


♦ tift 

ft' 
flit 
H .Tlf 


• /Irfrt iVillA, VliJ. util, ||. HU (IHIIUI, 

t Aok-m (ft), t. tvtl I tlMMI; lr/1,.1 t I I I >11 , f.| 

t MlUA. ^nn. v. 4 . p. 7 m ^ vnr,i,. 


I iir , 

.4 


1 1 jr I 
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Potential of a Charged, Line 

^nrve, but when the curve is twisted the expression for p is more 
and the conditions for the validity of the formula harder to 
^^i-Civita attributes the asymptotic formula for V to Betti, 
^^lleforze Newtoniane (Pisa, Nistri, 1879). 


EXAMPLES 

^ l^otential of a row of equal unit point charges with co-ordinates 

x^ y — 0, z = 2im (w — 0, ± 1, ± 2, ...) 

"^^essed in a simple form by adding a compensating uniform line charge on the 
ixe total potential is then 


,^1 

77- j 


Wdw, 


2u [_cosh w — cos z J 
= i [e"“ cos z + 6“^“ cos 2z -t- 


*+■ Prove also that 

2 “ 

F = ~ 2 Kq (nr) cos nz, 

TT n,=i 

^ Appell’s formula (used in crystal theory by E. Madelung*) 

7 = O' + 2 log -I- ? 2 jKq {nr) cos nz, 

TT \ ^ / ^ 71=1 

fc^rxtial of the point charges, G being an infinite constant. This result is allied to 
1*1 "tilieorem of Lerch [Ann. de TovJUmse (1), t. in (1889)], which states that if 5 > 0, 

00 CO 

i p (5 ^ 2 [(a; — ?n)* -f = r (5) -f 2 2 cos 27Tnx, 

rns-OO 7l:=:l 

fco „ 7r*M* 

dz. 

J 0 

I VO that a particular solution of the equation 

dW ^ 25+ 10F a^F ,0T/ n / X 

F = 2 K, [{p/a) (4^V - aW)i] f“ cob ?^ (*_ £)/(£) <if- 

II. '--.I Jo a 

hlo the behaviour of this solution in the neighbourhood of the axis of z. 


% , Ijaplace's expression for a potential function which is symmetrical 
nocis and finite on the axis. Let us suppose that the potential 
is continuous (D, 2 ) within a sphere & whose centre is at a point 
5 i 3 Lxis of symmetry of the function, then by the theorem of § 6 ' 34 
5 e!:? 2 ^P«'rided in a power series of ascending powers of the co-ordinates 
f ^ point relative to 0. The fact that V is symmetrical about the 

0&it. Bd. xrx, S. 524 (1918). Another method of calculating the potentials of periodic 
of charge is given by C. N. Wall, Phil. Mag. (7), vol. m, p. 660 (1927). 
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axis, which we take as axis of z, means that this power series can be 
expressed in terms of p and z and so is of the form 

F = S a„r”P^ (fi), 

where 1 ^= - * Oii the axis of 2 , ja = ± 1 and (ju.) = (± 1)". 


Therefore F = S (± r)" = S UnZ^. 

If the value of F is known on the axis and F can be expanded in a 
series of this form, the coefficients are known and the function F is 
determined uniquely. Similarly, if we have on the axis 

F = S 

the expression for F is given uniquelj by 

F = S 6„r-«-ip„ (p.). 


Since 


Let us suppose that F =f{z) when p = 0. Writing 

V=f(^) + P^f2{z) + p%(z) + 
we find, on substituting in V^F = 0, that 

( 2 ) + /an-a" (z) = 0, 

where primes denote differentiations with respect to z. The formal ex- 
pression for F is thus 

(A) 

- [ ” cos*" tr . da = 
ttJo 2^\nJ’ 

If"" 

- cos2"+i a.da = 0, 

Jo ■ 

we find that when f (z + h) can be expanded in a Taylor series which is 
absolutely and uniformly convergent for a > | | 

1 t" 

^ ~ j (25 -f ip Cos a) da r< a. 

expression for the symmetrical potential function 
^ch reduces to f^) when p = 0. The formula may be deduced from 
Whittaker s general formula for a solution of V^^F = 0, namely 

F_ 

~ ^Jo e®® ^ + iy sin w, <o) dca. 

The senes (A) may be written in the symbolical form 
3 ^ = dApD)f{z), 

where D = 


-(B) 


dz' 


the formula thus obtained fori wtvi'wtim 


Symmetry about an Axis 

and reducing to F (z, t) when /> = 0, may be deduced at once froi 
generalisation of (B), namely 

1 f 27r 

^ ^ ^ Jo ^ coyCt — ix sin cj + iy cos co, a>) da>. 

The appropriate formula is 

^ ^ 2n jo ^ ” c 

The following special cases of Laplace’s formula and the formula just 
given are of special interest: 

1 f’’’ 

^Pn (/a) = - (2 + ip COS a)" da, 

w Jo 

r-^-^Pn (/*) = -[ (z + i/) cos «)-"-! da, 

^ Jo 

1 f" 

6“^^ Jo (Zp) = - e-2(»+V cosa) 

TT Jo 

1 r2ir 

C”**Jo [p + Z^)] = — I C 08 a)-tA:p sin a . 

277 J 0 ’ 

the factor has been omitted from both sides of the last equation. 

The formula 

(0 == ^0 (0» 

which holds for both types of Bessel functions, indicates that if t7 is a 
wave-function independent of 0, then 

0m 

is also a wave-function. The effect of this transformation in certain 
particular cases is indicated in the following table. 


Table I 


U 

Uz-ar + ^] 


1-4 


( - )”• 1 . 3. ..(2m - 1) [(z - 0 )“ + (o™ 


Transforming the expansions of the first expression for U in series of 
Legendre functions and making use of the transformations of the Legendre 
functions indicated by the other two forms of U, we obtain the expansion 


m+lpm 


1.3 ... (2m - 1) — ™+i = ^ 

' [(z — a)^ -h n=0 


n+m+l 


= 2 1 
»=2m \® 


(/i) r> a 
.-m”‘ (fi) »• < a- 
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On tihe other hand, if we oaloulate 
1 3*" f' , 

by performing an integration by parts after each differentiation we obtain 
the formula 

“ 1.3...(2m-l) t-m)\ lo “■ 

The corresponding formula for (^) is obtained from this by 

replacing tj, by — » — 1 in the integral. 


MU rm. i-a iwi 1 j 

1. A solntioii of tho equation 

3*V 'd»r _^n-28V „ 
d? + + — 


W VI 

which lednoes to/ («) when r = 0, is giren by the fnimnU 
F = i J’f(8 + fr cos (sin 

where the fimotion/ (*) is onalytio in a rectangle «< a< 6, | r | < c; * being equal to s + ir. 
2. In the last example if /(«) = («« + we have 

1 1 ^ n .4 . 




w-1 1 
2 *' 2 ’ 


( ^’ 2 ’ 2 ’ ~i»J 

+ ^ -JLf( o « + l 1 s*\ 

2.4(» -!)(« + l)an+a ^ 2, g- , 

“f* ■••a 

3. What preblem in potential theoiysuggeste the invera^^ 

^ ” j^f{z + ia 008 jo) ( ito, 

//-, I f” dk /■» 

“vJo /i7^) 

4. equation 

— e- ^ ^ 

is ttanaf onned into 


6. Ptove that the differentiai equation 


u u/ UtV I 

3F “ ^ 7~ ^ 

^ 2ma,o a»io,2«ajo 

^ a 3* “ 9? + T Si* 


is transfonned by the substitation 


9*F dV 

dx 


nx 




9F 

'dy 



Integrals involving Bessel Functions 

Hence show that this equation possesses a particular solution of type 
^ ^ V(1 - a*) (1 - y«)] 8in"-“ 

6. H the equation 3»W d»W 

^ W 

is teansformed by the substitution 

a = tiv cos y p= uv sin z=~i{u^ — «*), 
it is satisfied by F = oos w^.oos «m U (u, v) if 

0*17 3*17 iaj7 lap n i\ 

0ui + -Si?- + ^ j - «* (M* + „*) p = 0 . 
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7. A solution of the equation 


[P. Humbert, Corwptea Rendua, t. CLXX, p. 604 (1920).] 


dw 

dt 


ia given by 


n — 2 dw~\ 

+ — 0rj 

■ / jF* [r, 2tt v'( Kt)] e-"® du, 

J -00 


where F (r, x) is an appropriate type of solution of the equation 

^ d^F n~2 dF 

a®® ar® r dr' 

8. The solution of 4 - ^ ~ ^ , 

a«® ar® r dr 

which reduces to a® when r = 0, is given by 


-0, 


V = s,P^ p1p-J) I P(P-1)(P-2)(P- 3 ) 

2(n-l)^ ^ ^~2.4(n-l)(n+l) - 


0. Prove that if n > — 1 and ^ > 0 

(kr) *= (20"^^ r” exp {- r®/4i}. 

[H, Weber and N. Sonine .] 


/: 


§ 7-32. The use of definite integrals involving Bessel functions. The 
potential function represented by the definite integral 

F= r e-^-J^{lp)F{l)dl, (A) 

Jo 

in which the function F (1) is supposed to be one which will ensure uniform 
convergence and make the limit of F as p 0 equal to the result of 
making p -> 0 under the integral sign, will, when z>0, take the value 

/(z)= r e-^F{l)dl 

JQ 

on the axis of z, and may often be identified immediately from the form 
of / (z). If, for instance, / (z) = z-^ the corresponding function V is and 
the analysis suggests that 

^ = (z® + = f 6-“ Jo {ip) di. 

^ Jo 
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This result is easily verified*. Again, if F (1) = {al) where a is an 
arbitrary real constant, we have by the preceding result 

f(z)={z^ + ar^. 

Now this / (z) is the potential on th6 axis of a unit charge distributed 
uniformly round the circle a®, z= 0. The function V in this case 

represents the potential of the ring at any point. It should be noticed that 
it is a symmetrical function of a and p. 

In the case of a thin disc of electricity of uniform surface density a on 
the circle + y^< a®, z= 0, the potential may be derived from that of 
a ring by integrating with respect to a between 0 and c. The function 
F {1) is consequentlyt 

F {1) = 27rca^^^ 

For a circular disc with dipoles normal to its plane and of strength m 

per unit area, the function F is obtained by differentiating with respect 

to 2 . It is consequently „ ^ / 7 ^ 

^ F (l) = 27rmcJi (cl). 

Similar formulae involving Bessel functions may be used for the 
representation of wave-functions. The natural generalisation of (A) is 

re-^^J,[pV{l^^lc^)]F(l)dl, 

J a 

where the lower limit a is at our disposal. Introducing a new variable 
5 = (Z® -j- this becomes, with a suitable choice of a, 

Jo 

When / (^) = 1 the formula gives Sommerfeld’s representation J of the 

function ^ which has been used so much in studies relating to the 

propagation of Hertzian waves over the earth’s surface. The upper or 
lower sign is chosen according as 2 J 0. 

A wave potential may often be expressed in the form of a definite 
integral involving Bessel functions by making use of Hankel’s inversion 


* See Watson’s Besad Functions, p. 384. 

t This result .is obtained in a direct manner by A. Gray, Phil. Mag. (6), voL xxxvm, p. 201 
(1919). 

t Ann. d. Phys. Bd, xxvin, S. 683 (1909). The formula was given, however, without proof 
in an examination question, Math. Tripos (1905). See Whittaker and Watson’s Modem Analysis, 
ISwald, Ann. d. Phys. Bd. lxiv, S. 263 (1921). It was given by H. Lamb in a study of earthquake 
waves. Roy. Soc. London, Trans, v. 203A, pp. 1 42 (1904). 
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formula which holds for an extensive class of functions*. For continuous 
ftinctions satisfying certain other conditions the inversion formula is 

f(x)= [ {xt) g {t) idt, ^ (0 = [ Jm {^) f (i») 

JO Jo 

The inversion formula seems to be applicable in the case of the function 
which occurs under the integral sign in Sommerfeld’s formula and gives 
the equationt 

f* Jo (V) e^pdpjr = (Aa - fc2)-4e-i«|V(xi-A^) 

0 

= i (ifc® - A®)“i A® < Jfc* 

which has been used by H. LambJ in some of his physical investigations. 


Fi XAIWTT.Ti’.R 

1. If /(*)= I" <(;(«)<« 

w+1 roo _ 

and F {y) = yT“ / e-**" a!™+V (x) dx, 

m+1 r<x> , 

0{y) = y 2' j g {x) dx, 

prove that under suitable oonditions 

F{y) = Q(ll^y)y 

so that the relation between the functions f and (; is a reciprocal one. 

2. Provo that if the real part of i/ -t- 1 is positive the equation 

/(*) = {xt)if{t)dt 

is satisfied by / (®) = 6"*®“. [S. Eamannjan.] 

3. When v is subject to the further restriction that its real part is less than 3/2 the 
equation of Ex. 2 possesses a second solution 

J j. 

[W. N. Boiley, Jowm. London Math. 8oc. vol. v, p. 92 (1930).] 


* Proofs of tho formula arc given in Nielsen’s Haaadbueh der CylinderfunkHonen, Gray and 
Mathews’ Bmcl Funclinna, and Watson’s flcsscl Furudioru. New treatments of the relation have 
been givon recently by E. C. Titohmarsh. Proc. Gamb. Phil. Soc. vol. ixi, p. 463 (1923) and by 
M. Planoherel, Proc. London Math. Soc. (2), vol. XXIV. p. 62 (1926). An extension rf the fonn^ 
is givon by Q. H. Hardy, Proc. London Math. Soc. (2), vol. xxni, p. Ixi (1926), (Records for June 12, 
1924). Seo also R. G. Cooke, ibid. vol. xxiv, p. 381 (1926). 

■f For this equation see N. Sonino, Math. Ann. vol. xvi (1880). 
t Proc. London Math. Soc. (2), vol. vii, p. 140 (1009). 
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4. A potential whioh satiefiea the oonditionB 

0 , 


a*F dV . 


is given by the fomula 


F = 0 f or z = 00 and f or < = 0, 
dV 

gf (p) OOB in4» for i = 0, 2 = 0, 

VW = 0 , 


F = gr 008 m4> f e“** (A;/>) sin {ai) hF {k) dhfo, 

J 0 

where F (k) = ^ /(a) (ka) a da 

and — gh. 

This result is useful for the study of ‘vraves caused by a looal disturbanoe in deep sea 
water. [K. Terazawa.] 


5. If the normal pressure on the infinite plane surface of a semi-infinite elaetio solid 
i® / (p) when p <a and is zero when p > a the normal displacement w is given by the 
formula 

Siirto = - a J J e->» Jg (kp) F(k)di-(1 + ft/v) j“ «-*» J# Oi>p) ^ (*) 

where v = p and 

F(k)=kiy,{kp)f{p)pdp. 

If u and V axe the lateral displacements 

2fi (tt® + »p) = - pa e-** Ji (kp) F{k)dh + (pp/v) e-*» (kp) F (k) dk/k. 

[H. Lamb, Proe. London Math. Soc. (1), vol. xxxrv, p. 276 (1902); K. Terazawa, PhU. 
Trana. A, vol. ocacvn, p. 36 (1916).] 


§ 7*38. Another useful formula 

2’>'/(»‘)^)=[ udui f f (p,^) Jo{uB) pdpd^, = + p^—2rp cob (6 — 4>) 

Jo J — TT J 0 

was first given by Neumann, It is proved by Watson* under the following 
oouditions: 

(1) It is required that / (r, 6) should be a bounded function of the real 
variables r and d whenever — tt < 0 < tt and 0 < r. 


(2) The integral j f (p, <f>) p^ dpd<t> 

is supposed to exist and converge absolutely. 

(3) / 0) considered as a function of r, is required to be of bounded 

variation in the interval (0, oo) for every value of 6 lying between ± tt, 
this variation being an integrable function of 9, 

* Beaad FuncUons^ p. 470. Less stringent conditions have been discovered recently by Fox, 
PhU. Mag. (7), vol. vi, p. 994 (1928), 
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(4:) The total variation F (r, $) of the function / (r, B) in the interval 
(r, a) is required to tend uniformly to zero with respect to 5 as s -► r f or all 
values of 0 in the interval (— v, w) save, perhaps, some exceptional values 
lying in intervals the sum of whose lengths is arbitrarily Hmall , 

(6) When / (p, is discontinuous at a point (r, B) the / (r, B) outside 
the integral is to be interpreted to mean the mean value 




r' COB 6' = r cos 0 + a cos a, 
r' sin 0' = r sin 0 + o sin a, 


where a is small. This mean value is supposed to be finite as a 0. 
We have seen that if u (z) is a solution of the equation 



the definite integral ^ = [ “ (*) *^0 {k>) ^ 

Jo 

is frequently a solution of Lapla^oe’s equation. We shall now consider the 
result obtained by taking to be the Green’s function for certain pre- 
scribed boundary conditions at the planes 2 ; = ± c, K the conditions are 
u = 0 when z = ± c, the appropriate function is 


„ .» „sinhf(c-z).sinhZ(c + z') 

u-g(z,z)-2 


z <z<c 


„8inhZ(c-z').BinhZ{c+ z) , 


and if the boundary conditions are^ = 0, when z — ±c, the appropriate 
function is 

l(c.— nnsh l(a z') , 

Z <,Z<i C 


U = y{Zy z') = 2 
= 2 


sinh 2lc 
cosh l{c — z') . cosh l{c-\-z) 
sinh 2Zc 


■ c < 2 < 2 . 


The resulting integrals have been discussed by Fox* with the aid of the 
identities g = g-i | ^ g')^ 

y (z, z') = e-‘ + k (z, z'), 

where sinh 2lc.h (z, z') = e-*" cosh Z (z - z') - cosh Z(z + z'), 
oinb Zlc.k (z, z') = 6"**® oosh Z (z — z') + cosh Z (z + z'). 


Now the potentials 

v, = \h{z,z')Jo{lp)dl and 
Jo 


[ k {z,z') Jn{lp)dJ, 
Jo 


* Loc* cit. 
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0 0 

are euoh tliat Vi, and are continuous at the plane z =» z\ while 

cz dz 

(Ip) (U^lpo+iz- zy]-i = I 

rco 

say, hence U = j^g {zyZ*) Jq {Ip) (U, 

V= \ y{z,z')JQ{lp)dl 
Jo 

are solutions of Laplace*s equation which satisfy the boundary conditions* 

07 

O’ = 0 for « = ± c, gj = 0 for 2 J = ± c, 

and are such that U — r-^, 7 — are regular potential functions in the 
neighbourhood of the point « = a', a? = 0, y = 0. By shifting the axis of 
s; to a new position the singularity of U and 7 may be made an arbitrary 
point (a;', y', z') between the two planes, and U and 7 then become Green’s 
functions for the space between the planes z = ±c. 

Another expression for U may be obtained by the method of images 
and by the fonnula of summation given in Example 1, § 7-22. The result is 




. , 7r8 


. 7T8 

^2c 


^ TT8 7T {Z— Z') X.TT8 , {Z s') 

cosh ^ - cos cosh ^^ + 008 -^ 3 — 

(5^ = (T* + p»). 

Putting z' = z in both expressions for U we obtain the relation 

roo ^ 

Jo slEra 


_ JL f“ ^ 

~ icj_„ a 


coth ^ — 
4c 


smhj- 


, “TT^ , TTZ 

cosh ^ + cos — 
2c c 


When z = 0 this becomes 


r® 1 f” dcr 

I Jo(Zp)tanhZc.(«= ^1 — ^ 

'^“"asinh 


- i, f“ 

~ 2cJ_„“ 


7T8 

dr 


sinh^^coBhr^ 

* These reaulta are given by Gray, Mathews and MacBobert in their treatise on Bessel 
Fonotions, and are proved by Fox, loc, ciL 



Source between Parallel Planes 
Each integral is, of course, equal to the sum of the series 
12,2 2 
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p (pa + 4ca)i + I6c2)i (p2 + 36c2)i 
obtained by the method of images. The second expression for U is given by 
T. Boggio, Rend, Lonibardo, (2) vol. xlii., pp. 611-624 (1^09). 


EXAMPLES 

1, Prove that when 8 is real 

ooa w.Xq (fip) = i I Voo8 8i.dC, 
j -00 

sin w.Xq (jp) 4 J” V sinsC-dC, 

where F = [(s - 0® + 

2. Prove that 

/ TT /"®d£2/® 

ooB {aa cos 0)Xo {aa sin d)Bmddd = 2 j oosa£. 4- cos aC.dC, 

and so obtain a verification of Gauss’s theorem relating to the mean value of a potential 
function ^over a sphere whose centre is at the origin. 

f ® 2c 

3. Prove that | e“^ sin cA. Jo (Ap) A”^dA = ain’^^ , 

J i ) ^*1 + »'2 

where 4 - (p + c)®, =• z“ + (p — g)“. 

[A. B. Basset.] 

4. Prove that the integral in Example 3 can also be expressed in the form 

^ , c + /2 sin 0 

z 'H -R cos 0 

where i2® cos 20 = z^ + P® — c®, 72® sin 2 b «= 2cz. 

6. Prove that when /i > 0 and m and n are positive integers 




r(n 


1 

+ 1 )],. 


e-^ Jo (Ap) A" JA, 


''' - l)/r 

[E. W. Hobson, Proc. London Math. Soc. vol. XXV, p. 49 (1894). The first formula was 
given by Gallandreau (see Whittaker and Watson’s Modem. Analysis, p. 304).] 


6. Prove that ds t \ ^ n 

I e “^{ 2 + ia) = 2ire ““Jo(ttp) z>U 

J —CO 25 4“ IS 

= 0’ 2<0. 

LN. Sonine, Math. Ann. vol. xvi, p. 26 (1880).] 

7 . A conducting cylinder p = a is surrounded by a uniformly charged ring (re® 4- 
= 0). Prove that the potential outside the cylinder is given by 

V = j “ e-“ Jo («P) Jo («*) t J ” 

8. Provo that J„ (Ap) e*™* JA = ^ ' 

m > — 1. 


[H. Hankel.] 
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§ 7-41. Potential of a thin circular ring. We liave already obtained one 
expression for the potential of a thin circular ring, but a simpler expression 
may be obtained by the method of inversion. 

Consider first a point P in the plane of the ring. Let the origin be the 
centre of the ring, a the radius, and let OP = r. Let the mass (or charge) 
associated with a line element add of the ring be aadd, then the potential 
at P is 



^’' codO 
0 P 


od<l> f®" aad<^ 

0 cos (<^ — 5) Jo P + roos^’ 


where 6 is the angle BOP and the auglePP$, while P denotes the distance 
of the point P from P. 

Now P + r cos ^ = BN where N is the foot of the perpendicular from 
0 on PP. We thus obtain the formula 


F = <7 [ ad^ (a® — r® sin® = iaE (r/a), (r < a) 

Jo 

where K is the complete elliptic integral of the first Mnd to modulus rja. 

When r > o it is convenient to use another formula which will be 
obtained by inversioil. This formula is included, however, in the general 
formula for the potential at an external point and this will now be obtained. 

Let 0 be an external point, A and B the points on the ring which are 
respectively at the greatest and least distances from C. The plane GAB is 
perpendicular to the plane of the ring and passes through 0. Let the circle 
GAB be drawn and let JJ be the diameter perpendicular to AB. Let GI 
meet AB in P, then GI bisects the angle AGB, and we have 

BC^PB- 

Hence, if AG =s r^, BG = r^, 

r h-r^ 

» rj + fg' 

Since iMa = idA = idS, the triangles IPB, IBG are similar and so 

IP.IC=^IB\ 


This means that 0 is the inverse of P with respect to a sphere of radius 
IB. The theory of inversion now indicates that the potential at G is 


Fo = 



Now the triangles IGB and AGP are similar. Therefore 

IB __ AP __ BP + rg 

TG~A^~W~~W' 



Therefore 


Potential of a Ring 

2a 
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Vc = 


+ 




K 




TT (rj + ra) 

where E is the total mass (or charge) of the ring. 

For a point Q in the plane hut outside the circle we have 

Fq = 2ct j (o® — r'® sin® = 4(r (a/r') K (afr'), 

where r' = OQ and r' siu a = a. The expression for the integral is easily 
verified with the aid of the substitution r' sin ^ = a sin ui. 

Another expression is obtained by integrating the four-dimensional 
potential of a circular ring. This is 

jp- _ (Todd * 

~ Jo (a: — a COB 0)® -f (y - a sin 0)® -h z® -|- «o® 

27Taa 2^a(T 


[(a:® + y® -f- z® -F «;®)® - 4a® (a:® -|- y®)]i [(to® -h rj®) (to® -I- rg®)]*’ 

The corresponding Newtonian potential is thus 

2 C® f® dw 

- 7 J./*' - 

Comparing with the previous result we obtain the equation . 

|_^[(to® r,®) (to® ra®)]-4 dto = K . 

Still another expression for the potential has been obtained in the form 
of a definite integral and so we have the formula 

. j V*. j, (w 4 w (^;) . 


examples 

1. The atream-fimotion for a thin oiioular ring is 

S = ? / *«-'* Ji(Jp) Jo (to) dJ. 

■n} 0 

2. A diflo curries a unifonn charge distribution of total amount w. Prove that at a poinl 
in the plane of the diso the potential is 

F = [E (alp) - (1 - a«/p®) K (a/p)], 

ftd 

where a is the rodiiw of the diso. Show also that the electric field strength is 

F^^d^(alp)-E(alp)}. 

ttCL 

where K (k), E (k) are the complete elliptio integrals to irrriulns k. 
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§ 7*42. The mean value of a potential function round a circle. Let ua 
first consider the four-dimeiisional potential 

F = [(* - a^)2 +(y- + (2 - + {w - Wi)®]-!. 

The mean value round the circle + y^ = a, z = 0, w = 0, ia 

" ^ 2^; Jo ~ + (S'! - a sin 0)® + V + dd 

= [(ail” + 2/1* + 2i® + Wi® + a®)® - 4a® (a?!® + 1/1®) ]-i, 
while the mean value round the circle = — a\ x = 0, y = 0, is 

^ ^ ^Jo + (% - cos ^)2 + — ia sin difj 


- + 2/1* + JSi® + %2 _ ^2)2 ^ 4^2 (2^2 ^ 

These tw^i values are equal. 


Now write 




whCTe _ (a; _ a ;^)2 + (y — y^)® + (z — z^)®. 

The mean value of V round the first circle is 

r 2 jr 


« 1 r2jr roo 


^ — ^if ^ 

Jo a;i + yi® + (Zi - ia cOs fy + (w~- idaiiT^p ' 


... •'W gjj^ 

with respect to^^we obtS performing the integration 

1 

^ “ 2 ^ Jo + 2/i‘ + (2i - ia cos ^A)®]-!-. 

The equation thus indicated, viz. 

f 2tr 


f 2tr 

jji — a cos 0)® + [y^- a sin 0)® + z^aj-J 


f 2 jr 

= Jo + (^1 - W cos ^^r)®] -i d>Js, 


integral {§7- 31) for the potential Of a Laplace’s 

fact already noticed in § 7-32 that thi and recalling the 

This equation tells us that S a symmetric in p and 

a finite (and perhaps an infinite) number Y 2'’ from 

a circle a:® + y® = a, 2 = 0 , which does not ^ 

^ _ 1 r 2 . ’ through any of the polos, is 

2 F (0. 0. ia cos ^) # = i JJ y ( 0 ^ ^ 
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Wlien the circle, round which the mean value of V is desired, lies on 
a given sphere of radius c, it is useful to consider the case in which F can 
be expanded in an absolutely and uniformly convergent series 


F = S (0, </,), 

n— 0 


r> c. 


Using our theorem to find the mean value of F round the circle 

= a^, z = b = ■y/(c^ — o®), 
we notice that S„ (d, (f>) is constant on the axis of z, while the integral 


of t3^e 


1 / c Y +^ 

V Jo Vi + ia cos 


is equal to P„ (6/c) = P„ (/*). Hence the mean value is 

F = 2 P„(y-)SA0o,4>o), 

n-0 

where (Oq, c/iq) is the value of {6, <j)) on the axis of the oirole, and 
fjL = cos a, where a is the angle which a radius of the circle subtends at the 
centre of the sphere. This agrees with the result of § 0'36. 

Since at points on the sphere 

V = I (6, 

71-0 

we have a means of finding the mean value of a function of the spherical 
polar co-ordinates 6, tp when this function can be expanded in an absolutely 
convergent series of spherical harmonics. 


§ 7'61. An equation which changes from the elliptic to the hyperbolic type. 
We shall find it interesting to discuss a simple boundary problem for an 
equation ^ ^y 

which is elliptic when r < 1 and hyperbolic when r > 1. Writing x = r cos S, 
2/ = r sin 0 we shall seek a solution which is such that V = f [d) when r = a, 

BV BV 

and shall suppose that F, and ~ are to be finite and continuous for 

927 927 

r < a, while the second derivatives ^ exist. 


If / (0) = cos nO and {na) ^ 0 there is a solution 

V = cos nd (A) 

(na) 

which satisfies the foregoing requirements. Now if 2 = is the smallest 
positive root of the equation (z) — 0, it is known* that when is a 
positive integer 2^”^ > n and that as 72- ->■ 00 

1 . 

* Watson’s Beaad Funduma, p. 486. 


27-2 
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Henoe if <K 1 wo certainly have (^) ^ 0 amd there is a single 
solution of type (A), but if a > 1 there is no solution of type (A) if a happens 
to have a v^ue for which J„ (na) = 0. 

In the more general case, when 

f{d)= 2 (A„ cos nfl + sin nd), 

n-0 

a solution satisfying the condition F = / (fi), when r = a, may be given 
uniquely by the formula 

F = S i^n cos fid + Bn sin nO), 

when a < 1, but when a > 1 there is considerable doubt with regard to 
the convergence of the series and it cannot be asserted that there is a 
solution of the boundary problem in this case until the matter of conr 
vergence has been settled. 

In some oases the convergence may he discussed with the aid of the 
asymptotic expressions for the function (na) when n is large. The form 
of these is different according as a — 1 is positive or negative. 
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§ 8*11. Confocal co-ordinates. An important system of orthogonal co- 
ordinates is associated with a system of confocal quadrics in a space of 
n dimensions. Let ... a;„ be rectangular co-ordinates relative to the 

principal axes of one of the quadrics, then the family of quadrics* is 
represented by the equation 

n ^2 

where t is a variable parameter, and Oi® H- t, Og® -h t, ... + t are the 

squares of the semi-axes of a typical quadric of the family. It is supposed 
that each quadric possesses a centre; the case in which the quadrics are 
not central needs special treatment. 

Let us write ^ « a;.* P (t) 

where P (t) = (t - fi) (t - Q ... (t - 

Q (t) = (t + V) (t + Oj*) ... (t + a„®). 

We shall suppose that 

Oi® > Oj* > Oj® > ... > a„®. 

Forming the product Q (t) and putting t = — a,®, we obtain the 
equations _ (_ a,*) = P (- a.®) (a=l,2,...n) (A) 

which express the rectangular co-ordinates in terms of the ‘confocal’ or 
‘elliptic’ co-ordinates |a. 

The expression Q' (— which is the value of the derivative Q* (t) 
for T = — is the product of n — 1 factors, thus 

e' {- = w - (h^) w w - 

each factor being in this case negative. In Q' (— there is one positive 
factor, namely Oi^ — in Q' (— two positive factors, and so on. 

Looking at the formula (A) we now see that (— )" P (— is positive 
or negative according as 5 is odd or even. Also (— )" P (— oo) is positive, 
hence the roots of the equation P (t) = 0 may be arranged in order as 
foUows: _ ^ ^ < - a„® < ^„. 

The last root f „ is the parameter of that ellipsoidal quadric of the 
confocal family which passes through the point , ^ 2 , ... *«) . The equation 
Fr= 0 shows that n quadrics of the family pass through this point, and 
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the foregoing inequalities indicate that only ono of these qiindricH ia 
ellipsoidal. 

When a small element of length ds is expressed in tc^rms of , 4 » • • * €n 
it is found that 

d8^= 'L dx ^=1^2 ^ r 1 * 


Now 

Therefore 


y -P (- 1 P (U _ ,, 

n P (— 1 

„5i Q' (- al») («;„> + ^;) ’ *’> ^ 


X? (f,) • 


wi-l 6' (— C&m*) 4- ^3,)^ 

Therefore ds* = J S -^p] (d^.y. 

jj-1 V 

Laplace’s equation in the co-ordinates fj, ... in thus 

" «• 


(B) 


33-1 \^p} 

T^s theorem, which was partially known to (In'en, is geiionillv* 
^ociated with the names of Lam6 and Jacobi. Tho ease of n varinblert 
IS considered by Booher* who gives an extension suitablo for flu* family 
01 confocal cychdes. 

now denote by A. It is clear that Laplace’s equation poksohsuh 
a solution which is a function of A only if 

vm - c, 

where is a constant. Hence we have tho solution 

f oo (It 

This IS a particular case of a more general solution, namely 

v^oTilSilV-^ 

h W(t)] VQ(Ty '‘• 

To verify that this ia a solution we notice that if /c '> i 

w WJ t’ 


■|A= + t7r|JiL)l*_rfr 

der PokMialtheorie, Ch. in, Leipzig ( 1804 ). 


t ) (^p — t)*' 



Now 


Solutions of Laplace's Equation 

^ Q (I,) 1 9 Q (t) QP' Q' 

ptlP'iUir-U^ 3rP{T)-p* P’ 

f Q' (^.) 1 ^ 

hence we have to show that when k> 1 


f*r, ^.P'-^p' , 


that is, that 
and this is true. 




027 07, 

When /c < 1 we oannot differentiate directly to form , for is of 


-Ck\ 




the form 

dX 

Therefore 

(r)dr 


0A* ’ * aA 

= - 0 1" (t ^ A)* E' (t) dr. 


= Ck I" {(t - A)«-1 E (t)} -( k - 1 )( t - A)*-» E (T)j dr 

^f“fP(T)l'' dr k{k- 1) d rf- P(T) l'‘ 1 ic ~ \ 

= + ira vg-w (a-t^ ^ Jx ‘'"dr [|g (T)f v^) T- aJ- 

027 

There is thus an extra term in and we have to prove now that 


i: 


d rp»-i p* 


g(A) 




drLg-i g«+iP'(A)(T- 
This is true because 

g (t) p' (A) (t - A) - p (t) g (A) 

vanishes to the first order as t -»• A. It has thus been proved that the 
function 

dr 


= G jj (P.)- 


Vg(r) 


, /C > 0, 


.P) 


is a solution of Laplace’s equation. 

If we write we obtain an integral in which the limits for oj are 

0 and 1. Since these are constants and occur to an arbitrary power k in 
the integrand we may expect the integrand to be a solution of Laplace s 
equation for all values of the parameter oj. This is indeed true and the 
result may be stated as f oUows : 

If T is defined by the equation 
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where <i) is a constant parameter, the function 




VQ (t) 


VQ (t) S 




{a.^ + t)» 


is a solution of Laplace’s equation. 

The potential function (D) may be used to solvo some iiitorosting 
problems. It may be used, in particular, to solve the hydrociynanaioal 
problem of the steady irrotational motion of an incompressible! fluid j)ast 
a stationary ellipsoid. Green’s solution of this problem* was ainplilied by 
debschf and extended to a space of n dimensions by C. A. BjorknosJ who 
'also considered some additional types of motion of tho fluid and calltxl 
attention to the work of Dirichlet and Sobering on the proi)ltun. The 
analysis is really a development of the formulae of Rodrigues § for the 
gra^tational potential of a solid homogeneous ellipsoid and of ilio early 
work of English and French writers on this subject. Historical ref('renoes 
are given in Routh’s Analytical Statics, vol. n (1902). 

Let us consider a potential V defined by the equations 


^ inside F’o = 0. 

JO Vy (tt) 

If #c > 0 we have at the boundary of Eq = 0 


while 

If K > 1 we have also 


V — V ^^0 
Vs>Fo = 0. 


dV, 
dX ’ 






• a„ 


Hence if the volume density p be defined by the equation 

V*F,h- 47rM„=0, 

where the constant A„ has the value 

[r 




'“t " ^ determined in ? «.61 we 

* Mm. Trans. (1833); Papers, p. 316 S o o i , WO 

§ Oorrespondance ear rUcole PolptealM^ t P- 380 (1876). 

(1836); Papers, p. 187. He oonaide^^^ems^ ‘ 

tiib^tians of dei^lty and diffe«nt law. varioua dis- 
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may regard V as the potential corresponding to a distribution of generaJisei 
matter (or electricity) of density 

P = T"- 

TTOxOa ••• 

In particular, if /c = 1 we have the potential of a homogeneous ellipsoid. 
The Newtonian potential of a solid homogeneous ellipsoid is thus 

V = TTpabc I 

where a, b, c are the semi-axes, and 

Q (u) = (a^ + u) {b^ + u) (c* -f u). 

The component forces are represented by expressions of type 

37 

Jx {a* + «)V6 (u)’ 
and it may be concluded that these expressions represent solutions of 
Laplace’s equation. 


f ® du 1 


*8 y® ) 

Jx VQ (u)\ 

1 — 

+ u 6® + + wj 


3F f“ 

X = — = 27Tpabcx J 


The quantity A is defined for external points by the equation 

= 1 , 


I y" I 

u2 + A^c2 + A 


and the inequality A > Jd': For internal points the lower limit is zero instead 
of A and we may write 

V = ip {D- Ax^ - By^ - Cz\ 

where A, B, C, D are certain constants defined by the equations 

du f® du 

B = iTTobc 

Jo 


A = iirahc^ 
G = iirahc j 


0 (a^ + u) VQ (u) ' 

^ 

(c^ + u) VQ ’ 


D: 


irrobc J 


0 ( 6 ® + u)VQ {u)' 

> du 

Vo {uY 


The component forces at an internal point (x, y, z) are 

dy 


^=--s;r = P^*. = Z=--^ = pGz. 


dx 

§ 8-12, Maclaurin's theorem. The potential at an external point {x, y, z) 
may be written in the form 


dv 


= Trpdbc^ 


X^ 




a^-f-A + v ft^ + A + v c® + A + 




dv 


[i 5LI 

)[ Oi^ + v Ci^^vy 


lo V (V + 

where Oi , 6i , are the semi-axes of the conf ocal eUipsoid through the point 
{Xf y, z). It is thus seen that the potentials at an external point of two 
homogeneous solid conf ocal ellipsoids are proportional to their masses. 
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§ 8'21. EyperspJiere. When the quadiic in iS„ is a hypersphere 
r® = + *2® + ... a:«® = a*, 

fS 

we have Fr= I — — , 

and the potential corresponding to a density 
_ Gk / 

^ Tra^hn \ * 


IS 


-1, 


f» dr / 

1 Y 

Ja (a* + t)-/» 1 

a* + T ; 

f“ ('l 

1 Y 

)o (a*+T)«/»V 

a® + W 


where (7 is a constant and A = r® — a®. 

In particular, if /c = 1, we have when n> 2, 

4C 


w — 2) 


on on 

y 2 -n /^a q 2 \ y = 

' ' w— 2 n 

W 


The total mass associated with the hypersphere is in this case ^ -^^2 ^ 

and so the volume of the hypersphere is 

n(n-‘2y 

Comparing this with the value 


277-a" 


[r (!)]"-» 

”^(1) 


already found, we find that 

^(1-) 

The case in which p = / (f ) can be solved quite generally with the aid 
of the formulae 

In partioular, if / («) = 5" 


, „ 4iTh„ a*»+" 

(» - 2) 7 = — ~ r > a 

m + ra r”-® 


47tA„ ; 


^m+2 (jW+2 „ ^tn+1 


m + m + 2 


-!■ 


r<a. 
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A density 
will give 
if 


Therefore 


where 





p = S 

m-O 

V=fi?p 


(m + n){m + 2) 

CO /vm+2 

4^h„ S 


0„, 


t_o m + 2 






m! 


/ ^2 \ m 

\4a*j ’ 


4s® = jbi*/7rA„. 

The quantity must, moreover, be such that 

/n.2 \m 


00 

2 


rg + m- l)m! 

In the notation of Bessel functions 


(4s®) 


where 



§ 8*31 , Potential of a homoeoid and of an dlipsoidcd conductor. Many of 
the formulae relating to the attraction of ellipsoids and ellipsoidal sheUs 
may be obtained geometrically. The theorems will be proved for the 
ellipsoid in n dimensions and an extension will be made of the meaning 
of the word homoeoid introduced by Lord Kelvin and P. G. Tait in their 
Natural Philosophy, The analysis is an extension of that given by Poisson*. 

A homoeoid is a shell bounded by two loci which are similar and 
similarly situated with regard to each other. If one locus is an n-dimensional 
ellipsoid and the centre of similitude is the centre of this locus, the second 
locus is an ellipsoid with the same principal axes. 

Let Oi , Oa , be the semi-axes of the internal boundary of the shell, 
ai + cZoi , Og + ... ttn + corresponding semi-axes of the external 

boundary. Let OPQ be a line through the centre of the ellipsoids cutting 
them in P and Q respectively, and let OP = r, OQ = r 4- dr. 

Let p and p dp he the distances of 0 from the tangent hyperplanes 
at P and Q which are, of course, parallel. Then dp is the thickness of the 
shell at P, and we have 


^ = ^ = ^ = say 
Oi Oj ■■■ p r 

* Mimoirea de Vlnatiput de France (1836). 
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Sinoe the volume of a solid ellipsoid with semi-axes <*1, (ht “ 




CtjOj On ’ 


71 (ra - 2) p 

the volume of the shell is approximately 





OiOj ... a^.de. 


Let us now imagine the shell to be fiUed with attracting matter of 
uniform density p, then the total mass of the shell is 


2ir-^ 


. a„.dc. 


r(l) 

The importance of the ellipsoidal homoeoid in potential theory arises 
from the fact that the attraction of a thin uniform shell of this type is 
zero at any internal point. This is a simple extension of the theorem 
established by Newton for spherical and spheroidal shells. It is important 
in electrostatics because it indicates at once the distribution over the 
surface of an ellipsoidal conductor of electricity which is in equilibrium. 

Through any point I of the region enclosed by the internal boundary 
of the homoeoid let lines be drawn so as to generate a double cone of small 
solid angle dw and to out out from the eUipsoidal shell small pleoes of 
contents dv^ dv' respectively. Let a line sSITt completely enclosed by this 
cone meet the boundaries of the shell in the points ST, at respectively, 

and let is = B, Is = B + dR, IT^^B', It = R' + dR'. 

Since parallel chords of the two boundaries of the shell are bisected by the 
same diametral hyperplane, we have dR ^ « dR, Also, when dco is very 
small, dv = R^’-^dRdo), dv' hence 

pdv 

and so the attractions at I of the two small pieces balance. When d€ is 
very small we may write dv = dpd,S, where dS is the area of a surface 
element; the mass of the element dv is thus p'pdedS and so the surface 
density is o* => thus 






a 



The potential of the homoeoid at an internal point is constant. When this 
constant value is kno'wn the potential at an external point may be found 
by means of Ivory’s theorem as in Eouth’s Analytical Staiica, vol. n, 

p. 102. 


§ 8' 32. Potential of a homogeneous dliptio cylinder. This potential may 
be found by direct integration’''. Iiet us take the focus S of the cross-section 
as origin, then the polar equation of the section is 

where a and b are the semi-axes of the ellipse and 2k is the distance between 
the foci. If (7 is the density of the line oharges from which the cylinder is 
supposed to be built up, the potential of all these line oharges is 

fir 

V=-2aj logii.rodTo, 

where JB® =< r® -H fo® — 2rro oos ((? — 6a), 

the infinite constant in the potential of each line charge being omitted. 
Now if r > a 4- we may write 

log iJ = log r - S ^ ~ 


Therefore 




ddg.logr 
(o + k cos 0o)* 
00 5 ®”+^ 


_ f*" ddg CO B n {6 — dg) 

^J_,r {a + k cos ‘ 

But f' ~ = l-)^ - COB nd 

(a + A cos ^ ^ V ?i / 


Therefore 

F =i — 27raa6 


[logr-i(-)’' 


n(n-\ 
r> a + k. 


/2n H- 1\ / 

- 1 cos nO 

\ n / \ 



§ 8*33, Elliptic co-ordinates. Potential problems relating to an elliptic 
cylinder may often be solved by using the elliptic co-ordinates of § 3*71 , 
These ore defined by the equations 

x^-iy ^ a cosh (f -f- ir]), x = a cosh ^ cos tj, 
y => a sinh ^ sin 

The same co-ordinates are also useful for the treatment of the vibrations 
of an elliptic membrane and the scattering of periodic electromagnetic 
waves by an obstacle having the form of either an eUiptio or hyperbolic 

* N. n. Son, Phil, Mag, (0), vol. xxxvui, p. 466 (1910); aee also W. Burnaide, Me$a,Qf Math, 
vol. xvni, p. 84 (1880). 
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oylinder. A screen containing a straight out of constant width can be 
regarded as a limiting case of an obstacle whose surface is a hyperbolic 
cylinder. In terms of the co-ordinates rj the equation 


dx^ ^ 


becomes (cosh® ^ — cos^ 17) = 0, 

and there are solutions of type V == X {^) Y {tj) if 


^ + Z cosha ^ ~ A) = 0, 

^^ + 7 {A- COB* 7 ]) = 0. 

d7f 

The equations to be solved are thus of type 

0 + (o + 166 00s 2z) y = 0. (A) 

This is known as Mathieu’s equation or as the equation of the elliptic 
cyhnder. The solutions of this equation have been studied by many writers. 
The best presentation of the results obtained is that in Whittaker and 
Watson’s Modem Analysis, Ch. xix. 

A discussion of the zeros of solutions of this equation is given in a 
paper by Hille*. He calls any solution of the equation a Mathieu function, 
while Whittaker reserves this name for the solutions! with period 27r. 
Hille remarks that aU solutions of the equation are entire functions of z of 
infinite genus. 

The form of the solution when b is very large has been discussed by 
Jeffreys! who also considers the effect of a variation of b on the positions 
of the zeros. 

Jeffreys has also discussed the equation for X, which he calls the 
“modified Mathieu’s equation.” The equations satisfied by X and Y are 
found to govern the free oscillations of water in an elliptic lake. 


§ 8'34. Mathieu functions. When 6 = 0 and a = n^ the differential 
equation (A) possesses two independent solutions cos 712;, sin nz, which are 
periodic in z with period 277-, where n is an integer. 


* E. Hille, Proc. London Math. Soc. (2), vol. xxin, p. 186 (1926). 

I E. L. Inoe has shown that for no value of b, except 6 = 0, does Mathieu’s equation possess 
two independent periodic solutions of period Sir. See Proc. Comb. Phil. Soc. vol, xxi, p. 117 (1922); 
Proc. London Math. Soc. (2), voL xxm, p. 66 (1926). See also E. Hille, loc. cit.\ J. H. McDonald, 
Trana. Amer, Math. Soc. vol. xxix, p. 047 (1927); Z. Markovi6, Proc. Camb. Phil. Soc. vol. xxiii, 
p. 203 (1926-7). A more general type of equation, due to Hill, has been und by Ince to 
possess a similar property, ibid. p..44. 

t H. Jeffreys, Proc. London Math. Soc. (2), vol. xxm, pp. 437, 466 (1926), 
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* When 6 # 0 we can, for any fixed values of a and b, Hnfinft an even 
solution c ( 2 ) by the initial conditions c (0) = 1, c' (0) = 0 and an odd solu- 
tion a (a) by the initial conditions.s (0) = 0, «' (0) = 1. 

These two solutions of the ec[uation form a fundamental system and 
are connected by the relation 

c (a) s' (a) — s (a) c' (a) = 1. 

When b is given there are certain values of a for which c (a) is a periodic 
function of period 27r. These values are roots of a certain determinantal 
equation* 

a— 1-1- 86 86 0 

86 0- 9 86 ... (B) 

0 86 0 - 26 ... 


There are also certain other values of o for which s (a) is a periodic 
function of period 2m. The equation determining these values is obtained 
from the last equation by writing o — 1 — 86 in place of o — 1 -|- 86. These 
determinantal equations are obtained immediately by substituting Fourier 
series in the differential equation and writing down the conditions for the 
compatibility of the resulting difference equations. 

There is a corresponding determinantal equation for the determination 
of the values of o for which c (a) has a period v and also one for the deter- 
mination of the values of a for which s ( 2 ) has the period tt. 

Whittaker writes ce„ (a) for the even periodic Mathieu hinction whose 
Fourier expansion has a unit coefficient for cos nz, and writes ae^ ( 2 ) for 
the odd periodic Mathieu function whose Fourier expansion has a unit 
coefficient for sin nz. The functions with even suffix have the period tt, 
those with an odd suffix have the period 2m. 

The analysis relating to these periodic fimotions has been much im- 
proved recently by S. Golds teinf who treats the difference equations by 
a method which has proved very successful in the theory of tides on a 
rotating globej. In the case of an even function with period 2m 

ce 2 ,+i (a) = S cos (2r -|- 1) a, A 2 ,+i = 1 (C) 

r«0 

The difference equation which leads to (B) is 

{a — (2r+ l)®}^ 2 r+i + Sb{A 2 r-i + 


This shows that, as r oo, the ratio 


* See, for inatance. E. L. laoe. Proc. Comb, Phil. Soc. vol xxm, p. 47 
Edinburgh Math. Soc. vol. ILI, p. 94 (1923); Ordinary Differential P* ^ ^ 

t Proc, Camb. Phil. Soc. vol. xxm. p. 223 (1928). Another method leading to nfleful results 

has been used by McDonald {l.c.). 

t See Lamb’s Hydrodynamics, 6th ed. p. 313. 
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tends to either zero or cjo. Now in order that the sorh'S (0) may l•.onvergo 
the Jimit should be zero and not oo, 

To find, the condition that this may bo the ease we write 

(?,= (2r+ 1)-*, 

. , T7 _ 86 Of 

860,7/ 


and so when 7, 

7r-l = 


0 as r 00 we have 
860, m^OfOrn 
j, — , 0, 1 a 0,^1 ■ 


«46»0,,.i0„g 
. i -*oO,„ - 


Now the difference equation 

(a- 1 + 86) + 

Hence we have the equation 


l-a=86 + 


6^aOa 

1 a Ojj H' 


(J46»0.0„ 

1 -aOa + •” 


for the determination of a. 

Far the asymptotic expansions of soIutionH of Mathieii’H eqnatieii 
reference may be made to papers by W. Marshall* and J. Doiigullt. 


1. B 

the eq.iw.tion 
beoomes 


EXAMPLIiJS 

y « i (pf*v)i ooa 0, a 1 (p/ii>)i sin t/i, 

— _L 

aoja 02/8 + p* + air “ 


«« - iOM /I » t- 1), 

(W 


? ^ ~ Tp (o - 1 t- ^ (p- }')(p - p) 

l)(v-l)dpL dpj 4ppy[(p^ l)(p- l)ji 

and poseepsee pimple solntiona of type 

w « iJ (p) if (/i) (p) uoH 

if i?, jV patipfy equations of type 

p« (p - 1) i2" + (^p« p)ji' ^ ^ ^ 

The BubatJtution M (p) - S (ajn« ») reducea this wiimtk.n U> thi. ikihiiUiui 
d^j3 dS 

ig» + (2m + 1) oot 0 _ 4 i f. j) _ o„a« yj 


", 


for the aaaoolated Mathieu functions J, 


|.P« I 


* Proo, Bidinburgh Math, 800. vol, xl, p, U (lyjii). 
t Ihid, vol, XU, p, 20 (1023), 

T0i?xl p. STieSr l’’ AW‘'“«r„A .UulA, .S',.-. 

§ Proo, Boy. Soc. Edinburgh, vol. xivi, p, 206 (1026)! Proe Kdinlmruh Mnth w . i 
p. 27 (1022)) FawHont de Lami el Ponotioaa de Mathim, aautliior-VlIlftra, I'nriH ('ll)2«). ’ 
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Prolate Spheroid 

2 . The substitution 

00 ^[{p- 1) (/i - 1) (v - l)]i, y » { (/)/iv)4, « - “ J (p + III + V - 1), 
transfortna the equation (D) into 

j — ^ , I- fp (p _ i)i |“1 4 . ^ I*!* (p ~ v) (y - p ) 

- 1) (k- l)]i5pL 3pJ *^lPM''(p-l)(fi-l)(i.-Ij]?“®’ 

and there are simple solutions of type 

u- 6 ^<i 2 (p)if (p) 2 V{i;) 

P (p - 1) + (P - 4) iZ' 4- (/i + A)p - iXV) 12 “ 0> 

d “12 , 

or + (a + 19 ooB 2P + y 00 a 4P) 12 = 0, 

where p •- oos* This is an extension of Mathleu’a equation considered by Whittaker* 
and Tnoot, 

§ 8' 41. Prolate spheroid . When the ellipsoid has two equal axes the 
elliptio integrals of § 8*11 oan be expressed in terms of oironlBir funotionet. 
In the case of the prolate spheroid 

gjS .1. ^2 

--^+^.= 1. c«>aS 


the potential of the homoeoid is 

M 


V = 


du 


wlioro 


2 (a® + u) (c® H- uli ’ 

a“ ]- A c» + A ^ ^ 


'I'ho integral may bo evaluated with the aid of the substitutions 
u « c“ tan“ j8, oos jS == 5, 


and wo find that 

Writing 
we have 


K - ^ log (c^ - a»)i. 

2A *^(c“ + A)i-A 

X w oos (j), y — TD sin <^, 

2 : + itn = & oos (f “h i^?), 

;k -- cosh 7j oos ^ == say, 

rn~ k Hinh 7 , sin [(fl“ - 1) (1 - /it*)]*, 


. _L , - = 1. 

Ic^ eesh® sinh® t] 

* K. T, Wlilthakcr, Proc. Kdinhuryh Math, Soc. vol. xxxni, p. 76 (1914-16). 

•f lt'„ U. liion, Prm, London MM. i^oo. vol. xxiii, p. 66 (1926). 

I Thn roBulU aro all well known. Itofnroncc may bo made to Heine’s EugdfankUomn, 
Hii. n, g liH; to Lamb’M IlydmlynmiiM, Oh. v; and to Byerly’s Fourier 8eHes and Sfh&tical 
Uarnumit'iti. 

28 
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Comparing this with the equ^on 


+ 




= 1 , 


c» + A aa + A 

we see that we must have 

cosh^ + A, A® sinh^ ?; = a* + A, 
jy. M. ooshT^+l if, , , T] 

The potential may be expressed in another form by finding the distances 
i2, R* of a point P from the real foci /S, 8* of the spheroid. Since 

OS = OS' = h 

we have 

R^= (z — h)^ + U7® = [(cosh 71 008 ^ — 1)* + sinh® rj sin® 

= [cosh 7j — cos f ]®, 

R = k (cosh 71 — cos ^), R' = k (cosh tj + cos f ), 


cosh 7] = 


R + R' 
2k 


cos ^ = 


R'-^R 
2k 


V = — los + 2A: 

2k^''^R-\-R' - 2k‘ 

It is clear from this expression that V is constant on a prolate spheroid 
with S and S' as foci. On the surface of the conductor JR + 22' = 2c, and V 
has the constant value Vq, where 

T/ 1 c k 

The capacity of the' conductor is thus 

(7 = 

° c — k 

The lines of force are given by ^ = constant, <l> = constant, and are 
coniocal hyperbolas. 

These resulte remain valid in the limiting case when the spheroid 

^ ^ potential must be * capable 

o emg expressed as an integral of the inverse distance along the rod. 
We have m fact ® 


ds 


-* [m* + (* - s)»]J‘ 

The line density is thus M/2k and is uniform. 

^If we taie as new co-ordinates the quantities 6. <i>, where 6 == cosh „, 

- cos the square of the linear element ds is given by the equation 
ds* = d*® dy* + dz^ = dz« + dw^ + U7*d^a 



Oblate Spheroid 

Along the normal to a surface 6 = constant, we have 

dn = ds=k(^-^^^^dd, 

and so the potential gradient is 
dV l/0*-l\J0F 
dn^ k Td°~¥ 

At the vertex of the surface 0 = « the gradient is 

- p (a* - l)-i = - ^ 

while at the equator it is 


JIf 




sinh® 7 ] ’ 
M 


’ /c* sinh ij cosh ij ' 

The ratio of the two gradients is coth t}, which is the ratio of the semi 
.axes of the spheroid. On the spheroid A = 0, cosh, = c/k, the surface 
density of electricity is 

1 dV M 




^ ^ 4770 (c* - fj.ik^)i" 

§ 8-42. Oblate spheroid. In the case of an oblate spheroid 


, z 


+ p = 1, c*< a*, 


the potential of the spheroidal homoeoid is 


= -^ f 
2 J 


du 


(a“ + u) (c® + u 
where k’^ = — c* and A is defined by 

a;* + y® 2® 




= 1, A>0. 


-}- A c® + A 
Making the substitutions 

X = w cos (f>y y = w sin (f), 

TO + iz = A cos (f + irj)y 

z = k sinh 77 sin f = kdfjL, say, 
w k cosh 17 cos f = fc [(02 + 1) (1 _ /x2)]i, 
h A = k^ cosha rj k^ (0a + i), 
c'a H- A = fca ainha rj = kWj 


which give 


w(^ find that 


K = '^cot-® e. 


At a point on the surface of the conductor A = 0, 0 = c/k, and the 
potential has the constant value 

T/ 4 . 1 ^ 


28-2 
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The oapaolty of the spheroidal ooiiduotor is thus 


0 



As 0 -f 0 this approaches the value . This represents the capacity of 

TT 

an infinitely thin circular disc of radius h. If B, fi, ^ are taken as new 
corordinates the square of the linear element ds is given by the equation 

( 0 * + + (1 + 0 *) (1 _ f ,*) 

Along the normal to the surface 6 = constant, we have 
dn<=‘ ds as kdB • 

Therefore 


dn 


i/e^+i\}dv 

k\$i+fi^) dO 




Thus at points of an equipotential surface 6 = constant, the gradient 
varies like a constant multiple of The ratio of the potential 

gradients at the vertex and equator of this equipotential surface (which is 
likewise an oblate spheroid) is the ratio of the central radii which end at 
these places. 


The surface density of electricity at a point of the spheroidal oon- 
duotoris „ 


In the case of the disc this becomes simply 


M _M 




§ 8'48. A conducting ellipsoidal column progeoling above aflat co 7 iducting 
plane. The electric potential for this case has been studied by Sir Joseph 
Lormor and J. S. B. Larmor* in connection with the theory of lightning 
conductors, and by Benndorf'l’ in relation to the measurement of atmo- 
spheric potential gradients. It is clear that the potential 


V = - z + Azj^ du [(o'* + u) (6» -f- u) (o’* + «)»]"* 


is zero over the plane z = 0, and also over the ellipsoid 


aa + js + ca 


= 1 , 


* Proa, Boy. Boo. A, vol. xo, p. 812 (1914) 
t Wiener Beriehte, Bd. oix, S. 928 (1900); Bd. oxv, S. 425 (1006). 
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Gonducting Colwnn 

if ^ is defined by the equation 

1 = ^ lo dM [(a® + u) (6® + u) (c® + 
and X by the equation 

= 1, A > 0. 


a;® 


a* 


+ A'^6® + A'^c® + A 


At a great distance from the ellipsoid V is approximately equal to — 2 
and the field is uniform. 

When a and b are small compared with c so that the column is tall and 
slender, the Larmors remark that A is small and so the lateral effect of 
the column is on the whole small, though the gradient may be very high 
in the immediate neighbourhood of the vertex. When a = 6 the gradient 
at the vertex is given by the formula 

_ ^ 2*®^ 

a®o log|~| — 2a®At 

where *® = c® - a®. With a = 7, c = 26, A: = 24, the value of this ratio is 
about 1 1'44, BO that the gradient is more than eleven times the normal 
gradient. 

In the case of a hemispherical projection of radius a the potential is 
simply /a3 s 

whoro r is the distance of the point (x, y, z) from the centre of the sphere. 
At points of the plane 2 = 0 we have 

_ aj _ o® 

■02 " r®.’ 


= l-r.+ 


3a» 


wliil(^ at points on the axis of z 

- iT 

dz 

'I'he potential gradient at the top of the mound has three times the 
nornial value unity. At a point on the plane where r = 2a the gradient is 
7/H, while at a point on the axis where z ^ 2a the gradient is 6/4. The 
effoot of the projection on the force thus dies off more rapidly in a vertical 
than ill a horizontal direction, but is always more marked at a given vertical 
(listfinco from the sphere than at a given horizontal distance from the 
H))hero. 

§ 8 ‘44. Point charge, above a hemispherical boss. Let the point charge 
he at Lot Q bo the image of P in the spherical surface of the boss, B the 
imago of P in the plane, 8 the image of Q in the plane. 
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Let a be the radius of the sphere, h the distance OP, then the potential 

at P is _ _ / 1 1 X 

y _ ^ jL- {— 

^ ~ TP TR^h\TS TQ)^ 


for this expression is zero on the plane and also zero on the hemisphere. 
When OP is perpendicular to the plane the force on P due to the 
charges at the electrical images of P is 




When h= 2a this expression becomes 


ah 1 

(A* + 4^® 


1 [2 1 2 1 _ 737 

a® [9 16 26j “ 3600a* ' 

This is greater than | ^ j , consequently the image force is increased 

by the presence of the hemispherical boss, and an electron would tend to 

return to the boss when acted upon by an external electric field --- 

sufficiently large to just overcome the image force for a perfectly level 
surface. 


§ 8'46. Point charge in front of a plane conductor vnth a pit or projection 
facing the charge. By inverting a spheroid with respect to a sphere whose 
centre I is at one vertex, we obtain an idea of the charge induced on a 
plane conductor by a point charge when there is a pit or projection facing 
the charge. 

Let iE be the radius of inversion, PP', QQ’ pairs of inverse points. Let 
P be on the surface of the spheroid and let e be the charge associated with 
a smrface element containing the point P, then 




We shall regard | IP’ as the charge associated with the corresponding 
point P on the inv^e surface 8. Denoting this charge by e', and making 

use of the relation 7Q.7Q' = iJ 2 ,^e obtain 


— S — - y 
IQ' QP~^'^” 


or 


R 

IQ' 


Fo=F', 


where V’ is the potential at Q' due to the charges e' on S'. 



Pits and Prelections 

Placing a charge — iJFo at 7 the surface 8' will be an equipo 
this charge and the charges e' on S'. These charges e' are in fact tht, 
induced on 8' by the charge at I. The force exerted on this charge a^ 
the charges e' on S' is 


SiJF, 


e cos a 

IP'^ 


= S F, 


ecosa 1^0 V .rD l^o 

jpt ~ JJ2 ^ ~ ^ 


where c is the distance of I from the centre of the charges e, which is in the 
present case the centre of the spheroid, and where M is the total charge 
on 8. The force is thus JfcFo 


Except for the pit or projection facing the point I the surface 8 is very 
nearly plane. At infinity it can be regarded as identical with a plane whose 

*1 • . I* Y * 7 'I 


distance from I is h, where 


= 2ph, 


p being the radius of curvature of the spheroid at 7, Since p = a^jc, where a 
and c are the semi-axes of the spheroid, we have 

2a% = CjR2. lOf 


If now the point charge - RV were simply in front of a perfectly level 
conducting plane at distance h from it, the force exerted on the charge by 
the induced charges on the plane would be equal to the force exerted by 
a charge rv at the optical image of I in the plane, and so would be 

4A2 “ c^R^ ' 


Comparing this with the force on the charge when there is a pit or 
projection facing it, wo find that the ratio of the two forces is v, where for 
the case of a pit 


V = 


Mc^ 


c^k 


cot’ 


jfc = (a* - c^)i. 


The value of this ratio v is given for various values of the ratio - . The 

H 

table also includes corresponding values of the ratio , where H is the 

distance of / from the bottom of the pit or the top of the projection as 
the caso may be: 


a 

c 

V 

H 

h 


I Vh 


i i 


1 V2 2 Z 

1 3-14 9-67 — 

12 4 9 
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§ 8 - 61 . Laplace's eguatim in spheroidal co-ordinates. Tlio qnantitioB 
6 , p, >/, axe called spheroidal co-ordinates. In tho oaso of the proUito 
spheroid, we have 

e = cosh 13, /i = cos 2 = A cos f cosh i), vs «= k sin { sinh rf, 
and Laplace’s equation is 

0 - (s> - » I {(»■ - 1 ) 

0 “- p* d^V 
+ (<)»-. 1)(1 ■•/*») 0^“’ 

while in the case of the oblate spheroid 

$ = mnh vj, p, = sin I, 2 = & sin I sinh rj, m ■ ■ k <!Oh f cosh 7/, 
and Laplace’s equation is 

0 - («• + V7 , 4{(«« + 1) + 5^ {(1 - M 

■•■(fla'-i i)(i~ 

Some very simple solutions may be found by adopting as trial solutions 
F = / (0 ± jLt) for the prolate spheroid, 

F = / (0 ± iju.) for the oblate spheroid. 

It is found in each case that f{u) = ~ satisfies inquiroinontH, anti so 
we have the solutions 

V-~— ^ 


for the prolate spheroid, and 


F = 


e 


Si + /i2> 011 .|_ 


for the oblate spheroid. 

§ 8 - 52 . LamA products far spheroidal co-ordinates. Tho equation 

V*F + ft2F = 0 

is satisfied by a Lam 4 product of type 

F = iff (|Li) © ( 6 ) O (<^) 
d^ 


if 

and 


dd 


j + = 0, 


+ f ± (1 - f**)} ^ - o,| 

w ^ + 1) - rf V» “ T 1)} 0 = 0, 


(A) 



Lami Products 


U1 


the upper or lower sign being taken aooordiiig as the spheroidal co- 
ordinates ja, 6, <f> are of the prolate or oblate type. When % » 0, we may 

M = CP„"‘ ill) + (,i), 

© «=. PPn*" (fl) -h {9) 

for the case of the prolate spheroid and similar expressions for M and <&, 
but the following expression 

0 = SPn*" ((9) -t- FQn”' {i9) 

for the case of the oblate spheroid, A, B, C, D, E, F being arbitrary 
oonstants and Pn*" (/*), (ju.) associated Legendre functions*. It should be 

noticed that we now require a knowledge of the properties of the associated 
Legendre functions P„™ (m) and Qn”' (w) for arguments u of types u = cosh ij 
and u = i sinh rj. 

When n and m are positive integers appropriate definitions are 

1 ) 1 ”* ^'^Pn {Ui) 


P„”‘ (u) 
QfT («) 


(„2 _ 1)1”* 


dot”* ’ 
d”*<?„ («) 


dw”* 


It has been found convenient to write p„ (u) for i~”P„ (iw), and (w) 
for {iu), then when n is zero or a positive integer we have the 

expansions 

(2n)l 


Pn («) = 


' , n (n — 1) „ „ 

ly* 272 »r- 1) “ 

n(n- l)(n- 2) (n- 3) ,.„_^ 

"l ft A /ft-- /ft.. ftV "V 


?n («) ' 


2" (nl )” 
(2n -t-' i) 1 




2.4 (2»- 1)(2»- 3) 
[n -M) (» + 2) 

2 (2» + 3) 


+ 


+ 


,+ l) (n-h2) (» + 3) (n-^4) _ ] 

2.4(2n-|- 3)(2n-F6) •”)• 

If d = cot /3, it is found that 

?o (®) = ^. (®) = 1 - ^ oot 

?a (®) = (3 oot® ^ + 1) — f oot )3. 

The coefficient of j9 in the expression for q„ (9) is equal to p„ (9), We 
also have the expressions 

P. { 6 ) = (-)" ^ (sin ^)* 

g« {B) = ^ (sin ^)”+i (^ ooseo ^). 

which are readily verified with the aid of the differential equations satisfied 
by the functions p„ (9) and q„ (9). 

* The fact that the Lam6 produota depend on the aaaoolated Legendre funotiona seems to 
have been first noticed by E. Heine, Orelle, Bd. xxvi, S. 185 (1843). 
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The integral of Laplace’s type for the function P„"*, {6) is 
'-■Pmfo\ sinh"'i 7 (n + m)l , , . , . , 

" r .3... ( 2 m- 1 ) (^m)! Jo ^ 

It shows that (cosh rj) is positive when rj is positive, for when the 
binomial in the integrand is expanded in powers of cos a and integrated 
term by term the odd powers of cos a do not contribute anything to the 
result, while the coefficients of the even powers are all positive. This 
process gives a finite series for (cosh rj) with the property that each 
term increases with tj. Consequently, when rj is positive (cosh t}) 
increases with tj. When m = 0 and rj = 0 the value of the function is 
umty, hence we have the result that 

P„ (coshi^) >1, r)>0, 

§ 8-63. Spheroidal wave-f unctions. When the spheroid 8 = constant is 
of the prolate type the equations satisfied by M and 0 are both of the type 




i + cr 


X = 0, 


1 - a:® 

where A, cr and m are constants and x = fj. when X = M and x - 0 when 
If-X=(l — X*)™/* w, we have the equation 

~ — 2 (m + 1) X ^ + {A^x® + a — ni {m + 1)} -w = 0. 

This equation has been discussed by several writers*. The present 
investigation follows closely that of A. H. Wilsonf. 

Solutions are required which are finite for - 1< x < 1 so as to rei)i-esent 
quantities of type M, and solutions are also required which are finite for 
1< x< a, where a is some finite constant. These latter soluiion.s are of 
interest for the representation of quantities of type 0, and for thi.s i)uri)ose 
a knowledge is also required of the behaviour of solutions of the equation 
for large values of [ a; | . 

W^e commence with a study of a solution 

w 

represented by a series containing even positive integral powers of tho 
vanable x. The recurrence relation 

{a + 1 ) (s + 2 ) = {« (5 - 1) + 25 (m + 1) - a + m (7n + 1 )} d, _ A»d, 

gives the following equation for the ratio 

jV’. = ('8 + + 1) (a + to) — g ;^a 

(a + 1) (« + 2) “ (5 + 1) (5 + 2)'X-2 

JBoy. Soa. Land. A, vol. oyn, p 43 a026»- E fJ p’p« i n Nicholson, Proe. 
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When ->■ 1 as 5 -»■ 00 an approximate value of for large values 
of a is obtained by writing N =1- irja in (B); it is then found that 
T = 1 — fli. Therefore for large values, of a the coefficients a, approximate 
to those in the expansion of (1 - when m 0, and of log (1 - «*) 
when m = 0. In this case X (x) is infinite for a; = ± 1. 

If N,-^ is unbounded the series represents an integral function and is 
therefore finite in the range — K r < 1 . Also ~ and w (x) ^ cosh Xx. 
The condition that lim N, = 0 gives a transcendental equation between 

a“>Qo 

a and A*. When this condition is combined with the equation 
„ A® 

■"*-2 (a + m + 1) (a + m) - cr - (s + 2) (5 + 1) JV,’ 
it is found that 

AS 3.4.A^ 5. 6. A* 

^ (m + 3) (m + 2) — <7 — (m + 6) (w + 4) — a — (m + 7) (w + 6) — a — 
the continued fraction being convergent for all values of A and a. Also 
N„ = Oj/ao = {w (wi + 1) — o’}/2, and so the equation for a becomes 

1.2.A* 3.4.A» 

m (m + ) a — 2 j ■+ 2) — a — (m + 6) (m + 4) — a 

6.6.A* 


A better form is 


- (tm + 7) (ot + 6) - (T- 


m (m -h 1) — O' == 


1.2.A7{(w+ 2)(w+ 3)} 

1 — ^ 

(m I 2) (m -I- 3) 


3.4. A“/{(»t -I- 2) (m + 3) (to + 4) (m + 6)} 

^ (m -I- 4) (m + 6) ~ 

This continued fraction gives an infinite number of values of o approxi- 
mate exproHsiotiH for whieh may be readily obtained. When m = 0 the 
first value of a is given by the st'ries 


I *> 4 H) 

‘ 1“* — — A'‘ - - A“ 4- — - A® -t- 

3 135 3®.r>.7 ^3».6®.7® 


which converges very rapidly. To find the second value of o it is ad- 
vantageous to writ<‘ the relation between o and A® in the form 
1.2.A ®/{(m f 2) (w I 3)1 o 

m (m I 1) o (»i -I- 2) (to -)- 3) 

3 . 4 ■ A®/{(to -t 2) (TO -I- 3) (TO -H 4) iTO -I- 5)} 


1 - 


and it is readily found that 


(to + 4) (to -t- 6) 
94 
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If tho m*nrM U^r n* ouittnittf* tmly «Htit ^1 i if tm litutitl fimt the 

rcourrencfi npUtiim in 

(;r ^ l)(^ - ' w - 1 ? .»| *t. ,Uj, j. 

and a ih givim a|i{)ri)ximAtrly by tht« rMiifiiiut^l trn^ t\^*u 

, ... 2,a.AM^wi ’ 4 j! 

(m f l)tw • 2) 

1 

(fii ^ Hum " 4) 

4>t% A* tfwi 4um - *it<m . 

I ^ 

Ifii ^ 

haa ibi* fnituliMiid m! njUAfn^iii t»v iiirtbt«rt« 

iif iuN'gril] IM{Ulltil)nM. If tin* AnatHflAffni lirgrlldH' f«iii* ntr »i» lilir^l by 
tho iMiuiitimiH 

'■'“"‘'-r,.' '■ ”■ ”■ ■■»' •• 

yn" (/*)"" limit i»rftwin‘fnf» liMn «ln /* *" ■» < ' /' ,< 

m *!»(•«•« [ 1 II Til I 

wn Imvii 

/*»*"( f^l-nwltw " »t « j /*„“* */•) •'ll! Til f. - V-.“* I* 

and «« W4* mil **imHtrnrt nii i'vitii ftitt«'tii«ii mil uti ->11 fi;)i>iji-n 

0«" (/*) Hll’llIlM nf tin* ivliitiom* 

•^n" (y*) "■ 1». »M) •’"« J Iwi > IH r l\ •' |< • 

/'•"(/«) - III. HI) Hill 4 («» 1 n, tr./'^ “ ,1 , . t^i^-* „ 

wImti' 

In »ii ^ (n • m • I) 

' ' '”r(/i HI . 1 )' «• • ■ * "I « 

Aiwii('iat4‘d witli thi'w* fnni'tiiiitH lliiTr ih md »’Vrii H—I'ifi—u if ih»* 
(liiltirontiul I’ljimtiniit 

fi Tm f 1 

'“d/i 

whioh may b« <li«rivi*d hy aidviiiH; tl»»‘ iiit«-Kn»I T-iiuitti'iii 

(/*) '• ^'n" l/l| t*/l*TM’f mn I A,,’** f f f ‘If 

H 

and an odd Hiihitioii nf thi* dilfi'r<*tt(inl >n|uiiti)<]i uhi-'h fini'. i»' i'*fii;nril 
by HtdviiiK thit iiil4*nrnl fijiiiilinii 

^Ah"* (/*) - I'l," (/*) A'*A* wn* mitt j A',"*'!*, I r.-* t it 

. II 

Hi iJt /V*ir, iV^4, iNia*' fuj, I* 5? 'lUaJf 

t Tldi ii tha dlflmntul f«|)iafkrin r/tm«p<iiilm« ihn aiiUv-i. S. 


m* 


ii . ^ V- i w. 

* 


Integral Equaticms 

In both of these integral equations the kernel (/a, i) is 


(/i, «) = (!- <“) 




The funotions Un™ (/a) and Fn*" (/a) are infinite for /a ■= ± 1, but 
(1 - /A*)!™ (;a) and (1 - ja»)4“ F„"‘ (/a) 
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are finite. This is not true when m = 0, the corresponding theorem is then 
that J7rt (i^)/log (1 - i^) and (ft)/log (1 - fi) ore finite for |tx = ± 1. 
Solutions of the differential equation 

+ 1 ) §}-{»(»+ 1) - rrV- w («• + 1)} e - o, 

which approximate to sin (kM)/d and cos [hW)ld respectively, as 6 -»■ oo, 
are obtained as solutions of the integral equations 


(1 + ^*)-i sin hM 


0 {6) - (* (0, t) 0 (<) dt, 

j 00 


(1 + 0*)"ioOB kM = 


0 {d) - f* {B, t) 0 {t) dt 

J 00 


respectively, where 

(0, 0 = (n + 1) 


m® — ll sin {kh {6 — <)] 

J M[(l + 0*)(1 +«®)]i’ 


EXAMPLES 


h Provo that tho integral 

Hinh (kh^) +ii) + 

roprcsontfl a splioroidol wave-function of oblate type. 

2, lh’ov(‘i also that if F (/x, 0) ia a solution of V^F + h^F -= 0, the integral 


roprosontH ti> Hooond solutinn. 




[J. W. NioholBon.] 


§ 8'54. A relation between spheroidal harmonica of different types. The 
four-dimonsioiial potontial of tho spherical surface 

a:® -I- y® + w® = o®, A! = 0, 

when the surface density depends only on a:® + y®, is 
IK = a® I J (cos 9) sin ^ > 

where 

ji‘i = 008 ey + a;® + (» “ o sin 0 cos ^)® + (y - a sin d sin ^)®, 
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and f (fi) is a function giving the law of density. Integrating with respect 
to <f) and writing ^ = cos 9, we obtain 

Tta 


where 


TF = 
17 = 


(p® + «;*)* 

r — 

J-i rir- 


U{X,T,Z), 


[(S - z)2 + z* + r»]i’ 


W8^ 


2a + w^) ’ 
Y^+Z^ = 


/?4_ 


4diy 


4a^ {p^ + w^) ’ 

5® = a;^ H- 2/2 + 2;a + t(;a + a^, = a;a + t/a. 

Now when (Z, y, Z) are regarded as rectangular co-ordinates in a three- 
dimensional space Sy the function TJ is the Newtonian potential of a rod 
of varying density; we therefore introduce spheroidal co-ordinates rj 
defined by the equations 


cos i cosh rj = Z = 


W8^ 


2a (p2 + w^) ’ 

sin ^ sinh >} = (Z* + 7*)^ = ~ 

2a (p* + vP) 

and we find that 

j. w , a* 

S= ,-T cosh 11 = r. 

(p* + 2a (pS + M»*)i 

Corresponding to the standard potential function 

^ = Qn (cosh ij) P„ (cos i), 

we then have the four-dimensional potential 


F = 


Tra 


3 r 1 p ^ 

” L2a (p* -F ” L(p* + ’ 


(p^ -h L^a (p2 -j- tyajiJ ” |_(p2 _|_ 

and a corresponding Newtonian potential 

1 r® 

F = - Wdwy 
TT J ^00 

which reduces when p = 0 to the value 

y . f” dw ^ \z'^ + a^ + w^~\ 

To evaluate this integral we use the expansion 

(n+ \ m -f- 2 


Q (u) = ^ ^- 0-1 pf'H 

VnW 2»+ir(n-hi) \ 




i «-*). 


2 
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Potential of a Disc 
Now if m is zero or a positive integer, 
f" dw / 2aw \n+2«+i 

J _oo w \z® + a® + wy 


= 27 r 1.3 ... (2m + 2a- 1) 

+ av 2.4 ... (2m + 2s) ’ 


(2m + 2s) 

= 0, 

Hence, when n = 2m, 

V = 27ra ^ + 1) 1.3 ... (2m - 1) / a* ^"*+1 


2m 


n = 2m + 1. 

, ,> « MU' 


/ g* V 

2i>™+i r (2m + I) 2.4... 2m \z* + aV 

xF(m + i,m+ i;2m + §-, 


2.4... 2m 

Introducing the spheroidal oo-ordinates 

z = afiv, p = a V{(1 - M*) (•'* + 1)}. 

we can say at once that 


is a potential function which takes the value Vq when /x = 1 ; conse- 
quently we have the formula 



dw ^ r 

(p2 + [2a (> + m*)ij [(p2 + «;*)*. 


= 277 


1.3 ... (2m- I) 
2.4... 2m 


P2m (f^) 


Since this potential function is obtained by projection from the four- 
dimensional potential of a spherical surface it represents the potential of 
a circular disc whose density is a function of the distance from the centre. 
To find this function we notice that a density / (^) on the spherical surface 
corresponds to a density (2/f)/($) on the disc, where p = a{\ — 

If, in particular, we write / (^) == Pgm (0> we have 

U = 2 ^ 2 ^ (Z) when Z = 7 = 0. 


Hence the potential 




2.4... 2m 


(fi) gam (v) 


is the potential of a disc of radius a whose siuf ace density is 


(l-pr^P,m(Vl-p»). 
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ttp being the distance from the centre. On the disc itself wo have 6 


0 , 


and since 

ffam ( 0 ) ^ 

the value of F is Fo. where 


. 1.3 ... (2»ft- 1) 

2.4... 2»i ’ 


1».3“ ... {2m 


1)0 


Pam(M)- 


ro “ 2'>.4“... (2m)>' 

This method can be used to find the potential of a disc whoso dwwity 
is (2/£)/(5)j where f{t) is an even function which can bo expanded hi a 
series of Legendre functions in the interval — 1 < { < 1. Sullioiont oou- 
ditions for the uniform convergence of the expansion in the whole of this 
interval have been obtained in an elementary way by M. H. Stono, Aimtls 
of Math, vol. xxvn, p. 316 (1926). The requirements are that 

should exist and that the equation^ 

/(*)=/(- 1 ) + 

should be valid. The coefficients in the expansion are supposed to be 
derived from / (*) by the usual rule.’ 


E'er further applications of spheroidal co-ordiniitos rofowuiot^ may bo 
made to the books of 0. Neumann* § , B. Mathiouf, M. Jlrillouint and 
A. B. Bassetg, and to papers by B. Ehrenhaft||, K. B. lIor!»fold*I|, J. W. 
Nicholson**, R. Jonesff and K. SezawalJ, 

* Theorie der Mlektriiiitdbi- md Wdrme-Variheilung in einem Hinge, Hallo (IHIM). 

t Oours de Phyaique MaUidmatiquet Gaubliior’ Vi liars, Paris (187»'l). 

t Propagation de tJSlectrioitdf Hermann, Paris (1004), Gh. vi. 

§ Hydrodynamioa, vol. n, Cambridge (1888), 

II Wiener Perichte^ p. 273 (1904). 

Tf Ibid. p. 1687 (1911). 

♦♦ Phil Mag, vol. Xi, p. 703 (1906); Phil Trane. A, vol. oaxxiv, pp. 49, 303 (1024). 
tt Ihid, vol. oaxxvi, p. 231 (1920). 

JBuU, Earthquake Peaearoh Inal vol. U, p. 29 (1927). 



CHAPTER IX 

PARABOLOIDAL OO-ORDINATES 


§ 9*11. Transformation of the tmve-equation. If we write 

» + ip - (oo + i^o)*i fflo* = - a, 

so that the transformation is 

z=i - a - p,= 2 (- aj3)4, 

the differential equation 

d^W , 2m+ IdW , d*W 1 dW 
9p« p "dp 08* c« 'W 

becomes 

® ^ c« liS" “ 

and is satisfied by* 

W=A(a)B (j9) e±‘«»*, 


0 


if 




dA 




jfc««) .4 = 0 


•(I) 


P + (m + B ^ 0 

where A is arbitrary. 

When ifc = 0 it is simpler to use the variables Oq and Pq as independent 
variables, the differential equations for A and B are then 


d^A 2m -\- IdA 

Oq doo 
, 2m -h 1 djB P 
dpo 


+ = 0 , 


0 . 


The inference is that there are simple solutions of Laplace’s equation 
of the types ^ 

(Aoo) (Aj8o) cos m (<^ - (^o), 

Im (A«o) Ym (^^o) 008 Ml (</) - ^o). 

(Aoo) (A^o) oos Ml (^i - </)o), 

where A and m are arbitrary constants. The expressions for p and z in terms 

of On and 6o are ,, „ „ o 

^ ^ 8 = Oo^ - Po^, p = 2aoft. 

r = a„* + 

* H. J, Sharpe, Quarterly Journal^ vol, xv, p. 1 (1878); Pfoo, Carrot Phil* 3oc» vol, x, 
p, 101 (1899); vol.xm, p. 133 (1006); vol. xv, p. 190 (1909); H. Lamb, Proc, London Math. Soo. (2), 
vol. IV, p. 190 (1907). 


B 


29 
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Muy vdl-koown potentiala may be eipreHed in tenna of thflfle ample 
■olntiaoi in an mteceating way. We ahall giye here an eqmaaion for tihe 
invene 

" W + + + *)i»*<%* + s<n»* 

Ijot UB aflBnine that • 

- |*Z, (A40 m A (^/(A) 4 A, 
then when ^ — 0 we ahonld ham 

W + - I" (Aeb) j, (Ayb) / (A) 4A. 

This indioatea that perhaps 

- (V + A*)-* - jji. (AeJ (AA)/ (A) A 
and again, when A " 0, we ahonld haws 


Kow 
and 80 


a,-*-j“i,(Aai,)/(A)A 

Thia eqnatian ia aatufied by / (A) - (7A, where O is a oonatant snoh that 

f g (t) rdr ™ 1. 

f • (t) rdr - A 

— aedh'a.da— 1. 

Henoe (7—1, and ao the analyau anggeata the equation 

^ - f " (A«b) (AA) Jo (A>b) A A 

Thia equation may be ohedked in znany ways. In partionlar, if we make 
use ox the equation 

^0 (AA) Jo (A») - Jo (A* + W* - 2Ayb 008 01 ) A 
the relation may be deduced from the simpler relation 

W + V)^ - j" Ko (^) J, (AA) AdA, 
w^ m tom may be oheoked by aubetitoting the foregoing exprenuon 

H. M. M a cdonald . Aproof of the formula ia giyen in Wataon’a 
• Am XocaMjraO. ago. (i)^voLni;p. 148(1900). 
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• FwMiions, p. 412. Some analogous integrals have been evaluated by 
Watson* at Whittaker’s suggestion. 

The corresponding expression for R{~\ where 

JKi® = (s; - yo*) + p®, 

“ “ ir 

§ 9-21. Sonine’s polynomiala. Putting 2ikn « - ifc (wi + 1) — A in the 

equations (I) we find that the differential equations are satisfied by 

^ = e-<*^ (2i*a), B = e-^ JP„» (2iifcj8), 

where J?’„" (s) is a solution of the differential equation 

d^F dF 

® + (w 4- 1 - a) ^ -f nJ’ =« 0. 

This is a slight modification of Weiler^a canonical fonnf for an eq[uation 
of Laplace’s type. It is satisfied by a confluent hypergeometrio series of 

»(n-l) 

l(m+l)® 1.2 (m + 1) (m + 2) ^ 

which is usually denoted by the symbol F n; m+ 1; «), but in the 
British Association report for 1926 the symbol jP (a;y; «) is replaced by 
M (c; y; a). 

When Ti is a positive integer a solution of the equation can be expressed 
in terms of Sorune’s polynomial^, (a), which may be defined by means 
of the expansion 

(1 + f)-™-! e* = S r (TO + 91 + 1) (a), (A) 

n*-o 

where j ^ j < 1 . Calculating the coefficients in the expansion of the function 
on the left-hand side of the equation we find that 

gTI gtl—l 

r (991 + 91+ 1) 71] “ r{TO + 9i)(9* - 1) ! 

^n— a 

r(m + 71- l)9t-2! 2‘I ~ 

- <-)' ri m nyt-W T) ^ 1- + ») (C) 

- <-'■ n^^+iTTwiT) (“> 

■ (")" r (m+TT-Ti) 

if we adopt the modem notation for the generalised Laguerre polynomial, 

* Joum, London Math. Soc. vol. in, p, 22 (1928). 

"j* Grdli,*8 Journal^ vol u, p. 106 (1866). 

J Math. Ann. vol. xvi, p. 1 (1880). The T notation was probably adopted in honour 
of Tchebyoheff who conaidered partlouiat ca^aa of the polynomiAl in 1859; Oeuvre^y t- i, 
pp. 500-608 (1899). 
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When m 4- « is aero or a positive integer there is another formula* 


(a) - 


(K) 


whioh indicates that in this case the polynomial may also be detined by 
means of the expansion 


- £ fl"*A"+*r„" (s). 

w—“-n 


.(F) 


A oomparison of the formulae (B) and (E) indioatos alao that in thin 


case 


(s) = (s). 


.(«) 


With the aid of the last relation many formulae may bo duplioiittMl. 
Sonine’s pol3momial satisfies a number of difference equations, mo«t of 
whioh are given in the memoir of Qogenbauerf. 

(«) - (« + m) (s) -(m + n+ 1) ft («), 
n{m + n) Jr„« (s) - {a - (w + 2n -- 1)} (a) i 7'„" “ (>’) " 

(9) - (m + n) (s) + J’m+i"-* (9), 

{n - 1) !r„-i (a) = {ff - (wn- « - 1)} (a) - 

(n - 1) Tjt-i (8) = {8 _ (m + 1)} 7’, (.») - (^), 

8 ^ (®)] = (®) (■■')• 

(Ip 

dP 


{m + n+ 1) («)] - {s) - (^)J. 

From these equations we may deduce that 
^ [s-«‘e'T„,“+i (a)/7'„" (s)] 


= e's-«-i[r„"(fl)]->[m(»+l){7’„'"+>M8)}“ I- {?V‘(8) i (n I- I )7', 

When m (h + i ) is poHit.iv(! or aero (hlH (Hiuaf ion hIiowh that 
a-^e* r,„"+i (s)/7’„," (8) 

increases with a except possibly at a place whom both 7’„," («) and 7’,„" • ‘ (.v) 
are zero. The roots and poles of this function oonsequeutly occur nllcrnatclv 
as 8 increases from — cx) to go, and so the roots of the equatitui 7',,," (.v) d 
separate those of the equation 7’„,’‘^ ‘ (s) (). 

Gegenbauer showed that if wi > — 1 the roots of thot«juiition 7',,," (•'») 
ccusideredas an equation of the nth degree in .v, art* all rtiiil, positive uiul 


* Doruyts, Liige rtufmoires (2), t. xtv, ji. II (IHHK), 
t Wiener Uerichle, Bd. xov, 8. 274 (1887). 
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unequaj. This is a generalisation of a result obtained by Laguem* for the 
case = 0, It is an immediate oonsequenoe of an orthogonal relation 
whioh will be obtained presently, A geometrical proof baa been given by 
Bdoher’j' for the ease wi = The distribution of the roots is of some 
physical interest because Lagrange J showed that the equation (a) ™ 0 
gives the possible periods of oscillation of a compound pendulum oou" 
slating of equal weights equally spaced on a light string. The transition 
from the compound pendulum to a continuous heavy flexible chain has 
been discussed by Suz;uki§. Properties of the roots are given by E. R. 
Neumann II . 


§ 9'22. Orthogonal jrropertiea of the polynomiala. Let us consider the 
integral 

ln.>- = e~’^ai^T^ (as) (ds) As, a > 0, 6 > 0, 

If 1 1 1 < 1 and I T I < 1 we may write 


s s r 


11=0 


(w + » + 1) r (wi + V + 1) 


[ + t) (1 + exp - 

JO 


ast bsT 


t 1 "h tJ 

= r (m + 1) [a: -1- (a: — a) i + (» — 6) T + (a: — a — 6) 

■ b + (x — a — b)t]'’ 


.=0 ^ ^ r (V + 1) 


X [a: + (a: — a) i]-**-"-!. 

The coefficient of t’^r” in this expansion is easily obtained, and we 
find that^f 

j _ (—)"■*■'' r (m + a + V + 1 ) (x — g)" (x - b)" 

"■*' f (a + i) r (v H- 1) r (w + a + 1) T (m + V + 1) jcm-H'+i'+i 

Ei/ a!(a: — a — 6)\ 

with the usual notation for the hypergeometric function. 


Whon x = a = b = I the double series has the sum 


r (m + 1) (1 - (m > - 1) 

and so we find that in this ease 


/„„=-0 ( a # r ) 

“ n^Trr (a + m + 1) ^ 

* JiulL Soo, Math, de France, t. vii, p, 755 (1870); Oauvrea de Lagnerrc, t. i, p, 428i 
t Proo, Amer, Acad, of Arts and Soienoes, vol. XL, p. 469 (1904), 

% Misoellanua Taurinensia, t, ni (1768-1766); Oeuvres, 1. 1, p, 634. 

§ Proo, Phys. Math, 8oc, Japan, vol. ii, p. 186 (1920). 

II Jahreabericht deutaoh. Math, Verein, Bd. xxx, S, 16 (1921). See also a paper by A. Milne, 
PnHi. Fdin. Math, 8oo, voK xxxiu, p. 48 (1016), 

II Thla in a Bimpltt generallflation of a formula given by P, S, Epstein, Proc, Nat, Acad, of Sci, 
vol. XU, p. 620 (1926), 
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This orthogonal property of the polynomials wa/S discovered by Abel 
and Murphy for the case w = 0, and by Sonine for the general case. In the 
oases w «= ± Sonine*s polynomial can be expressed in terms of Hermite s 
polynomial (ir), which may be defined by means of the equations 

g- 2 «-<i = s (_)»^ I7„(a:), 

*_o 


We have in fact 




S/Tj" (sc*) .\/ir. (2?j. + 1) ! — Uan+i (»)• 
This polynomial possesses the orthogonal property 


I* e-«* TJn (») {x)dat-0 n) 

= 2" (to 1) (m = n), 

so that the functions Un* (x), defined by the equation 
r^* (r) = (2’‘n!)-V-(^'/>) (r„ (x), 


form a normalised orthogonal set for the interval (— oo, oo). It seems that 
these functions first occurred in Laplace’s Thiorie AThalytique des Pto-^ 
babUiUs. 

In papers on the new mechanics Hermite’s pol 3 niomial is usually 
denoted by £!„ (*) instead of 17„ (*), A useful bibliography on Hermitiaii 
polynomialB and Hermitian series is given in a valuable paper by E. Hillo, 
AmnaU of Math. vol. xxvn, p. 427 (1926). 


1. Prove that 

2. Prove that 




EXAlkEPLES 

' (a) ^ (1 _ x)”- 


[N, Sonine.] 


r(m + (a) ~ I' T_^>* (a oos* ^.64 (m > - \). 

3. Obtain also the more general lormula* 

r (p) « (*) - (xy) y (1 - y)P-i dy 

(p>0, .->-1). [N. S. KoBhliakov*.! 

4, Prove that 

r (n + I- + 1) («) - r (w + 1) r (v + 1) j\a - O’" tp- T„” (a - 0 V (0 dl. 

[B. M. Wilsonf .] 


6. Prove that 


e-»(tV^-™J^(2iV^)= 2 ai"r„«(z). 

* HaQ 

* Mom, of Math, vol. lv, p. 162 (1920). 
t Ibid,, vol. wn, p. 169 (1924). 


6. Prove that 


[N. Sonino.] 



Expansion of a Product 

7. Prove that, if m and w 4* 1 are positive integers and a > 0, 

ir,„"(a)| <n!m!ei®, 

8. Prove that the equations 

W ” ” “ *") - (» + 1) (a!n - *n+x) 

have a partioular set of solutions of type 


[G. 


where 


*n = in («)«»( V«), 

'n\ u . fn\ 


(tt) » 1 - L j + [A - ... + (-r-j. [J. L. Lagrange.] 


9. Prove that 


e l-a=(l-a) 2 a"L„(«), 

n=0 

and that consequently L„ (u) is the so-oalled polynomial of Lagaerre which possesses the 
property 

/■oo 


r. 


(u) Ln (u) du 

»0 m^n 
= 1 m = n. 


[E. T. Whittaker.] 


§ 9-31. An expression for the product of two Sonine polynomicds. The 
analysis of § 9*21 indicates the existence of wave-functions of type 

£1= i; S {2ika) ...(A) 

971=3 — 00 Tl-aO 

where the coefficients are suitable constants. 

The convergence of a series of this type may be partially discussed 
with the aid of the equation* 


(ir) {- ix) = 




n (m -f n + 1) 

{m -h 1)® (m + 2) 


[r (7t + 1 ) r (m -h i)j 

n (n — 1) (m + n 1) {m + n 2) X* 1 
1 . 2 (m -h 1)M^ + 2)^ (m -h 3) (m -f- 4) " J ’ 

in which the coefficients on the right are all positive. This equation, which 
will be established presently, shows that the modulus of {ix) increases 
with Hence if the series (A) converges absolutely for any given value 
of I « I , it converges absolutely for all smaller values of | a | . 

This equation may be established by first expressing a typical term in 
the expansion for as a definite integral of type 

f f[z — ix cos CO — iy sin co, ct — x sin co -f 2 / cos w, co] dco. 


Talcing 


f = p [z — ix COS (xj — iy sm co]. 


* An analogous equation for the confluent hypergeometrio function ^{ 0 .; y; a) was ob- 
tained by S. Bamanujan and extended to the generalised hypergeometrio function by 
C. T. Preece, Proc. London Math. Soc. (2), vol. xxn, p. 370 (1924). The present equation was 
given in the author’s Electrical and Optical ‘Wave Motion, p. 101 0916). 
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wo may write the integral in th6 form 

r 9^ 

f [z — ip COS y] dy 

Jo 

by making the substltvition y = oi — (f>t Our aim now is to ohoose the 
fvmotion F, so that 

r 

{hp)”* Tm" {2iha) {2ih^) = F(g- ip oos y) dy. 

Wo shall verify that a suitable function F is given by 


<®> 

To do this we multiply both sides of our equation by e-w, where f is 
an arbitrary positive quantity greater than p, and we then integrate 
between 0 and oo. Since each side of our equation is a polynomial in k 
the equation will be verified if it can be shown that the resulting equation 
is true. 

Making use of the formula of § 9*22 the resulting equation is found to bo 

raw > 

(tj + oe-'r)" dy 

Jo 


r(m + 2w+ i)27r p;Hin+_pTj, 

r (» + 1) r (m + » + 1) ^m+an+l 


TO, — — m — 2tt ; 


i?T? + /0“ 


). 


where ij = ^ + 2iz. Now, if ^ and ij are sufficiently large we find by 
expansion in powers of p that the definite integral has the value 


2 7t r ( m + a + 1) p"*77" 

r'(m + i) r (» + 1) 


J?’(m + n+ 1, -»;m+ 1; -p®/^Tj). 


Putting M " — pVf''?* equation to be established is 
[r(w + ??.+ l)]*J'(w + ?i+ 1, — 9i;m+ !;«) 

= r (m + 2n + 1) r (m + 1) (1 - m)" F[-n,- n\ -m - 2»; (1 - «)-!], 

but this is true on account of a well-known property of the hypergoomotrio 
aeries. 

Putting p = — a, p = 2«, our formula becomes 
277 r (m + 71 + 1) (^)" (2afc)”* !r„" {2iak) T„,« (- 2iak) 

= J ^ exp [2al!e‘r - imy] . T#" (- 4aA: cos y) dy, 

and from this equation the expression (B) is readily derived. If we write 
c<r = T, — 2aJb = s, 

the foregoing equation gives the expansion 


e’-'To” [a (t 4- T-l)] r 1) 



Confilient Hypergeometrio FuncUon 
This is a partioular case of a more general expansion 
exp [(fi?)*®**] [^ + 17 - 2 (^1?)* cos o] 
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=^2 ^(-)« r (m + » + 1) (fij)"/* e<«» !r„« (f) (^). 

The differential equation (for F) has been Studied for general values of 
m and n by Poohhammer, Jaoobstahl, Whittaker, Barnes and many other 
-writers. Writing it in the oanonioal form 




.( 0 ) 


where a and y are arbitrary constants which may be complex, the complete 
solution is ^ ^ ^ (a — y + 1 ; 2 — y ; *), 


where 


F(a;Y-,x) 


1 I ^ X \ a-a I 

^ l.y®+ 1.2y{y+ 1)® + 


is the confluent hypergeometrio series which is -so named because we may 
writo*^ 

F(a\y\x)= ^^F 

When y is a positive integer the coefficient of 5 is either infinite or 
identical with the coefficient of -4. In this case the complete solution 
of ^C) ist o 

' th+ 1-7 

2/ ■= [.4 + C* log »] jP {a-,y\x)+ r 7 21^(-)" + > B (n+a-y+l, 7-n-l) 

4. r + I--] 

Ly\a y /^y(y-fi)2IVa^a+l y y-fl 2/ 

a(a+ l)(<x + 2) a;»/l 1 L_ _ 1 ^ 1 1 ^ 

■^y (y + l)'(y + '2) 31\a''‘a+ i^a + 2 yy+ly+2 2 3J 

+ ... to infinity. 

When m and n are positive integers the equation 

possesses only one solution (®) which can be represented by a con- 
vergent power series of integral powers of s. A second solution may be 
derived by a well-known method by writing F = («)• The equation 

for u is then 




dT 

da 


+ l 


-.)2']g = 0, 

and so F = CT„” {a) + DT„^ (a) J' e' [T„" (u)]"® dcr. 




* Iij. Kuiuiiior, Journal ^ vol. xv, p. 138 (1830) 

t H. A. Wolib anti J. U. Alroy, rhU. Maa- xxxvi, p. 120 (1018). W. J. Arobibald, Phil. Mag. 
R. 7, vol. 2(1, pp. 418-410 (10:«), CaiMitiim of the nfcond term for y > 1). 
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This solution gives a logarithmic tenn when the integrand is expanded 
in powers of a. 

When 8 is imaginary, or a complex quantity, as it is in our case, use 
may be made of the solution represented by the definite integral 


= r{n+l) lo" 

A number of analogous defiboite integrals are given in papers by 
Epstein* * * § and Whittakerf. 

Whittaker reduces the differential equation to a standard form 


diW 

dz^ 


1 , 1: , J — m*' 

7 “I” Z ' ^9 I 


w=o, 


and introduces as the principal solution the fimction 

1 1 r(®+) / 

^ r (*+ J - n) (- #)-»-*+« (l + Ij er* dt, 


where arg z has its principal value and the contour is so chosen that the 
pointy — z is outside it. “The integrand is rendered one- valued by 
taking | arg (— ^) | < tt, and taking that value of arg (1 -|- t/z) which tends 
to zero as ^ -► 0 by a path lying inside the contour!” When 




-B (i — J — m) < 0, 




r (I - 1: + m) J 0 


'‘This formula suffices to define {%) in the critical cases when 
m -h i J is a positive integer, and so (z) is defined for all values of 
z except negative real values.” 

The relation between this function and Sonine’s polynomial is indicated 
by the relation 

n\r(m\n+l) (z) = ( 2 ). 

For the properties of the function (z) and its asymptotic expansion 
reference must be made to Modern Anodyais and to some later papers by 
mathematicians of the Edinburgh schoolj. The asymptotic expansion of 
the function for large values of n is discussed by J. V. Uspensky § 

and used to obtain sufficient conditions for the validity of the expansion 
of jT (aj) in a series of these functions when the ooefiicients are given by 
■means of the orthogonal relation of § 9-22. The summability of the scries 


* DisB. Munich (1914). 

t BvU, Amer. Math, 8oc. vol. x, p. 126 (1904). 

t D. Gibb, Proe. Edin. Math. Soc. vol. xxxiv, p. 93 (1916); N. M’ Arthur, ibid, vol xxxvm 

p. 27 (1920); G.E. Chappell, .Wi.voLxLm.p. 117 (1924). • xxxvin, 

§ Annals of Mcrih. voL xxvin, p. 693 (1927). See also 0. Perron, CrtUe, Bd. OLi S 03 
(1921); M. H.’ Stone, Annals of Math. vol. xin, p. 1 (1927). 
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has been disouBBed by E. HiUe* and G. Szegof. The Parseval theorem for 
the series has been investigated by S. Wigertj and M. Eiesz§. 


•RYAMPT.TM 

1. Prove tliat 

e®* (ip flinui) - S 4„«p"»ea» (2tia) T " (2t]fc/3), 

n=o 

where « (—)" r (n + 1) r (w + n + 1) seo* ^ f tan ^ \ 

2. If 0 (x) is a oontinuouB fimotion for all real values of x and if, when | a; | is very 
large, 0 (a;) «= 0 (e"*®*), where A; is a positive constant, the equations 

■ /"* 

n = 0, 1, 2 , .... 

in which (a;) denotes Hermite’s polynomial, imply that (^) (x) » 0 for all real values of x. 

[M. H. Stone.] 

3. If /(it;) is integrable for all real values of x and such that 


exists, the quantities 


/: 


er°^\_f{x)\^Ax 




are such that the infinite series 


converges. 


2 2"nlc„2 
n=o 


[M. H. Stone.] 


4. If, in addition, the limits / ± 0) exist absolutely and f (a;) is absolutely integrable 

over any finite interval, the series 

2 C„//„(*o) (D) 

n=0 

converges and its sum is i [ / (ajj, + 0) + / (Tq — 0)]. [J. V. Uspensky.] 

5. If / (a;) admits the representation 

/(») = /(0) + j^f'{z)dz (-00 <*< 00 ) 

ond [2xf (I) (*)]» (te 

exists, and if, moreover, for large values of | x | 

f{x)^0(e^) 0^k<l, 

the aeries (D) converges uniformly to / (x) in any finite interval. {M. H. Stone.] 

* Ptoc. Nat. Acad. iS'ci. vol. xii, pp. 261, 266, 348 (1926). 
t MaUi.. Zeiis. Bd. xxv, S. 87 (1926), 
t Arkiv far Mat., Aatron. och Fyniky Bd. xv (1921), 

§ Szeged Acta, 1. 1, p, 209 (1923). 
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6. PtovB that, if «» > — i, we have for large values of » 




where 


°n (*) - <»n {*) [cos « (*) sia ^ (®) J < 

Hn' (»)- - ® (*) [^(«/*)^ sin 9„ - i V (a) COS + (vx)~^ i/'n (»)J '• 

Tin (*) - (-)« [r (m + m + 1) r {« + l)]i (*), 




«n( 


, , JC* 1+ Wl 1 

2-* + i6-T’ 


. . 35® f?w; .1 


>+!)“ 


10 4 ’ 

and where (as) and ^ (a;) remain bounded when a; varies in the finite interval 

0<a^x^b. 

In this form the asymptotio expression is due to Uspensky. An earlier form, given by 
iFej6r, has been elaborated by Perron and Szeg5 in papers to which we have already 
referred. The corresponding asymptotic expression for Hermite’s polynomial was obtained 
by Adamoff, Ann, Inst, PoVytectmiqus de St P^showg, t. v, p. 127 (1906), The result 
was extended to complex values of the variable x by G. N. Watson, Proc, London Math, 
Soc, (2), voL vm; p. 393 (1910). 

7. Prove that a {a) - (71 + 1) {a) + {a), 

8. Prove that, if o > 0, 






9. Prove that ' ^(a; y; -h)e»»- i J- ('a to; y; . 

in=0 *»l \ ' xj 

[P. Humbert, Joum. de VSede PolyteeJmique (2), Cah. 24, p. 69 (1924).] 
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TOROIDAL CO-ORDINATES 


§ 10*1. Laplace’s equation 'in toroidal co-ordinates. If we put 
x = pcob 4>, y = pBin<f,, « + ip = acot + 
p = g smh a ^ _ a sin 0 
cosh a- cos 0’ • ~ cosh <r - cos 0’ 

the angle 0 is the angle subtended at a point P {x, y, z) by the segment 
AB which IS the diameter of the circle z = 0, in the plane 

through P and the axis of z. The quantity <j is equal to log (PB/PA), The 
surfaces i[j = constant are the spherical caps having the above-mentioned 
circle in common; the surfaces a = constant are anchor rings. In these 
co-ordinates 


dx^ -j- dy^ + dz^ = + #* -h sinh2 a.d0*], 

where s = cosh a, t = cos 0. Laplace’s equation consequently takes the 
form* 

3 ^sinh <T 3%'^ ^ 3 ^sinh a 02^^^ ^ 1 922^ 

3cr \ — r da) 0</f — r dip) (s — t) sinh a 3^^ ~ 

Putting u = V {s ~~ T)i we find that v satisfies the equation 


9 [f.z n 

L<" - *) sij 


dh V 1 

+ c>-|,2 + i + 


90i* 4 fi* - 1 902 

in which the variables are separated. Hence there are simple toroidal 
potential functions of type 

V. (,v - T)i cos 71 (0 - 0o) cos m (0 - 0o) [AP”'„_i (s) -i- («)], 

where A , li, n, m, 0^ and 0„ are arbitrary constants. When w = J the 
typical solutions may bo combined so as to give a solution of type 
= (s _ r)i cos J (0 - 0,) [/ (0 -1- ij^) + y (0 - iy)], 
where x^- log (tanh <x/2), 

and / and y are arbitrary functions. This form is indicated by the solution 
of Iia])laee’s equation 

iiinl in also indicated by the fact tliat 


r (ni -h 1).P(,‘“^^ (cosh cr) = tanh”* {a/2), 

n. Ricniaiin, l^iHidlc DiJJnrc7iUfil{/ltiichu7igenj Hattondori ’a ed. (1861); C. Neumami, 
TJirnnvtlvr Klrklrinlnt 7iml Wdrme in Jiinffc, Hulla (1864); W. M. Hioks, Phil. Trans. yol.0iiXZi, 

p. (ion (IHHl); A. H. liaHswt., ylmcr. Jonrri, of Math. vol. xv, p. 287 (1893); Hydrodynamics, yoL U; 
W. iroiiio, AniovndiiTKjni der Kugelfunktioncn, 2nd ed. pp. 283-301, Berlin (1881). 
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We dull now olrtain aamA formulae for the Legeodxe fonolaon of the 
noond kmd whioh will be naefol in -the mbnqiient work. It ehonld be 
remarked that the more general equation 

3«» . 0 3* . 1 Sht.dHi.Bdu lphi 

may be treated by a eiiiiilar Buhetitatioii, and it is found that, if 


i| + ^-Mnjti(^ + *ff). «-«(ooah<r-ooBi^) 
then V natiaBm the partial difietential equation 

^ + aoothe^+^+^oobi^^ g-E- 




3*0 


.(D) 


+ ooae6h*ag^,- ooaeo* - 0. 

This equation evidently pooBOoaoo dementaiy adlatioinB of type 

e-fl(a)T(^)®(^)e(3). 

In partioular, when a » /I > 1 we have aolntionB of the type 
* - (a - t) [4P.- (a) + (a)] [0P.« (t) + DQ,‘ (r)] a«-+*», 

where d, D, 0 and D are arbitraiy oonatanta and a » ooah a, t « ooa 
The wave-equation may be teduoed to the form (C) by writing 
X— ijooB^, y — qein^, a^Cooef, •of«{Bin3. 


TBTAllPr.TBI 

1. ftava tiiaKita> — ]«y> — !,*> — lfP+*> — If 
/■ V; (A{) /, <A,) J, (te) A 

HIM ■ i -jij ■ ,rip + w + i)r(p + i)r(wn-i) 

r(i» + l) 

whan a aad f an dtilned hyeqnalkn (D). Win ai-» CUi eqiwtkm ladooM to ona 
glvaa by R IL liMtionald iVoa ZoadM JTaA. &ML toL vn; p. 147 (1009). 
a. Fiavatiia* 

(t - r) tanh- ( M tan* (M - X, (»£) /, (A,) (Aa) A dA. 

■nd ^*^*»*f tiuA 

8a P rov e tlu4i U 0. 

4. Itovathat p,-^(ota+)-— ^(iah,f)v, 

P,-*(00*.) - •)». 



Associated Legendre Functions 

§ 10-2. Jacobi's transformation*. If is a positive integer w 
integrating by parts that 

J' ^ <^<») (Z) (1 - zT-^dz = (-)» I' ^ <!> (Z) ^ [(1 - zr-i] dz: 
Now it follows from the expansion of sin tub in powers of cos x thatf 

rfn-l (1 _ 28)n-J T . 3 (271 - 1) . , _ , 




1.3 ... (27t- 1) 


U» - X . u . .. yjuiL - , 

^ (1 - = (-)" y/lZr^i 008 (71 OOS-1 z). 

Hence if (z) is continuous in the range — 1 < z < 1, 

, n dz 

J ( 21 ) (1 - 2 ^)""* ^25 = 1 . 3 ... (2n - 1) j (j) (z) cos (n cos-^ z) ^ , 

Putting z = cos 6 the equation takes the form 

f (cos 0)sin®”0(i5 = 1.3 ... (2n — 1) [ <f> (QOB6)GO^n6dd. 

Jo Jo 

There are many applications of this theorem. If we start with the 

formulae 

Pfi^ ( 2 ) = M ■■■ I {2 + Vz^ — 1 cos </>}” cos mcf) d<l>, 

1 r 

( 2 ;) — e<*coa•^ (JOB m(^ d<l)j 

Z"^7T Jo 

we may derive the formulae 

1 f «■ 

J lz\ - “ , - e'*“°a*sin*’" 

' 1.3 ... (27/1 - 1) TT Jo ^ ^ 

The last equation i.s a particular case of the more general equation^ 

fir 

f (r,\ 7. - gixxa»' (i 

which holds wluui v is not an integer if its real part is greater than - J. 
The first equation may i)o written in the alternative form 


(2) - (-r 


(2'1 - 1)”*/® 

1 .3 ... (2///, - I) 


M {z h Vz® - 1 cos (^ }**-"* sin®"* 
TT Jo 


* (!relle'« Jour, ml, vol. xv, p. I : li. Kroni'clo'r, nerhn. Stlzimgaberichle, S. 639 (1884). 

I An nloincnlary proof of tlio (irat cMpiatiou iw sivon by W. L. Forrar, Ptoc- London Math. 
Soc.. (2), vol. xxn (1924): Ueconla of PToeivihiiga, Pub. 14. 
t VVliiUakor and Watflon, Miulern Atudijaia, p. 309. 


464 Toroidal Co-ordinates 

If in Jacobi’s formula we take ^ (as) = *”• wo obtain 


r 

Jo 


« t 2.S) 


= 0 (to = a + 2s + 1) (« a» inU*K<‘r) 

= 0 (to < n). 

This formula is related to the general formula of I’nisMon* 

fir/2 

cos' X cos (v + 2to) xdx -■ 0, 

Jo 

f’f/® j w 1 

cos' X cos VXCIX ■- ,v . , 

Jo 

where v is any positive q[uantity and to any positive integer. 

If we next put . , ,, „ « , ..v-i 

^ <j> (cos 0) = (1 — 2a cos 9 -|- a^) >, 

^(») (cos 6) = 1.3... (2n — 1) a" (1 — 2rt cos 0 \ «“) " 

Jacobi’s formula gives 


fir cos 710. d0 ^ fir Hm'"' 0 .tl(l 

Jo (1 — 2o cos 0 + a®)i jo(l — 2ffle()H0 | O'*)"' 

Putting 2s = a + a“^ and replacing cos0 in the last integral by 
we have 

f (S — cos 0)~i cos 770.(i0 = 2~" f ''I - t")" » f.S' - /) '• I ,ti 
■'0 J -1 

= 24(2„_i (.s). 

Another expression for the Legendre fune.tion of tlu' .seeonii type 
obtained by making use of the transformation 

cos ^ = R~i (cos 0 - a), sin r/> - li i sin 0, 

£ = 1 — 2a cos 0 I- a“, 

(1 - a» sin2 cl<j, « It dO, 

(I -2a cos e + a^}-”-isin^»e. (16= f (1 - sin''’ ./.) 4 .Min 

JO Jo 

Consequently we have the equations 

f' cos nd. (16 = 0 •'/'/■> 

Jo (1 — 2a cos 0 -t- a®)l J o (1 ~ a- sin'" i/ijl ’ 
f' sin2"i.d^ 

IS 

* S, D. Poisson, Joum, de VjScole Polylechniqun, Call. 11), p. -loo 


Hin“” 0.<10 





Expressions for Legendre EunctiorCs 466 

EXAMPLES 


1. Prove that ir [2 (« - t)]"^ = I i («), 

and show that a potential which is constant on the ring a == is given by 

y = [2 (a _ t)] 4_^ (2„_J (*„) P„_J (,)/p^_j (,„). [Heine.l 

2. Prove Itat the potential of a unifonnly charged circular ring coinciding with the 
fundamental circle z = 0, p = a, m proportional to 

(cosh a — COB seoh (ia).Z (tanh ^a), 
where £ (k) is the complete elliptic integral with modulus k, 

3. Prove that Laplace’s integral for P„ (/x) can be used to obtain the formula. 


r B 

i-rr.Pn (cOB 9) = 008 {(% + i) {2 (OOS - COS 

4. Prove that, when is a positive integer, 


[MehlerJ 


iir .P„ (cos 9) = Bin {(n + i) ^}.{2 (cos 0 - cos d<l>. 

The integrals in ^Examples 3 and 4 are given in Whittaker and Watson’s Modem ATUzlysiSf 
p. 316, they have been much used by J. W. Nicholson to evaluate series and integrals 
involving Legendre functions. 


6. Prove that if / ( a) is a suitable type of arbitrary function, the differential equation 


d 

da 


is satisfied by the integral 


['‘-•a-i- 


By 

302 


V = / [cos (a - 0) - cos j8] a /(o) da, {a = OOSjS). 

Jtfi — p 

6. Prove that the difierontiol equation 


da \ 

possesses the two particular solutions 


‘1 + 


^3 = o , 


©■ 

3« /sy 

1 \2j 


a . p.r)2 /flV . P.62.92 /av 


(0 


+ 


41 

32.72 /^Y 
6! [2) 


— u +•••> 


+ 


6 ! 


32 . 72 . IP /'ey 
7! 


the series being convergent for | a | < 1. 

The con’es ponding solutions of Legendre’s equation of order n may be written respectively 
in the forms 

Vj = F (- Jti, -J; a2), 0^ = F ^ + i, in + 1; ^2). 

[Heine.] 


§ 10-3. GrePM\^ functions Jor the circular disc and spherical bowl. If iZ is 
the distance between two points with toroidal co-ordinates (o-, (f>), 

(o-o, wo have 

ali'^ (s — t)4 (Sq — Tq)^ {2 cosh a — 2 cos (i/r — 
where cosh a = cosh o- cosh Gq — sinh g sinh gq cos (<j6 — ^o)- 


D 


30 
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The last factor in (A) may be expanded in a cosine series of multiples 
of 0 and the coefficient of cos fpt) ^vill be 

V® [ 008 nufi (cosh a — cos dufi = (2/ir) (cosh a). 

•'o ^ 

Therefore 

iraJt-^ = (s — t)* («o — To)* [0_j (cosh o) + 2Q^ (cosh a) cos (^ — ^o) + • • •]• 
This expansion of the inverse distanoe was given by Heine. 

The series may be summed by writing 

f * 

(cosh a) = 2ri I (cosh u — cosh a)~* c“"“ dti. 

J a 

This formula is proved in § 10-6. The method of summation, which is 
tsAen from a paper by E. W. Hobson*, leads to the formula 


In order to obtain the Green’s, function for a circular disc by an 
extension of the method of images it is convenient to use an idea originated 
and developed by A. Sommeifeldf , and to consider two superposed spaces 
of three dimensions related to one another in much the same way as the 
sheets of a Bi emann surface. In the present case the passage from one 
space to the other is made when a point "passes through the disc.” The 
two spaces may be distinguished from each other by the inequalities 
— ir< ^ < IT in the first space, 

V < < Stt in the second space. 

A point P which starts from a place in the first space on the positive 
ai^ of the disc may pass through the disc into the second space, and ^ 
will increase continuously to a value greater than its original value n when 
the point is on the disc. In order that this point after the passage through 
the disc may return to its original position Pj it wiU be necessary for it to 

pass again through the disc and at the second crossing it returns into tlie 
first space. 

^ Corresponding to a point (cr, 0) in the first space {— it < >fi -f w) there 
m an associated point (a, 0+2^,^) in the second space. The point 
+ 4ff, is regarded as identical with the original point in the first 


We now notice that there is an identity 
2ainhtt smbfit 

ooah tt - cos (^ - “oosii Ji* - cos J (^ - 


+ 


Sinn 


(18^). ^ ^ -Proc. Lor^don Maih, 3oc. (1), voL xxvin, p, 396 
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Oreen's Function for a Circular Disc 

which indicates that we may write 

= W (ooyifiQ, <^o) + W {oa, ’!>(,+ 27r, <f>o), 

where 


2iiaW (ao. ^o> “^o) 

Performing the integration we find that 


(cosh — cosh a)”i. 


ri 1 

W (cro,iljQ,<l)o) = ^ sin-i {cos i (</" - *Ao) sech (Jce)} . 

It may be shown without much difficulty that this function If is a 
solution of Laplace’s equation when considered as a function of either 
or, ifj, <j) or Gq, ifjQ, <^o J ffl'Ct, a symmetrical function of the two sets 

of co-ordinates. It is, moreover, a uniform function of g, iJj, <f> in the double 
space since it is unaltered in value when 0 is increased by 47 r. It is con- 
tinuous {D, 1 ) throughout the double space except at the point (gq, 0 oj <^o) 
where it becomes infinite like It is finite at the point (gq, i/jq -h 27?, <I>q) 

because at this point sin"^ [{ }] becomes — Jtt instead of Jtt. It is, 

indeed, the fundainental potential function for the double space. 

Let us now consider the function 


V ^ W (CTo, iAoi <I>q) - W ((To, 277 - i/tq, <^o)> 
which is a potential for the double space when there is a charge at the 
point P with co-ordinates ( 0 * 0 , iJjq, </>q) and an image charge at a point P' 
(cjo, 277 — ifjQ, (^ 0 ) which is situated in the second space at the optical image 
of P in the plane of the disc. This function V is infinite in the first space 
only at P and is, moreover, zero on the disc. 

To see this we note that on the disc B is the same for the point P and 
its image, consequently it is only necessary to show that when ijj ^ v 
cos Kijj - 0 o) = cos J (0 - 277 -h j/fo), 


and this is evidently true. 

The function V possesses all the characteristics of a Green’s function 
and so we may write 

V -= Q {g, i/j, <t> \ ao, «Ao» <^o) = ® (6? P)> 
and regard 0 as the Green’s function of the circular disc. It is evidently 
a symmetrical function of the two sets of co-ordinates (a, (/(, </>), (ao, i/tq, 
that is, of the points Q and P that have these co-ordinates. 

To solve the corresponding problem for the spherical bowl it is con- 
venient to regard the surface of the bowl as the place where a passage is 
made from one space to the other. If the angle of the bowl is so that 
^ ^ Is the equation of the bowl, we must suppose that in the first space 
iff has values from ^ — 277 on the negative side of the bowl up to ^ on the 
positive side, and that in the second space \f/ increases from ^ up to ^ -h 277 . 
If the convexity of the bowl is upwards, j 3 < 77; if it is downwards, ^ > 77. 

30-2 



468 Toroidal Go-ordinates 

We now need the image of P (ctoj the spherical Hurfftcc of the 

bowl and this must be regarded as a point P' (ito, 2j3 — ^o), which ik in 

the second space if j8 — 277 < < jS- If 0 < < j8, P is abovti tin' howl 

and P' below the bowl. 

The function 

® {P> ^) = lAo) sech irt}j 

~ P^ (oosh (7o — cos ^o)i [cosh aj — cos (2j8 — 1 / 70 )]^. 

X ^ sin-^ {cos J {ijt + ^0 — 2j8) Hoch lr«} j 

is seen to satisfy the requirements and is, indeed, the Green’s function f«r 
the spherical bowl. 


§ 10-4. Relation between toroidal and spheroidal co-ordinate-'^. I’licrt* is it 
simple relation between toroidal co-ordinates and the sphcToitlal co 
ordinates connected with an oblate spheroid. If wo write 

p = a cos ^ cosh 7j, z = a sin f sinh tj, 

we have sin^* | => — ■ , sinh* rj = - JL+ 

cosh a- COB ifi’ ^ cosh ff - cos ^ ’ 

coB*g = -g °^^-l cosh* ,7= 1 

oosh (7 - cos ^ cosh a - cos ^ ’ 

tan I = ± sin coseoh J®, tanh 77 = ± cos scoh J<r. 

With the aid of these formulae we may derive the formulae < >f Lipschit/ 
for the Green’s functions for the circular disc, and spherical bowl from the 
onn ae 0 Hobson, or vice versa. It is necessary, of cour.s<', to j)uv 
careful attentaon to the determination of signs where ambiKuiti.-s aro 
produced by the use of the formulae of transformation. 

§ 10-5. Spheriml Uns. The potential of an insulated elo(d.rili<Ml cm 
ducting lens bounded by two intersecting spherical surfaces ^ - « ■ /i „„.i 
0 ^ has been found by H. M. Macdonald*. 

its ^ ^ of the fir«t. Hplu.re 

tMs^S w ^ constant potential nf .,n 

tMs sphere We next mtroduce a succession of image charKosP P’ /.' 

chosen so that for P and P, the seennH ^ > "a . • • . A . 

V=0, for P and P the fir T t ^ equipotential for whirl, 

and so on equipotential for which f . . 

-P»*oc. London Math. Soc, (1), voL xxvi d 166 i ^ 

»». ™ t. a«, ^ wk ITw. “ m™”' 
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chosen so as to produce a constant potential 7r?7 on this sphere. We then 
introduce a succession of image charges S/, such that E' and 

give a potential which is zero over the first sphere, E^' and E^ a potential 
which is zero over the second sphere, and so on. 

To express the distance of an arbitrary point from one of the charges 
in toroidal co-ordinates we notice that 

r? = pS + _ ^2 i+J_ 

S — T 

Hence 

(5 — r) (r^ + a^) = 2a^s, {s — t) (r® — a^) = 2a^T, (s — r) z = a sin ifi, 
and so 

2a^ [5 — cos (0 + 20)] = 2 (s — t) [( 2 : sin 0 + a cos 0)® + sin^ 0], 

(A') 

Now the z co-ordinates of the different charges are 


E 

a cot (a — jS), 

w 

— a cot jS, 

E, 

— a cot a. 

E^ 

a cot a. 

E, 

a cot (2a — jS), 

E,' 

— a cot (a + jS), 

E, 

— a cot 2a, 

E,' 

a cot 2a, 


and in each case the co-ordinate is expressed in the form 2 = — a cot 0. 
Also the equation (A') shows that the function 

(s — t)4 [s — cos (i/f -1- 20)]“i = F (0), say, 

is a potential which is proportional to the inverse distance from the point 
z ^ — a cot 0. Hence 

F — a) — F (a) is a potential which is zero on the sphere ^ 

F {p — 2a) — F (a) is a potential which is zero on the sphere ^ = a — /S, 

and so on. Now (^ — a) is a potential which is equal to unity on the 
sphere = a — jS, and F (fi) is a potential which is equal to unity on the 
sphere ^ /3. Hence the potential 

V = U7t[F - a) - F (a) F (^ - 2a) - F (2a) + ... 

H- F (jS) — F (— a) F (P a) — F (— 2a) -I- ...] 
is exactly one which is obtained by the method of images. When ti is a 
positive integer we have for m -\- k = n 

F (jS - ma) = (jS H- ka), F (- ma) = F {ka), 
consequently the charges will repeat themselves unless we take care to 
stop each series at the proper charge. 

The difficulty of knowing when to stop may be avoided by considering 
the potential 

U7TZ[F(p^ma)-F (ma)], 

^ 1 
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which is zero ovBT eaoh sphere. Whenweput0= a — ptiietermF {P + ma) 
is oanoelled by the term — J* [(£ + 1) a], and when ^ — )3 the term 

F {p + ma) is cancelled by — J* {ka), and F (P + na) by — (»o). 

All the terms in the series except F (na) ore zero at infinity while 
F (na) -*■ 1. We therefore write 

V=V*+ Utt, 

and this formula will give us a potential which is zero at infinity and 
constant over the lens. It should be observed that all the charges 
E, El, E 2 , ... E', El, El, ... lie within the lens and so our potential is of 
a form suitable for the representation of the potential of the lens. 

Let us now introduce the notation 


/ (". x) 


sinh 


<D 


Since 


cosh o) — cos x' 


I (cosh oi — cosh (T)~if (ai, x) ^ (cosh a — cos 
we may write 


Now 2 / == nf (two, ruf/), 

hence we may write 

V^u\n- v4)-f(nu>,7,4 + 2 «^)}] . 

This formula may now be extended to the case in which n is not a 
positive integer. We must first show that F is a solution of Laplace’s 
equation and to do this we must show that if 


the integral 


g (w, s/ (910), n^)-f (nw, + 2nj8), 
V =■ I dct) (cosh o) — cosh a)”! g (oi, iff) 


is a solution of the differential equation 


Dv.g + coth4%lt, + |^=0. 


To perform the necessary differentiations we first integrate by parts, 
this gives the equation 




dco (cosh (i> — cosh (g coseoh a»). 

We may now differentiate with respect to a and we find that 

f® . 0 

g- = J sinh <r (cosh o> — cosh <r)i ^ (g coseoh oi) (Zco. 
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Kepeating the process and making use of the fact that p is a solution 
of the equation 


? 4 - IS =, 0 


•(B) 


we find eventually that* 
jDv = j ^ ^ oosech® oj (sinh^ a — sinh® <o) (cosh o) — cosh o-)"i 

+ g cosech® co (cosh® co — ^ sinh® oi) (cosh to cosh a) (cosh to — cosh o’)lJ 


= 0. 


A similar result may be obtained with- any function g which satisfies 
the equation (B) and behaves in a suitable manner as to ->■ oo. In 
particular, if g ^ 


we have v = (cosh tr) cos mifs. 

The stream-function corresponding to F has been found by Greenhill|. 

With the notation _• 

h{w, x) , 

cosh to — COS X 

it may be written in the form 

S = naU ( ^coaI-c^sV )* ^ ^ ~ ^ ^ 

-naU^^ (oosh^^^S ff) ^ ~ ^ ^ 

If S (cosh o- — COS ijjyi R, 

the differential equation for E is 


d^R dR ^d^R ^ ^ . 

coth O’ 3 - + 9^2 + :i B 0, 

while the relations between V and S are 


1 

4' 


«/{o..^) g^= -g-, «/(o.«/-)-^=-9^. 


When n is a positive integer the expression for 8 may be verified by 
noticing that if x = ^ + 20, 

= TT oosec 9 [{cob 6 cosh o- — cos (</f + 6)} 

X (cosh a — cos (cosh a — cos — cos 0], 


* The vorifloation ia pi’irforniod in a alightly different maimer by A. Q. Greenhill, Proc. Soy, 
8oc, A, vol. xovm, p. 346 (1921); ATTWjr. Joum. Math. vol. xxxix, p. 336 (1917). The gravi- 
tational attraction of a aolid homogeneous apherioal lens had been worked out previously by 
Q. W. Hill, ibid. vol. xxix, p. 346 (1007) and A. G. GreenhiU, vol. xxxm, p. 373 (1911). 
f Loc. cit. 
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wbile on the other hand 


- oos floosh a — ooa (0 + B) 
« 008®° 0OSh(T-0O^^ ’ 


a + a oot 0 ■ 

, . /ooflh a — 008 x\* 

[{a + a oot BY + = o ooeeo fl . * 

Henoe the foregoing expression is simply proportional to the stream - 
function for a single point charge and so GreenhiU s expression may e 
derived froia the two series of eleotrioal images. 

An expression for the capacity of the lens is given by 


0 = 


2itU ’ 


where Sj, mid j 8, are the values of 8 at the vertices of the lens. At the 
vertex for which a «= 0, ^ — /5, + 2^ = we have 

(cosh o) + l)i dw 

(cosh a» — oos P) (cosh nto — oos np) ’ 

while at the vertex for which a = 0 , iff = a — P, t[> + 2 P = n + Pi wo have 

iS, =< 2a»l7.am»^.[l — oos (a — j8)]i 

(cosh tt) + 1)^ dot) 

lo [oosh <o — oos (a — j8)] [cosh Ww + cos fift] 

The spherical bowl may be regarded as a particular case of tho leim 
in which « » J, o = 27r, The expression obtained for the potential V at 
a point Pis v=U(n-Y + 

where b is the radius of the sphere ^ — jS, and is tho distanco of P 

from its centre; furthermore 


8-1 =* 2an[7.ainn^.(l — oos jS)^ 


xf 

Jo 


siny = 2fl/(i2i + 22*), cosy' « seoh Jo-. oos (|0 + jS), 
where 22^ -Rb ^ the greatest and least distances of tho point P from 
the rim of the bowl. 

The corresponding stream-function is 

/8 = — aV (1 — oos 0)4 (oosh cr — oos 0)“4 — b (co' cos 0i — o)), 

where is the polar angle of the point P when the polo is tho centre of th(' 
sphere 0 = — jS, and the polar axis the line joining the centres of tho two 
spheres. This result is due to J. R. Wilton* and A. G. Grcenhill|. 


§ 10-6. The Oreen* 8 function for a wedge. If we invert the lens from an 
arbitrary point we may obtain the Green’s function for the inverse h'ns. 
If, however, the point is on the rim of the lens the surfaces of the lens will 
invert into planes and we shall obtain the Green’s function for a wc^dpe 
formed from two semi-infinite conducting planes which intersect at an 

* jr(rtjU(igi4). 


t Loc. cit. ante, p. 471. 
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angle tt/w. This problem was solved by a direct method of A. Sonuperfeld* 
and H. M. Maodonaldf. 

If (/}, 2, <l>) are cylindrical co-ordinates, <f> = 0, <f>=. Trjn, the equations 
of the conducting planes, and if an electric charge is placed at the point 
(p', z', <!>'), the potential V is given by the formula 

nV = ne {2pp')~i j (cosh ^ - cosh ij)~i [/ {n^, - n^') — f {n^,n<l> + n<f>')'] 

\TllQr0 

2pp' cosh 7] = + (2 — 

The potential can also be expanded in the form of a Fourier series 
00 

V = 47ie S iv) (mncf)) sin (mncji'), 


where 


m«l 


(^) = (2/3p') ^ f (cosh ? — cosh 

= Qmn-i (cosh 77). 

An alternative expression for is 

-P’mn iv) = f C”'' J'mn (^^p) J mn i^p') dK. 

JO 

This may be deduced from a well-known expression for the Q-function J 
or may be obtained directly. 

When n = m + J, where m is a positive integer, the potential can be 
expressed as a finite sum, for then, if (2m -h 1) a = 2 tt, 

27 n r 00 

2irV = e (2pp')-i S (cosh t - cosh 17)"* [/ {\i, - \(j)' sa) 

S‘=0 ■'17 

-/(K. i<^' + aa)] 

4 , (V)-* ? k 




fii?. - W + H 


where for brevity wo have used the notation 

(a, h) = (cosh a — cos byi, 
[a, b] = [cosh a + cos h]~i. 


§ 10 - 7 . The Green’ s function for a semi-infinite plane. When m = 0 this 
expression gives the potential when a point charge e is in the presence of 

* Proa. Lojidon Math. Soc.. (1), vol. xxviir, p. 396 (1897). 
t Ibid. vol. XXVI, p. 166 (1896). 

t H. M. Macdonald, Proc. London Math. Poo. (2), vol. vn, p. 142 (1909). 
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Toroidal Co-ordinates 


a oonduotor in the f onn of an infinite half plane. Since a = 2 it the potential 
is simply 


V 




[hi> — h4>'. 


— {-q, 4 + <!>') tan-i 


(^. + W) ] 

[h, i<A + if]r 


1. Gwcviar disc in any field df force. H. M. Macdonald* has con- 
case in which the potential of the inducing system can be 
i the form 

S 2 Anv j„ {vp) cos {Tuf) + a,), 

n, V and a, are constants. The solution of the simplified 
m which the series reduces to a single term was given by Gallop 
for the case n= 0, and by Basset for the case n= We shall commence 
the discussion of the general case by considering the formulae 

foo 

(s - t)* cos \ifi . tanh’" (a (2) = a® . I e-« (fcp) j (««) k* dK 
m > - i, z>0, 

(s - T)i sin i^.tanh™ (a/2) = (^p) (ko) kU/c 

m> - 1, g> 0. 

E^h expression multiplied by cos m<f> represents a solution of Laplace’s 
equation and so each expression divided by /s’" is a solution of the equation 
dhi 2m + 1 9 t 4 dhi 

0p* p dp^ 0z* ~ 

Since the solution of this equation is determined uniquely by its value 
on the axis of z it is sufficient to verify the truth of the formulae by making 
p 0 after dividing by p™. The integrals are uniformly convergent in the 
neighbourhood of p = 0 after this operation and so we have merely to 
verify the equations 

r (m + 1).C0S 1^.(1 - cos t/i)”^ = dw, 

r (m + 1) .sin (1 - cos i/i)”^i = «#+"• j g-^oot n 
These are easily seen to be true on account of Sonine’s formulae 

(t) pH di = r (m + 1) 2«H x{l + (m > - J), 

V’f lo e-"* -fm+i (0 e^idt=r(m+ 1) 2"'H (i + 

* Proe. LoTtdon Math. 8oe. (1), vol. xxyj, p. 267 (1806). 


(m> - 1). 
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It may be observed also that the value of the second integral may be 
deduced from that of the first with the aid of the substitution 
(cosh a — cos ijj) (cosh u — cos ;^) *= sinh® a, 
which gives ^ _ p s inh a ^ _ p sia X 

cosh (T — cos X ’ cosh a — cos x ’ 
cos (cosh a — COB 0)^ = sin ^ (cosh cr + l)i (cosh g — cos 

sin (cosh a — cos 0)^ == cos Jx*shih or (cosh g — l)i (cosh g — cos x)~^- 

The value of the first integral for p > a can now be deduced from the 

value of the second integral f or p < a by interchanging p and a and writing 
m — i instead of m. 

Let us now consider the potential 

F = (fi — t)4 cob J0.tanh^ Jo-. cos m0. 

When z = 0 and p^ < we have 0 = tt, consequently 
dV n 

F = 0, a -g- = 24 cosh® (Jcr) . tanh*^ (Jo-) . cos ?n0. 

When 2=0 and p^ > we have 0=0, consequently 
^ 9^ A 

F = 2* cosh Jo-.tanh”* (Jo). cos m^, "9^ “ 

Next, consider the potential F = cos m0, where 


W„ = e-«d/c (va) (ko) J„ («:/») M* ada. 

Integrating under the integral sign the first formula tells us that when 
2=0 and p < c, 

Wm = f (>'«) P"“ (P“ - «“)■* ** 

Jo 

ri"- 

= J ^ i^P ® 

= M- 

Again, when 2=0 and p < c, 

= — [ d/c V(^) f wi-4 Kada 

oz Jo Jo 

= - vJ™ (pv) + (”dK r VM M ('‘P) 

Jo Jo 

= - vJ„ (pv) + V(2v^) f P™ (a® - p*)-* (va) aS"™ da. 

J C 

When 2 = 0 and p > c, we have on the other hand 


dW^ 

02 


= V'(2«'p/w) [ ^ m-J (*'P ^ 

JO 

= 0 . 
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When the first theorem can be applied to this function, it tells us that 
the expression 


{x + i 




p tan® a, z tan® a,t — seo® a 


da 


represents a solution of the wave-equation, and since it is of the form t 


(* + iy)-iH (p, z, t) 

the natural inference is that the integral 

0 ^ tan® a, y tan® ^ sec® aj da 

must be a solution of (A). The foregoing method of deriving one wave- 
function from another seems to be applicable, then, to wave-functions in 
a space of any number of dimensions. 

Let us how consider a diffraction problem in which the primary waves 
are specified in some way by means of the wave-function 


(f}^ = F [ct^y Bin X cos 

where (f} may be the velocity potential of waves of sound or one of the 
electromagnetic vectors if we are dealing with waves of light. If these 
waves are reflected completely at the plane y == 0 there is a reflected wave 
specified by the wave-function 


<f> == <f>i ^ F (ct X cos Oq — y sin 0^), 

and the complete wave-function is 0 = </>o H- when the boundary con- 

defi 

dition is g- = 0 for y = 0, but is 0 = when the boundary con- 

dition is ^ = 0 for y 0. 

When the primary waves are diffracted by a screen, y = 0, x> 0, 
which occupies only half of the plane y = 0 , it is necessary to divide the 
up iuto three regions , /Sg , iSg , whose boundaries are as follows : 


5 y ^ ain Oq -h y cos 9q = 0] 

X sin ± y cos 0 (, = 0 ; 
y = sin — y cos = 0 . 

The limits of 8^ are thus the Kcreon and the geometrical limit of the 
reflected wave, the limits of 8,^ arc the geometrical limits of the reflected 
wave and the shadow, the limits of /lV., are the screen and the geometrical 
boundary of the shadow. In each case the geometrical limit is obtained by 
the methods of geometrical optics. 

T"o take into consideration the phenomena of diffraction we associate 
with 00 a wave-function defined by the equation 
1 

Fo = - j F \ct -I- X cos 00 -f- y sin Bq — (p + x cos 0o + 2/ sin 0o) sec® a] da, 

t The method is an extension of one used by F. J. W. Whipple, Phil, Mag,, (6), vol. 30, p. 420 
(1918) and by W. G. Bickley, ibid,, (0) vol. 39, p. 608 (1920). 
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and we associate with. a wave-function defined by the equation 

1 fW2 

Fi = - F[ct + X QOS Oq — y Bin do — {p + X cos 0o — w sin do) sec® a] da. 

TT Jo 

We shall tiy to prove that the conditions imposed by the two boundary 
problems may be satisfied by using a complete wave-function whi(di is 
defined in the different regions as follows ; 

<i>’= <f>a+ (k- Vo - V-i_m Si, 

4> = <i>Q- Vo + Vx in /Sj, 

“ Fo + Fi in So. 

• We have to show that this function <f} and its first derivatives arc 
continuous as a point passes from S^ to S^, and as a point passes from 
Si to So. Now, when x => - p oob y = - p sin 9^, we have 

F=iwL 3Fo_l3^o 

yo m> 0^ - 2as-> -^-2'^' 

and when ® = — p cos ^o. y = p sin 6^, we have 

dz 2 0®’ dy 2 dy ' 

hence req^uirement of continuity is seen to be satisfied. The bountbiry 
condition is also satisfied on both faces of the screen and ^ is continiioiiH 
(D, 1) over the whole plane, when the screen is regarded as a cut, h<>nc<^ 

It will give the solution of the boundary problem if it has the correct fenii 
at infinity. 

^ IB certainly the case if V (s) is zero when | s | is greater than hojiu* 
toed number, that is, if the incident wave is limited at the front and r<Tir. 
tor then the form of <f, at infinity is precisely that given by the inetluxls 
Of geometrical optics, Vq and being zero. 

The mteresting case of periodic waves may be discussed by writing 


Jf'", 

vJo 


er^Bea>a,fj^ 


-or 


-ira 


dr. 


This identity may be derived by writing the right-hand side in the fci 


•ni 


2 i r-|el , /« 

V J_« 

a tonafomaMon wMoh i, poaaiMe on aoconnt of the well-known oquaticn 

JO 


2 \i 


The repeated integral ie now replaced by a double integral and trane- 



Sommerfeld? s Integrals 

formed by means of the substitution r = » cos a, <r = * sin a. I 
with respect to r we obtain 

1 f"/s 

’’■Jo 

This supplies the outlines of a proof. 

It may be remarked that in the present case it cannot be proved by 
direct differentiation that the integrals occurring in the solution are wave- 
functions. A transformation is therefore advantageous. 

§ 11-2. The various steps sketched above may be justified without 
much difficulty, but it is more interesting to examine the steps by which 
Sommerfeld was led to his famous solu- 
tion of the problem*. Let 

/„ (z) = log [e*>/» - c"o/«], 

where n is any positive integer, then, if 
(7 is a small circle enclosing the point 
z = 00 in the z-plane and no other sin- 
gularity of the integrand, the contour 
integral 

Ml {p, e, 0 o) = ^. j (g) dz 

represents the function 

which is known to be a solution of the 
equation + khi = 0. Our representa- 
tion of this solution still holds when 
the circle G is replaced by a path C (6) 
consisting of two branches which go 
to infinity within the shaded strips of 
breadth tt in which e^^coac^-Oo) has a 
negative real part. These two branches may, in fact, be joined by dotted 
lines, as indicated in the figure, so as to form a closed contour which 
can be deformed into the circle G without passing over any singularity 
of the integrand. The integrals along these dotted lines, moreover, cancel 
on account of the periodicity of the integrand and so the integral round G 
is equal to the integral round the path G (0) consisting of the tw*© branches. 
The function 

ip> S, do) = f <»-«>/„' (z) dz 

Jew 

is also a solution of H- khi == 0, since the necessary differentiations can 
* Our presentation in §§ 11-2-1 1*4 follows olosely that given by Wolfsohn in Eandbuoh der 
Physik, Bd. XX, pp. 266-277. 



Mg. 29. 

Sf shaded region; U, unshaded region. 
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be performed under the integral sign. Its period, however, is 2«7r, and bo 
to mahe it imifonn we must consider a Riemann surface M with n HluH'tn. 
When 6 increases by 2 »i 7 r the path O (9) is displaced a dintHiic(5 to t ho 

right but, since the integrand has the period 2nir, it runs over tho Haiiio .Bot 

of values as before. 

This function has the following properties: 

lf|^-0o|<“<’^» Un 1h SiS p CO. 

If w < /3 < I 0 - flo l» «» -»• 0 as p 00 . 

Indeed, if | 0 - | < “ < ^. we “ay deform tho path of intt'gration K(t 

that each of the new branches runs in shaded regions only. In tin* lirnt 
sheet of JR we enclose the point 9^ by the circle G as before. 

As p -*■ 00 the integral over the path in the shaded region t<uulH to 
zero. In the first sheet of R the integral round 0 gives ai , therefore 

«i = + ••• 

where is the value of at the point lying over p, 9 in tho ,vth Hheet 

of jB. If I denotes the integral over the contour G {9 -I 2.V7r), W(‘ have 
J«+i 

^ in fact 

+ Wn'** + ••• = |^+ 1^+ — I |j,> 

where F denotes the path made up of the branches 

G(9), G (9 + 2n), ... G[9 + 2{n- 1)7 t]. 


Converting this into a closed contour by broken lines a.s bofoiH' and not ing 
that the integrals along the broken lines cancol, we hav(^ a <*(>ntour which 
can be deformed into C, and so the result follows. 'I'ho proof for the other 
case follows similar lines except that now the contour may he n'diieed to 
a point by a suitable deformation. 

We now put n = 2 and write 


_3_ 

dp 




h) - 




_ _fc 

J 27r 


^-2ikpooB^ 


sm 


IO{Q) 


- 

2 


f,2ikpvAm* " 


The path of integration can be deformed into the lincw 

z = d — IT -\r ir and 21 = 0 + tt + ir — 00 < T < c/j, 
after which the integrations can be performed, giving 

} = v'(2ii/vp).cos e-2<*poo8* -2®" (j 


where 


{ } = 


_ 


'•h 


= aO(T), 


= ® ( t ) = er*’*dr, T = V2kp 


cos 


0~9, 

2 



Waves from a Line Source 

Since = itj, -we may write 

“ 2 ”’ = {1 + •^{'r)} 0< 6<2v, 

=s {1 4. efQ((_ — 2 Tr< 9 < 0. 

Also, since aO {— 00 ) = — 1, it is easily seen that 

= 0<6<2it; = Ztg, —2lT<d<0, 

f ^ 

where ita = Mi.e‘’'/*.7r“J 

j— 00 

This is Sommerfeld’s expression. When this function is multiplied 
hy e*"* a wave-function v = v^[p, 6, d^) e‘“ is obtained. If 

W [p, e, t, 00, t] = * [c (« - t) -h p cos (0 - 0o)], V = e""" Tf“ 

this wave-function can be written in the form 

V = — \ch {ijn)^ I Vdr, cos J (0 — 0o) < 0 
= — \ok 1 1 Fdr -t- 2 1 , cos J (0 — 0o) > 0 , 

Ti = < - p/c, Tj = < -f ^ cos (0 - 0o), 

c 

where the integrand is in each case a wave-function for all values of the 
parameter. It should be noticed that is a value of t for which 

W[p, e, t,do, r]= 0. 


§ 11-3. The chief advantage of the last expression for v is that it 
suggests the form of the solution for the case in which the waves originate 
from a line source {pQ, 6 q) which may be either at rest or in motion. 

Let us take as the potential of our line source the function 

dr 




= f F{t) d-r, say, 
J —to 


> [c® {t — t)® - p‘ — po®' + 2ppo cos (0 - 0o)]i 
where r is a value of t less than t, for which the denominator of the 
integrand is zero. When the line source is in motion po s-re functions 

of T, we suppose them to be functions such that the velocity of the line 
source is always less than c. For the reflected wave we write 

JL dr 

9i = : = ® ('r) dr, say, 

J [c« (t - t) 2 - pa _ ^^2 + 2ppp COB (0 + e,)]i J -00 ' ' 

where t" is a value of t less than t, for which the denominator of the 
integrand vanishes. These integrals are generally wave-functions. 

Now let Ti be a value of t defined by the equation* 

^ ^ [p + Po Ml 

* Since p® + - 2ppQ ooa (9 ± Oq) < (p + Po)“, it ia evident that {t - ti)® is greater than either 

{< - t')* or (i - t")®, oonseqnently < t' and Ti< r'\ 


B 


31 
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O J 

tli6ii| if the boundary oouditioiL at the surface of the screen is '= 0, 
the solution of the difEraotion problem may be expressed in the form 
4>^ij^'P{r)dT + ^'^F{T)dr+i (r) dr + Q (t) dr in Sy , 

i 1*^ jF (t) <Jr + j^F (t) rfr + j| * O (t) dr in S^, 

^ = i[ J'(T)rfT+j[ (T)rfT in^s. 

J -«0 J -00 

The mtegrals the limit tj being also wave-funotionB, aiS may be 
Terified by difierentiation. 

The space 8^^ is bounded by the screen and the limiting surface of the 
geometrical s^dow for the image of the source, the space 8, is bouiulcd 
by the limiting surfaces of the geoxnetiioal shadows for the source and its 
image, while 8, is the space bounded by the screen and the limiting surface 
of the geometrical shadow for the source. 

The boundary of the geometrical shadow for the source is defined by 
the equation = t', while the boundary of the geometrical shadow for the 
image of ^e source is defined by the equation tj = r". It is evident, th(Ui, 
that <ft is continuoua at the boundaries of the shadows. That the first 
derivatives of ^ are also continuous may be seen by transforming the 
integrals, in. which F (r) is the integrand, by the substitution 
c* (f — t)* = [p* + p,* _ 2ppo cos (0 — flo)] cosh* w, 
and the integrals in which (? (r) is the integrand, by the substitution 
c* (f — t)* = [p* + _ 2ppo cos (0 + 0o)] oosh^ V. 

In the case when pg and 0^ are constants and the lino source is cjui- 
sequentiy at rest, these substitutions transform the expression for to 
Macdonald's fbrm* 


where 


^ = + !*■ e-tta'coeii , 


JS sinh f«|, «= 2 (ppo)l cos i ( 0 ~ 0 „), B ' sinh %<= 2 (ppg)* cos J {0 + 0o), 

= P* + A)* - 2ppo cos (0 - 0o), « p« + p^a _ 2 pp ^ cos {0 + 

• J. notw^ that when we transform from » to t in the first 

mtegral the path of integration runs from r = - oo to t = t, if «« is 
birt when^is^tive the path from - oo up to a maximum 
^ of ^ * L ^ to Ti. A similar phenomenon occurs in the 

d tk. «„ond i,t^ TU, te the e.tote„«Md 

tor ^ wto r i. w™ „ eertabto of 

* Pne. Lomdm Matk. Boo, (2), toL ht, p. 410 (1016). 



Waves from a Moving Source 

Let UB next consider the case in which the reotilinea 
with constant velocity along a path which does not intera 
and is such that the co-ordinates of a point at time r are 

*0 (t) = I -t- ar, yo {t)= 1] + br, 

where i and tj are constants and + b^< c*. In this case we may write 
(c* — — b^) T = cH — a (x — — b (y — 7}) — 8 cosh u, 

(c^ — — b^) T = cH — a (x — ^) + b (y + 7}) — S' cosh v, 

where 

8 = [{c^i — a(x — i) - b (y- i;)}* - {c* — a® — 6®} 

8' = [{c^i - a {x-i) + b(y + t?)}* - {c^ - a® _ ^ 2 } 

X {cH^ - (a; - - (y + ; 

then 

ikoH 

, ff"- ,,.,a {x-l)+b{v-r))+3ooBb.'a _ 

<j> = \e I 

r®. alx-()-b(y + 7i)+S'ooAv -| 

-I- I e (?-a*-b* dv\, 

where 

8 cosh Uq = pc — ax — by 

+ [{c {ct -p) + a$ + b7]Y - {(c< - pr - - T?*} {c=> - a“ - 6*'}]i. 

S' cosh Vq = pc — 6ix by 

+ [{c (c< -p) + a^ + b7,}» - {(ct - p)* - ^ - 7]‘} {c* - a* - 


§ 11-4. Discussion of Sommerfdd's solution. For T < 0 we obtain by 
partial integration 


r*-' 

[3' dr 

J _<o 


'dr = — 


liT 


-<T» 


e-<T« ^ _L e-<r* j. _ 


’ll"-' 


Therefore 



1 

J_a, 2iT® 

4 1?’1»^4 1 r |» 2| 


I’ re- 


introducing a quantity € to indicate the precision with which measure- 
ments may be made, we have for points outside the parabola ^ 

the approximation formula 

i: 


e-‘''dr = -— T<(i. 


Similarly, when T > 0, 

fT foo TOO 1 


31-2 
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Diffraction Problems 

These results may be used to obtain approximate reprosentationH of 

1 1 A_JI 


edge. If 



Vj = e®*’ eo8 (« - So) + < (»/«+»«0 „-i e-ir* 

J —to 

where 

Ti = V 2kp cos ^ 

JU 

and 

^2 = 7r“i (It, 

J— 00 

where 

Tj = V^p cos 2 ’ 


the solution of a number of diSraction problems may bo exproHHpd in 
terms of and ®j. In particular, if plane waves of light aro incident npon 
a screen (y = 0, a: > 0) which is a perfect conductor, and the wavea jir«» 
polarized so that the electric vector is parallel to the edge of the sttreon, 
the electric vector in the total electromagnetic field is given by tht* 
expression r, . 

E{vi - v^, (H) 

where the symbol R is used to denote the real part of the expresHion whieh 
foUows it. This expression evidently satisfies the boundary eendition 
E - 0 when y = 0, a: > 0, i.e. when = 0 and = 27 r. On the other hand, 
d the magnetic vector is paraUel to the edge of the screen, the magnetio 
vector m the total field is given by the equation 

Sg = R {vi + v^}. (( 

The boundary condition which is satisfied in this case is 0 , which , 

on account of the field equation - , • , . , 

9 ^^ "I ay az - c IT ’ ^'‘l»>va](«nt la 

^ = 0 and 0 = 277. 


Let 


^ = VWp) cob - Icct + , 


then in the region of the geometrical shadow (T, < 0 T <■ in w/, i 
respectively in the two cases just considered ^ ^ 

.B, = 5(seo^«-sec^^), H,= -8(i 
E,= 


|sec^i« + Hec-^--''«> 




' cos {kp cos (9 - Bo) + kct} + s (sec _ sec 

\ 2 2 

B, = cos {hp cos {9 - 9o) + kct}-S (sec i+S + sec ^ ~ 

\ 2 2 )’ 



Discussion of Sommerfeld^s Solution 486 


and in the region >0, which contains the reflected wave, we 

have approxiinately 

= cos {kp cos {B — -^o) + kict) — oos {hp cos {6 + 6^) + hct) 

, erf 0 + ^0 

+ S jsec — ^ - sec 1 1 
Jig = cos {hp cos [6 — Bq) a- ket} + cos [kp cos {B + 6q) + ket} 

- S jseo — + sec — g— > . 

The disturbance diverging from the edge of the screen like a cylindrical 
wave whose intensity falls off like p^i is called the diffraction wave. The 
phenomena of diffraction may be regarded as the result of an interference 
between this wave and the incident and reflected waves. 

There is no true source of light at the edge of the screen, yet the eye, 
when it accommodates itself so as to view the edge of the screen, receives 
the impression that the edge is luminous. Gouy and Wien first observed 
this phenomenon in the region of the geometrical shadow where the 
phenomenon is not masked by the incident light. 

For the amplitude of the electric vector in the diffracted wave we have 
in the two cases 

^1=4;; VW/>) (^sec - sec — g"')’ 

>1 1 / V / 0H- 00 ® ” 0o\ 

VQ^Ip) ^ + see — ^ . 


respectively, where in the second case is the amplitude of the electric 
vector perpendicular to the edge of the screen, and where in the first case 
djL is the amplitude of the electric vector parallel to the edge of the screen. 

If the inoidetit waves are linearly polarized so that they can be resolved 
into a wave of amplitude with electric vector parallel to the screen, and 
a wave of amplitude with electric vector perpendicular to the screen, 
the amplitudes of the corresponding components of the diffracted wave 
are respectively and a^A^. Since these are no longer in the ratio 
% : Og there is a rotation of the plane of polarization. 

When the screen is illuminated with natural light in which waves with 
all phases and directions of polarization occur with equal frequency we 
have ^1 = 02 , but since a^A-^ 4= ag-dg the diffraction wave is polarized. 

It should be noticed that 

^2 X 0 X 00 


For the case of perpendicular incidence , we have 

i»-cot*.tan0+Js), 

where 8 is the angle of diffraction. 



486 Diffraction PrchUms 

The measnienients of W. Wien* with very fine sharp steel blades show 
a somewhat stronger increase of this ratio than that indicated by this 
formula. Bpsteinf attributes this to the finite thickness of tlie blade. 

Baman and ELrishnan!]! have recently invented a now method of dis- 
oussing the influence of the material of the screen in which the solutions 
taking the place of (B) and (C) are respectively 

{Vi - jSvJ, 

Sg H {vi + 

where and y are complex constants depending on the nature of the 


material and the angle of incidence amounts to a changes 


in the boundary condition^ the solutions adopted being still wavo-f uncitions. 

If CD denotes the material constant n (1 — ak), where n is the refractive 
index and k the index of Absorption, the values adopted for ^ and y 
respectively 


_ a — cos ^ ^ “ a 

" a+oos^’ ^ ” CD® cos 0 + a * 
where a® = cd* — sin® 0. 

In this way an explanation is obtained of the results of (Jouy relating 
to the effect of the material on the colour and polarization of the diflrutdr^nl 
light. 


§ 11'6. Z 7 ae of parabolic co^urdvnaies. It was shown by Lain!>§ and 
later by Epstein|| and Crudeli^ that the problems of diffraction can la* 
treated successfully with the aid of the parabolio co-ordinatoH f , 7; dcliiuul 
by the equation 


« + = (f + 

In terms of the^ variables we have 


77 > 0. 


dtj) 1 / > Bd> dd>\ . t 

~ ^ ^ cosj^, 




A particular solution of the wave-equation 


d»4> 

W’ 




% 


is r-^coB\B.f{cl-r), 

where/ (ct - r) is an arbitrary function with continuous second dorivntivo. 
• Wud. Ann. Bd. Txmt, S. 117 (1886). 

t n^' (10W)! XneyUopSdie der Math. Wua. Bd. v. 8, Heft 3 (19161 

t 0. V. K. S. Kridaan, Proe. Soy. 3oe. London. A, vol. oxvi, p.’ssA (1927) 

M Math. 8oc. (2), vol. vm, p. 422 (1910), 

11 P. S. Bpfftedn, Diaa. Munich (1914). 

If U. Oroddi, n Nuovo Oimento (6), voL xi, p. 277 (1016). 
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Let 118 denote this function by thai the equation for ^ is 

and a solution which satisfies the condition ^ = 0, or ^ = 0 at the 

dy 07 J 

screen i; == 0, is 

^ = I / (c< + y — or®) dor + I f (ct — y — a^) da 

+i-^ (ci + y) + \F {d — y), 

where F is another arbitrary function. Now when $ is nearly equal to n 
and r is very great, the upper limits of the integrals become oo and — oo, 
respectively, and the asymptotic form of <f> is 

= I f + y a^) da — ^ f {ct - y — a^) da 

+ \F {ct + y) -{■ \F {ct — y); 

this is identical with F {cl + y) if 

f f {y - a'^) da = IF (y), - oo < y < co. 

Jo 

This is an integral equation for the determination of the function / 
when F is given. Writing o- = (j/ — v)* the equation takes the form 

rV 

■F(y)= {y - v)-i f (v) dv, -oo<y<QO, 

J —00 

and the solution given by Abel’s inversion formula is 

If lim F (u) = 0 and lim [(t) — u)^ F («)] exists, 

00 «->— 00 

/ (i;) = - ^ lim [(t; — u)^ F (u)] + - f {v — u^iF' (u)du, 

7T dv 7T J _00 

In particular, if F {u) = (— u)^ 0 (li), where 0 (— oo) has a finite value 
different from zero, 

lim [(i; — 'M)i F (w)] = 0 (— oo), 


and we have simply 


/ (v) = - f (v — nX'^ F* {u) du. 

TJ" J _oo 


.(D) 


The foregoing conditions imposed on F {u) are not necessary for the 
existence of a solution given by the formula (D), for U F(u) = ooa ku, 
we have F^ (u) = — k sin ku, 
h 

— - (t; — ii)'i sin kudu = sin {i (v — s^)} ds 

7T J _co ^ J 0 

== (i/7T)i cos (kv + 7r/4), 


IHffrttriian /*r«ftlrww 

atitl it iiiHV Ir vrnliiHl liim'tly Ihwl fin- d • •• l> i» « 

wilutitm uf thr nfiMltott 

t'fmhji - I *• J/d'j >ft 


f tl*6. Ill tiu* Wtirk tif K|Ml4*ltt Ml rfitlriiTiilir i* niwl*' !•> li’t III** 
inlllH‘llii' «if thr tiiHfrrinl I«f whii'Ii tin* Hi-mrti m niol »»i lln Kiiilw'r 

Ilf thr wrirrii in tiikrii t« lir h iiHrNlMilti* r} «ii*l • hr inMl«-ri«i i* •m**! 
til hiivr N iiliilr r»tiii|iiiit%'il> ’rir* rtn'trMtu«Kii''lii' ii*‘M m f nii'l /f 
nit* rrgunlml km Ihr ri*iil |i»rf" •*! iIm* rx|imiNit«ii*« r/*. A/“. 
whrrr 7* ilnitilni thr rii|Niiirntiiil fnrlur r%|i iinf* III a im«i«'iimI lll•<illlnt 
with I’liliNliimn N, I*. Mml » llir numlmiiit l*» Mr- »*« f «tvl 

^ •*''* flirl h Mr, 

tllV t - 11 , 

witi*n‘ 


i»ii •» 

I 

1 “ *' 


nirl r - /»A. 

tliv h - fi, 

i|ifi 


- 


llnw iHtiiHfiniiH fin* frfiii*ifitritir»l hi rln* tnihiif tfufu'iii 

f If* •/*». .V f'f. ' ■ '• i' ■' 

iulii riiimtiMiiN ninnri'tiiiK thr iww ^•••lllJ••lHl•tlln *f, r,. 




|nA(| - MN»r,. 


- MW,, 


h. 


Thrw* iNlUiiliiittN iiiiplv thiif r, nti«l 1, :iir ■ •«! Itn ptilidi 

iliffrrritfiiil ri|iintinii 

,/I ’ X f* )1 * I - 

♦ f* 


wlirn* 


*■» ■ iijJ - 


• ffR* ifi 'n 


'Hir tiiiiinilary riMiililtniiH ut thr ihr <if t<« n At< . ut.rii 

I’l* '■ I*. lyi'I •'/< I 

whrn* r ■ r^iif A,, Bi'rMrilitlMH**thritw’i«h*lil nwiri'i <1 !■ l|••l(•i:. ntii 

til thr iNliti* Ilf (hr Nrm«ii nr Jiiiriillrl !«• tin* (•» .tl .ito >•( litf • l>|•l 

whrrr Y h* miity in tlw' lirM ruiN' ami 1 * m iIm* »« > 

Thr iliiTrimtiRl ntuntiiiti (nr I iiiii.v lir iiifiriiini hv ni-fiii^> 

r - .V t(\ 

whrn* X Mill r HAtirfy (hr ililfrrriitml m| \Vrtii*i * 

... .tv I » - '• 

whrrr A in mi Arhitrnry I’miHlAiit. \\riliii|{ A ■ ^it ■» * 

.V r*p ( iif* 2) r. If V ni)j, V - rip nt. * I , ■ x d 

• If ||.| 1^ f* iiidii'i 
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we have partLoulaj- solutions expressed in terms of the pol 3 naomials of 
Hermite 

TO I (^) = 

to! r„ (ti) = (e+‘toi*). 

These are suitable for the representation of an electromagnetic dis- 
turbance in the interior of the parabolic cylinder. Distinguishing the 
functions associated with the value of k for the interior of the cylinder by 
a star, we have for the interior of the cylinder 

F* = 2 b^x* (^) y„* {-n). 

71=0 

To represent the disturbance outside the cylinder it is necessary to use 
the second solution of the differential equation, and this may be chosen so 
that for Tj^n there is an asymptotic representation 

Zji (t}) i 

where (tj) denotes this second solution. We may now assume for the 
space outside the cylinder 

y ^ e-<fc(»coB<?o+vBiii«o) + s (f) {t]), 


g-<fc(«coa»„+»slnflo) = sec (|0o) ^ (J^o) (i) {v)> 


n=»0 


where the first term represents the incideiit wave and the coefficients > 
like the coefficients 6„, are to be determined by means of the boundary 
conditions. The analysis has been formally completed by Epstein and some 
rough calculations made. 

In the case of the infinitely thin parabolic cylinder (or half plane) 
which is a perfect conductor an agreement is found with the formula of 
Sommerf eld. When the thickness is not quite negligible and the conduction 
is still perfect, it is concluded that the term representing the correction 
will increase the amplitude in the case || and decrease it in the case J,, 


so that the ratio is greater than the value tan 



found 


in § 11-4. This is in qualitative agreement with observation. With finite 
conductivity the parabolic screen gives a selective effect favouring wave- 
lengths which are most strongly reflected by a plane mirror of the same 
material. This selective effect is extremely weak in the case ± and quite 
appreciable in the case 1 1 . These predictions of theory have been confirmed 
by recent experiments*. 


• F. Jentsoh, Ann. d. Phys. Bd. Lixxiv, S. 292 (1927-28). 
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1. frove that if 
the definite integral 


DiffToction PrM&ms 
EXAMPLES 

/'* dtT 

Y a. e^t-^ g-(r+«) ton*« tan ado 

Jo 

Y„ie^t^f(r + z). 


reprosenta the wave-fnnotion 
2. Prove that if w > — 1, 

e-“ *»“" ‘ tan* orfo = Jr «““* ” '* 

and write down an expression for a solution of 

3«F 3»F a«F 1 B*V 

+ - ai!„» a»» “ c> 0t» ’ 

F = e'rt-''/(»' + 2). 


r* =« + ... a;^* + 2®. 

ct — f/^b tan p, ci — r = & tan oi, — (o, 


which is of the form 
where 

3. Prove that if 
ct + y^btan a 
the wave-potential 

^ ^ { 00 s® a *1- 008 ® P + (S -\-rj) oosi W cos O cos (Jw -}- O + Jflr) 

+ (f “ ■»?) ^ cos p cos (Joj -i- P 'I irr)} 

ooirrefiponds to a primary wave of type 




cos® a 


[H. Larnl). 


at all points in the field. 


' b^+ (a + y)® h 

4. Verify that with the function </> in Bzample 3 

j iff dt bb yric, 

fH* I/ivmh.J 

§ 11 * 7 . For a discussion of other diffraction problems referoiioo may ho 
made to G. Wolfsohn’s article, “Strenge Theorie der Interforonz und 
Beugwg, Handbuch der Physik, Bd. xx, T. 7. In this article aceoimtH 
are given of the work of Schaefer and others on the diffraction of un- 
damped electric waves by a dielectric circular cylinder and of Scliwarz- 
schild s treatment of diffraction by a slit [Math, Ann, Bd. lv, S. 177 (1 l)U2) |. 
A study of diffraction by an elliptic cylinder has been commence mI hy 
Sieger*. For this study and for an" analogous study of diffraction by a 
h^erbolic cylinder the substitution x+iy=.h cosh + ir,) may bo u^.m! 
with advantage and then for the representation of divergent wnvoH it in 
necessay to find solutions of Mathieu’s equation which vanish for largii 

values of Such solutions have been studied by Sieger, Dougallf and Illiart 

• B. Sieger, Ann, d, Phya, Bd. xxvn, 8. 626 (1908). 

■f J, Dougall, Proc, Edin, Maih. Soc, vol. xxxrv, p. 191 (1916) 

S. Dhar, Jouvn, iTidiom Jdoith, Soc, voL xvi 997 mqoan a t 
p. 208 (i923). ’ Amer, Journ, Math, voK xi.v. 



CHAPTER XII 
NON-LINEAR EQUATIONS 
§ 12'1. Riccati's eqiuiiion. The differential equation 

i = av^+ bv + c, 

in whioh a, b and c are functions of t, is generally known as Riccati’s 
equation; it may be replaced by a linear differential equation of the 
second order 'i + ps + qs^O, 

in which s = p = — b — d/a, j = c. 

A very simple Riccatian equation occurs in the theory of motion in 
a resisting medium when a falling body encounters a resistance pro- 
portional to the square of the velocity (the law of Newton). Ji mis the 
mass of the body, v the velocity, Kv^ the drag and g the acceleration of 
gravity, the equation of motion is 

mv = mg -- Kv^ = mv (dvidx), 
when the motion is downwards, and 

mv = mg Kv^ = mv {dvjdx), 

when the motion is upwards, v being in each case positive when directed 
downwards. 

For downward motion, if v = 0 when < == 0, we have 

vV = F^tanhgr^, 

- mgjK = WIK. 
n 72 / P \ 

As the velocity increases from Vg to v the distance travelled is 

F®, F» - 

* ~ 2 ^' '‘’S 72 _ ’ 

and the time taken is given by the equation 

e ^(7-i;)(F + «o)' 

For upward motion, ii v — — V tan 9 when i = 0, we have 

V = V tan — 0 ) , 

2g\x\ = 7Mog[(l+ ^,)coa*0] 


where 

Also 



402 ' Noii4inear EgwOiona 

ThA TdooUy TinUhM siul iho body 1 b Ibe n at a height 

% above Ita tadtiil pontion, A beixig given by the equation 

gh — F'lQg(Beo9). 

In pertioular, it e — — F, iro have 

gA--847F«. 

tTia ■Inwigiwiig ahaJj aIa hoB been applied to the oBBe of an airplane in 
a leotiliDBar gWHA nm iJia asBiiniption tiiat thmat of the propelhv may 
be negleoted ah*! nlative deonaBe in the alxplane drag due to the 

aImmaa at the Btream fram the propdler oan ako be negleoted*, hh 
one eSaot vriU par^y oompenaate the other. ^Die airplane is aup|iawHl, 
numover, to fly at an an^ of attaek oloae to the angle of no lift, tliia 
apgle be^ adjiiBted in flight bo aa to heqp the path lootilinoar. Thu 
denniy of the air la B upp oaed to be oonatant and Zv* ia regarded an a 
good approiimatiop to the total drag of the airplane beoauae the drag 
o o a fflniwnt ia neady oonatant at low an^ee of attaofc. If a la the angle of 
daaoent, the quantily g in the foregaing equationa ahould be replaoMl by 
gain a, and TT by IF ain a. 

Hnnaaker oonaidara the oaae of an airplane which haa a normal 
marim iun speed in horiaantal fli^t of 110 ft./Beo. and for which 

TF- 2000 lb., Z-O-OSl. 

^^th a M 4iF the limltiiig speed is given by 

Ft «XK) 

(0-081) (1>414)’ 


or F-814ft./aeo. 

^Wth tiieae data it appeara that if tiie aiijdane starts with a volooity 
of no feet a aeoond. a vertical drop of about 1000 feet is Buffioient to givu 
it a vdooity of 104 feet a Beoond. This lesiilt ia obtained by putting 
^ ^ (* Bfn a " 1000 in tho stj^ofttion 


8g(x-a%)Bina-i F*log 

w **“ P«*P^ hM been taken into oonaideratioii by 

W. B. Diehlt. Trtio aaanmea that the thnist 2» ia a linear fonotion of w, l.o. 

— a (e — It), 

f* “ **? ^?* ^ e - It. The value of this oo- 

*^**“ **•* ’’ 


2'-»r,-r,y/n. 
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FaU of an Aeroplane 

The equation of motion for a reotiJinear path is now 
mii= mgBma + 2,T^- T^vjv^ - Kv*, 
the total drag being represented by an expression of type Kv\ If 

V + Tol2Kvo = u, 

this equation takes the form 

mii = wigr sin a + 2iro + - Ku^, 

and is of the type already considered. 

In steady horizontal flight at velocity Vp we have 
To = Do«o*, mg=W= 4 V. 
where and Dg are the total lift and drag coefficients for a certain low 
angle of incidence which gives maximum speed. With a fair approxi- 
mation we may write = K, and the equation for u becomes 
mu = K ( 2/0 V sin aJD^, -f qv^^/i — «*). 

The limiting velocity V is thus given by the equation 
(F + ivo)* = U^ = qvt*l4: -f- ZoV sin® a/Do. 

If Lo/Dq =■ 4-6, sin a = this equation gives 

(F-^it;o)®=gV/2, 

V = l-H. 

In Diehl’s paper curves are given showing th& variation of V and its 
horizontal component as a and L^/D^ are changed. 

There are many other oases in which the variable motion of a system 
is governed by an equation of type 

V = A + Bv + (7v®. (A) 

For instance, the equation of an unopposed bunoleoular reaction of 
the simplest type is x k {a ~ x) (b - x), 

where b may or may not be equal to a. The equation (A) also represents 
the equation of motion of a motor-ooaoh train when the power has been 
shut off. 

When A = 0 the equation can be solved even when B and C are 
functions of L The equation is then a particular case of the equation of 

x + Px^Qx-, 

in which P and Q are functions of t. An equation of this type with different 
variables, was obtained by Harcourt and Esson in their work on chemical 
dynamics*. 

The differential equations for the reactions X Y + Z W ate 
X = — k^x, y — k^yz, i = - k^yzy vf = 

where x^ y, w denote the amounts of the substances X, T, Z, W present 
at time t. 

* Phil, Trans, vol. OLVI, p. 193 (1866). 
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An importont property of the equations (B) is that if we hare one 
set of solutions I, m, n satisfying the relation Z® + m* + = 1 which 

compatible with the equations, a second set of solutions L, M, N 
obtained by writing* 

{q - 2ac) {cL - ^') = q{d- i'), (q - 2 sc) (cM - i]') = q (cm - ij'), 

(q - 2 sc) (cN - i') = q(cn- C'). 

The verification is easy because 


cL' = 

Q- 
s'q — sq' 

[q - 28c) [cP - i'r - 




2sc ^ ‘ (q- 28 c)» 

= Li'r + + rr' - poi 

v'v" - rn = q{cp- er - v'v" - I'n. 


2« (i'i" + tj'tj" + CC" - cp) = c(q- 28) (p - P). 


Therefore 

or 


Now 

Therefore 


cL' - = g + c (p - P) (cZ - 

^ q— 2sc 


cL'= - 


q — 28C ff ' *■ ' 

5 [j — 2sc] = — q8C. 
qU = i"8 + P (r - oL). 




It should be noticed that the relations between the two directions may 
be written in the form 


8 (cL — ^') + zS (d — ^') 0 ; 5 (cilf — 77 ') + zS (cm - 17 ') = 0 , 

s {cN — f') + zS (cn — C) = Oj 
288c = q{S + s). 

This result indicates that there are conjugate directions giving rise to 
conjugate lines of force. 

There is evidently a similar result in a space of n dimensions when 
hhe n direction cosines hi h, L are connected by the relations 

qk' = + p (^1 - ck), 


fa®- 5=c-Zafa'-...Z„f„', p = Z^fa" + ... Z„f„". 

Kourensky'l' has noticed that when the factor 2 is dropped from the 
left-hand side of the Riccatian equation there is a simple general solution 

Cic-n + d' + iv') 

- G - ir,') + (c + cy 

He therefore discusses the general problem of the determination of 
solution of the equation ^ + QO + B, 


when a solution of the equation 

. , <l>' = P<f>^ -h Q(i> B 

IS known. 


* F. D. Mnmaghan, Amer. Joum. of Math, vol. xzxrs, p. 147 (1917). 
t Proc, London Math, Soc. (2), voL xnv, p. 202 (1926). 


.a .a 


Another interesting problem is to find the most general set of relations 
for the rate of variation of direotion cosines which are compatible with the 
relation Z* + m® + = 1 and are reducible to Biccatian equations by 

means of the substitution (D). liA,B,0,P,Q,R are arbitrary functions 
of T, the equations 

V = Z (AZ + Bm + Cn) + qn - rm - A, 
m' = m (AZ + Bm + OiC) + rl — pn — B, 
n' = n {Al + Bm + Cn) + pm — ql — G, 
can be shown to fulfil the conditions. 


ViTAMPT.TO 

1. Let a be the Telocity of Boond at the point (*, y, *) of a moving medium, the velocity 
being measured relative to the medium and the oo-ordinates x, y, z being measured relative 
to some standard set of axes not moving Tvith the medium. Let u, v, w he the componont 
velocities of the medium at (a?, y, z) relative to the standard axes. Assuming that u, v, w, a 
are independent of the time and that the equations of a sound ray are 

dz 

■■ v + ma. 


dx ^ . dy 




where l^m^noxe the direotion oosines of the wave-normal, prove that Z, m, n vary along the 
ray in aocordanoe with the equations 

dl ,du ^ dv ^ dw ^ da 

dm . ,9 m . dv duo da „ 

dn jdu dv dw da - 


where 




. (,du ^ dv , dw da\ ^ , dv dw , da\ 

. * /,9m , dv , ( 

[E. A. Milne, PhU. Mag, (6), vol. xr.n, p. 96 (1921).] 

2. P^ve that the equations giving the variation of Z, m, n are of the type considered at 


dw da\ 


dz 


the end of § 12‘1 when 


^ ^ ^ ^ 

cte 9y ** 9z ^ 9y 9z ' 


^ 9m , 9iy 


:0 

’ dx^ dy 


■ 0 ,* 


and the derivatives of m, v, w, a are regarded as known functions of t. 

3. Prove that the equations of Ex. 1 are the Eulerian equations for the variation problem 
8/ s* 0, where 

j r Idx -h ffidy 4* ndz + hda (1 — Z* — m® — n^) 

J 1m H- mv-h nw + a ’ 

and where a;, y, a, 1, m, w, 8 are regarded as unknown functions of a variable parameter s. 
The time t ia defined so that when 8 J » 0 the integrand is dt. 

4. Use the result of Ex. 1 to obtain the results of Ex. 2, p. 337. 

6. Obtam the form of Doppl©r*s principle for a steadily moving atmosphere. 



Successive ApproximaiioTis 

§ 12'2. The treatment of non-linear equationa by a methoi 
approximations. This method has been applied with some 
equation of type 

X kx + hx ax^ + 2bxx + ci^ = y 

in which a, b, c, A, k are functions of L 
An equation of type 

X + nh^ + hx^ = a cos p/ + 6 cos qt, 

in which n. A, a, 6, p, q are constants, was used by Helmholtz to illustrate 
his theory of combination tones in music, and was solved by a method of 
successive approximations. The analysis was criticised by some writers 
partly on account of the fact that no proof was given of the convergence 
of the series obtained by the method of successive approximations, but 
this objection is no longer applicable because some general existence 
theorems in the theory of differential equations* establish the convergence 
of the series under fairly wide conditions. The analysis, as presented by 
Schaefert, is as follows : 

Let us seek a solution which satisfies the initial conditions 

X = c, X = 0^ 

when t = 0. 

We write a = coj , b= cb^, 

a; = S (t). 

Substituting in the differential equation and equating coefficients of the 
different powers of c on the two sides of the equation, we obtain the system 
of differential equations 

+ n^^i — Oj cos pt + cos qt^ 

02 + ^ V 2 “1“ A0i^ = 0, 

03 -I- -h 2/^.0102 = 0, 

and the supplementary conditions 

0 i(O)=l, 0 n(O)=O, n>0, 0 „'(O)=O. 

The solution of the first equation may be written in the form 
01 ^ ^ cos 7it -|- a cos pt + P cos qt, 
where a (n^ — = ^i, /3 (n^ — (/“) = ^4 + a + jS = 1. 

Using this value of 0i the differential equation for 02 becomes 
0a + ^202 = Ai -I- cos '•Znt -h cos {n -\~ p)t-\- cos {n-p)t 

+ cos {n -{■ q)t + F-^ cos {n — q)t + 0^ cos (p + g) ^ cos ip — q)t, 

* Seo, for instanoe, H. noinoar6, Micaniqne o^leale, t. I, p. 68; J. Horn, Zeita. fH^r Math, u. 
Phye. Bd. xiiVn, S. 400 (1902); Q. A, BUsa, Amer. Math, 80 c. Colloquium Lectwres, vol. xm, 
Princeton. 

t 0. Schaefer, Ann, d, Phya, Bd, xxxin, S, 1216 (1910). 
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498 NtmAintm HqtialumM 

iHiara tito ooe£Boimtii il|. ... Mi h»»r »«!«••• •*«* *• •.M«iii.«( |.m 

immI not bo writtm down. Tbr nmrrnl Hn* »)•, 1,11.41 1. ..| 

titoform 

\ dtnmin - • /»,*'•• " #•'» ' " V » 

+ JCtOon (*-})( + ^^ coo (;»• yl * • W,r,* ||< V' ' "i • — *»» mi, m 
•ndt if we an content with thii* ili'nrw 'd il,. • %|.tf -.n,..!, 

tornta x * 

end taioon to contain tonnii^/iwwf I* if»» «*•— I* # f ■i.i i, 
be rtnpanalblo for coaablnatlMii tmn'i* wilb t*. iK* "uu 

and dlflteenom of the fn<qumt 4 m ut tin' f"t*« * 

An wjnation of type (A) bao )m*H Mt 4 Ntiir<.l *ii*l di** mm*.! }>i i.tiiifni 
in * otody of the fnw m«ttion of « u 

iriiiob inaoribca a record on lOttolMHl iwio'r lli* •» 

# + afcf I n* (J- . H • Oi ' •* '* - •' 


when f and p arc two nmiitaiitM tli*|irii,ltu|.* iIi*- rU it,> i-u t, . ii. ,, 
and v in a oonotant ifa'pntding mi tin* nil** at hIu> K i)«< **• • t.l 
tamo with the amoked papi>r ottHflwiI f*» if ’ll**- ; ■« m, » ! *1 -I 

io a method of HUpn<Hi 4 ive M|iftriixifiinli>«n» lua^ Ih- tiit.i n. mi • 1 . 

eziiandod in CMn'mlinx jNivi'ni itf 1. 

When them ut a miiNtiuM<<* |irvt|N<rltiiiwl l«« tli*' Min**, > f f i.. «• *■ . ft 
in addition to one pniportlniial to (he %i'lo,'il%. th i 1 • i. 


of motion ia 


X I aX'i , «*x . fif t f ‘t 


It 


where /i in n (Miaitivt* I'lniHiaiit. \\V eiitr > , .<1 . , 

radataiur ia alwiiya opiMiHito in •hn'ftiMii l«, tlo «rl. 4 ift Ii ip f, , 
aaaumeKl hero that thi* two n*HUitiitH'rft nr*. ,4 iliH' t> iil xn,.* It w> * .ii 
inltialiy d e when c • (i, the l••|llatloll 

j* j it/ ' n*jr pi* — / t f 

wili hold for HuliNi>e|ue*nt tlniiw up in tlir iiioIhiii *!«• u > • .< t 

then the Hlf(n of p in ((!) mutt In* •‘hnitpi'il until , 1 ').i I 

eihanfpw Bi|pi. If, howevir, the ei|uation )w utilfm lO i)»p t- it-, 

X I ■*x . If /,f|. 

where H ie a reahitanew whieh emi In* rppittiliil j>. >.f fii. ii]a 1 1 1 • • . . 
the equation (C) may lie* ex|Nt'1e,i t,, hMl,l tmiil :*• 1 ti..4i * • 


• Bom tataonliig iraurho iti thm Mlg<N.| oiU u u. 
p. eea WImu • 1 . 0 o anl tnina>l •■f ifc" •v|n*ii I, (Ml iv 

*W ^ •■4 faitowoNaa. Thi, intoRnliiiii BM.r lloiii 


f «* .»i r 1 1 

■IU|>]rl^ 1 aair, U,p- « t I r. « 


aa.i^f»i^ ion nM^KnuHin mmy llviii I-- . ..iu|>i 4 ^ I .air, u.^ t I * .141 

•«« - - 

Fim. Imrmu 4m4. Ttgn, thL ni. |i. 89 f |g;t, U feb t .» ' r «« fw • .. p * 

■MiMBoatlbetmiMrilnllnB^tiMifeMii'iii ,iriin>iil««inv»t,b - - - 

TtluotioB bgr m ubiiiiiiI iini|««t|.4wl i.. i4* . •, 


Ifrr^ne 
■ t^tw 1 i« 9 UfeeB«.x« 4 a 
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When / (0 — ^ ^he equation (B) is of a type discussed by Milne*. 
He has established some general theorems relating to the existence of 
diflferent types of solution and has constructed a table with the aid of 
which the equation may be solved numerically. Schaefer has considered 


the case in which 


f (t) = a cos pt -h b cos qtj 


and points out that the equation will also give combination tones, but the 
theory is not as simple as in the case ,of Helmholtz’s equation because the 
coefficients of cos {p + q)t and cos (p — q)t change sign when x changes 
sign. He remarks, however, that each of the coefficients may be ex- 
pressible as a Fourier series of sines and cosines of st, where 5 is a suitable 
constant, and that if in this case the constant term is not zero the terms 
of type cos (p + q)t and cos (p — ff) ^ will indeed be present and will give 
combination tones. 

When solid friction which is constant in magnitude but opposite in 
direction to the velocity of a body modifies the motion of a body acted 
upon by forces which would ordinarily produce simple damped oscillations, 
the equation of motion is of typef 

X + ikx -f- n^x ± F = 0, 


where i, n and F are constants and the sign of the frictional term F is the 
same as that of x. It is understood here that this equation is valid during 
motion, that is, when x is different from zero. When x vanishes it may 
happen that the friction is sufficient to prevent further motion. This point 
will be brought out clearly in the analysis. 

We commence by considering the solution 

= (— )* jF -f sin m (t r), (D) 

an < mt< (s 1) n. 


= 72,2 — fca, m cos mr = A; sin mr, 0 < mr < n. 

The time t is supposed to be measured from an instant at which x = 0. 
li X = a when ^ = 0, we have 

^ F + Aq sin mr, 

and for small positive values of t 

ri^x = A^e-^ [m cos m -f- r) — A sin m (^ -|- r)]. 

The expression chosen for our solution requires that x and (— )* F should 
have the same sign for small values of t, consequently A^ must be positive 
and we must have ^ 2 ^ ^ j 


The value of A^ changes whenever x changes sign. In order that x 

* W. 3E, Milne, University of Oregon PvJblicoHons, vol. n (1923); ibid. Ma/thematics Series, 
vol. I (1929). 

f This ei^uation is discasaed by H. S. Rowell, PhU, Mag. (6), vol. xuv, pp. 284, 961 (1922). 
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Non-Unear Equations 


may be oontmuous as t passes through the value given by mt = sit we must 
have, with Tcir = ma,' 

e-«a ain mr A,^]_ = (—)‘F + {— )* e“** sin mr A,, 
so long as the value of A, given by this equation has the same sign oh A.^.^ . 
If it had the opposite sign the value of x derived from (D) would not 
change sign as mt passed through the value sit and our supposition re- 
garding the sign and magnitude of the frictional force would not bo vali<l. 
Let us see it this can actually happen. 

The diSerence equation for A, is 


A, = Ag_x — 2J'e“ cosec mr, 


and so the derived value of is 

A, ~ cosec mr [n^a — (1 -f- 2e“ + 2e®* + ... 26*“)] (E) 

There is clearly some value of s for which A,_^ and A, have opjjosit-t* 
signs. To find what happens when mt= sn and s has this critical value wo 
examine the value of x. This is given by the equation 

n^x = (-)• [F + A,e-‘<^ sin mr]. 

In order that the motion may continue for mt > sn the force noting on 
the body must be sufficient to overcome the solid friction; in other word.^, 
must be greater than F, but this condition is not satiHiitxi when 
A, is negative. Hence the motion continues up to a time t given by tiU - m , 

where 8 is the first positive integer for which the value of A, given bv (Kl 
is negative. . ' / 


Writing F = n^aeri> the successive swings are of lengths 
a (1-6“-^), o(l-ea-S), a (j _ 

respectively; the body comes to rest within the so-called 
aenned by the inequalities 

— < a; < ae"^. 


(Uvirl 




whJn sohd fattioa^Z? damping of the swings is more rapid than 

wnen soJid friction dees not act, because if p < a, 


1 — g(3)+l)a— p 


This inequality is an immediate consequence of the 

(1 - e-“) (1 - e<w-i)a-p _ ^ Q 


inequality 


1. Prove that if EXAMPLES 

2T =» -f 

Lagrange’s equatioDB give ^r4?>aJ. 

“i ^ + 3yi + 2y, ^ 4. 


2 
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Obtain an approximate solntion by aamiming 

^ = -ffo + 008 + ^2 cos 2ni + oos 

0a = + iCi 008 + ifj COB 27ii + JTg COB 3n« + .... 


[Rayleigb*.] 

2. Prove that when Ti^a ^ 8co® the method of suooeasive approximations can be applied 
to P nffin g*H equation 


iPx 


+ aa; — ya:® « sin orf, 


in which y, Ic and w are real constants. The prooess leads in fact to a convergent seiiee. 
[N. Bogoliouboff, Travaux de Vlnsi. de la mdcan. techn. EieVi t. n, p. 367. 

Gr. Duffing, Erzwungene Schmingungen bei verdnderlicher Eigenfreqibem und ihre iechniache 
Bedeutung (1918).] 


§ 12'3. The, equation for a minimal surface. We have already seen that 
the partial differential equation which characterises a minimal surface is 




where 


dz 

dz’ 


dz 




dH dh dh 

Writing r = s = ^ = ^2 performing the differentiations 

the equation takes the form 

(1 + q^)r- 2pq8 + (1 + p’®) < = 0, 

and it may be noticed that the coefficients of r, s and t satisfy the inequality 

(1 + q^) (1 -f p^) - p^q^ = 1 + + gr2 > 0 , 

so that the equation is analogous to a linear partial differential equation 
of elliptic type and does indeed possess some properties in common with 
such an equation. The equation may be actually replaced by a linear 
partial equation of elliptic type by using Legendre’s transformation 

x = i>* + !?y-2- 

The resulting equation is 

(H-y>)^+2M^+(l + ,')p.O, 
and the equation satisfied by x, y and z is 

(l + ^>*)pH-2l>g^+(H-g»)g + 2pg + 2g|=0. 




* Phil. Mag. (6), vol. xx, p. 460 (1910); Papers, toI. v, p. 611. The theory is developed further 
by M. Bom and E. Brody, ZeiOs.f. Phys. Bd. VI, S. 140 (1921); Bd. vm, S. 206 (1922). J.'Hom, 
Orelle, Bd. oxxvi, S. 194 (1903). 
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Now this equation may be reduced to the form 


8 ^ 
0^ 3ij 


= 0 , 


for, it we write p = w cos a, q — w sin a, it becomes 
n J 1 /o , 1\ 0z , 1 0*2 


or 


w( 


r 025 "1 0^ 

’(1 + [“ (1 + “'*)*0wj + aT* “ 

The differential equation d^drj = 0 for the oharacteristics is 
(1 + g*) dp‘ — 2pqdpdq + (1 + g?®) dg® = 0. 

Let us write R=^^s = ^ ^ multiply the last equation 

by RT - Sh Since (1 + p®) N + 2pq8 + (1 + g®) T = 0, the equation may 
be written in the form 

{R^ + Sdqy + {8dp + Tdqy + [(pR + q8) dp + {p8 + qT) rfg]» == 0, 
or da:® + dy® + dz® = 0. This equation implies that the curves ^ =- constant, 
^ = constot are minimal curves. Hence the solution of the partial 
differential equation may be expressed in the form 

* = ^ (^) + iq), y = y (I) + F {q), z = Z {^) + W (q). 

Where [X' (f )]® + [ Y' (^)]® + [Z' (f)]® = 0,| 

(’?)? + [V' (7,)]® + [W' (7,)]® = 0.1 

of I^gendre^ equations of Monge, the method of derivation bt'ing that 

The equations (A) may be satisfied by writing 

j(l-a^(^)d^+ j(l- 7 ,®)(?( 7 ,)d 7,, 

S' = ® j (1 + ^*) (^) d^ - i j (1 + yji) 0 

Z = J 2^ (^) df + j 277 S' (tj) &q, 

where F (^) and 0 (q) are arbitrary integrable functions. These equations 
dx^ + dp» + dz> =4(1+ F G (q) d^dq. 

unit sphem in tL ^ 

andso ^ + l'+7V 

efl® + dm® + da® = - _ 1 

+ f’?)® F(f) 6< (7,) (1 + ^r})* 
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Thfl BOifarOO is thus mftpped ooDfomally on ilio sphere the mAgni- 


fioation factor 


- [J* (f) 6* W]* (1 + fi?)* 


is independent of the axes of co-ordinates, being equal, in fact, to the 
principal radius of curvature at a point on the surface. On the other hat'd , 
if we put , . 

asi -t- - 2 J / (f) df, 

ve have 

+ dy^ = 4/ (f) g (,) == (d*. + ^. + d*«), 

md so tli6 Borfctoe is mspped oonlormaJly on the plane in which Xi and 
ire rectangular co-ordinates. The magnification factor is now 

md is independent of the axes of co-ordinates if 

g{v)-iOiri)% 

>6ing in this case iZ^. 

The a^yi-plane is now mapped conformally on the unit sphere, and thin 
act is of great importance for the solution of boundary problems relating 
io minimal surfaces. 

From physioal consideratioDs the important problem is to determine 
k oontinuouB minimal surface which passes through a given curve which 
ither closes or extends to infinity*. When the curve is made up of straight 
ines the corresponding curve in the spherical representation is made up 
)f aros of great oircles and the curve in the rry-plane is composed of straight 
Lnes. A straight line on the minimal surface is, in fact, an asymptotic 
Lne and such a line bisects the angle between the lines of curvature at 
my point. In the mapping of the surface on the Xiy^-'plme, however, the 
ines of curvature map into lines parallel to the axes of co-ordinates and 
o the asymptotic lines map into straight lines making equal angles with 
he axes of co-ordinates. 

To prove that the lines of curvature map into the lines = constant, 
■= constant, we have to show that along a curve for which dxi = c (or 
!yi = 0), the normals at (r, y, z) and (x + dx, y + dy, z + dz) intersect. 
Ve must therefore show that when 

re have dse±Bdl=0, dy±Bdm=0, dz±Bdn=0. 


This is easily seen to be true because, for example, 

dx±Bdl={l-$')F{i)d€ + {l-v*)P(:n)^ 

± [F (f) O (ij)]i [(1 - ij*) df -I- (1 P) Ati], 


* This ia called the poroblflin of PlatoaiL 
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Since straight lines on the minimal surface correspond to straight lines 
in the a^y^-plane and to arcs of great circles on the unit sphere, the problem 
of determining a continuous mmimal surface through a contour composed 
of straight lines reduces to a problem of conformal representation whioh 
was discussed by Schwarz. 

We shall first discuss the conformal representation on a half-piano of 
a region bounded by arcs of circles because the rectilinear polygon in the 
iSiyi-plane can be mapped on a half w-plane by the method of Schwarz 
and Christoffel explained in § 4-62, and when the unit sphere is mapped 
on a plane by stereographic projection, a region bounded by great circles 
not passing through the point of projection, maps into a region bounded 
by circular arcs in the «-plane. 

Since any two consecutive arcs belonging to the boundary can be 
transformed into segments of straight lines by a transformation of typo 

_ _ + 6 
cf + d’ 

composed of an inversion with respect to a circle whose centre is at an 
angular point where the two lines intersect and a reflection in a lino, the 
behaviour of z, considered as a function of w, may be inferred from tho 
discussion given for the case of a polygon with straight sides. 

Consequently, at any point of the boundary which is not a vertex tho 
mapping function has the form 

^ ^ a(w - v}o)p{w - Wq) + b 
c{w — Wo) p {w — Wo) + d' 

where p (w — Wo) is a power series with real coefficients. 

At a vertex where two circles cut at an interior angle av 

a {iv - Wq)"^ p {w - Wq) + b 

c{w- (w - Wo) + d' 

At a point of the boundary which corresponds to an infinite value of lo 


a /1> 

1 + 6 

c /1\ 

1 + d 

w^L] 


if the point is not a vertex, whfle if it is a vertex of interior angle an 

At an interior point of the region 

^ — Zf, — {w — to,) P {w ^ Wo). 



Schwarz* 8 Method, 

Writmg 

with Cayley’s notation for the Sohwarzian derivative, the name i 
used for the expression on the right, we have 

{a, w) = w}, 

and so the constants a, ft, c, d do not enter into the expression for {z, w}. 
At any point of the boundary which is not a vertex, it is found that 
{z, w} = h{w-wa) + h{w- Wo)® + ... . 

At a vertex of interior angle air 

^ + *+!(«;- «;o). 

For a point on the boundary corresponding to an infinite value of w 
{z, w} = hw'-*^ -f kw-^ + ... 

provided the point is not a vertex ; if it is a vertex, 


{z, w} = 


1 1-aa 


to tv 


The coefficients in all these expressions are real and so { 2 , w} is real for 
all real values of w; it can therefore be continued by Schwarz’s method 
and defined analytically in the whole of the tw-plane. 

Finally, at any point within the region bounded by the circular arcs 
dzjdw is never zero and {z, w) can be expressed as a power series. 

Since {z, w} has only a finite number of poles and is infinitely small for 
large values of it must be a rational function. Let Oi, 02 , ... be the 
values of w corresponding to the vertices of the region, OgTr, ... the 
associated interior angles, then 

Wll— /y2 ft i 

{z,w}- S S 

is finite for all finite values of w and becomes infinitely small when | w | is 
infinitely great, consequently it must be zero, and so we have the differential 

equation n 1 1 - n 

{z,w}= S E 

e^i2(w-a,)^ s^iw-as 

The constants are not all iudependent because the expression of 
the right-hand side in ascending powers of Ijz should start with 1/z*. 
Consequently, we have the relations „ 

S A, = 0, 

fl-i 


ija,h. + = 0, 


s [a.% 
8-1 


(1 - a.*)] = 0- 


006 Noii4maar JBfiiaUo^ 

B. on «he olto hand, the point ooBMponding “oUS? 

fa, fteeapaagionBhoidd atari with the teinn(l 

and ire haye on^ two i d ai tion B 

I A, - 0, 

Th6 flolntioii of itilfaM itiol oqiiBrtlon 

{a,ia}-J'(fa) 

may bo niada to dapand on tho fact that If Wiand Wt aa® indopaudant 

■olntioiiB of B itiffianpinla^l eqiiBptioii 

tile fanatioii s * ^i/^i 

nntinflm the dUEarential eqnatioin 

{a,ia}-Sj-4p*-^. 


Taldzig p arUtniily ohooaing q bo that 

the Boliiidoa of {a, w} — ^ (w) ia made to depend on that of a linear differ^ 
entialeqnationof the 'aeoQnd order. Thia equation ia of a apeoial typo, for 
all ita ooeffiflunti all ita aingalu pointa are real; nunreorer, it tuma 
ont that all ita integrala an zegolai in the aenae in wldoh the word ia naud 
in the theoiy of linear difierential equationa. 

Baaaiflia (a « S). 

1 > 1 r i-g^ . l-yi . * ^ ife 

(a, w} ~ 2 _ „ji+ jjiJ — b’ 

h + 1 0, 

o*i + 6*Jj + o (1 - o') + 6 (1 - jB«) - 0. 

Therofon (a - 6) h + 1 - } (a* + ^ — 0, 

(flt — h + a + h " fle* — bp* ™ 0. 

Therefore 2 (oa* + bp*) - (a + ft) (a* + j9*), 

B« (0-6) -fa (0-6). 

If o rk 6 we haye a*-fa, 

o— 6 ' 






(w - a)* (10 - 6)*' 
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Helicoid and Gatenoid 

Hence % is the ratio of two solutions of the differential equation 

liw’ ^ 4 ' ' (!» - 0)“ (w - i)’ 

Now this equation is known to possess a solution of the form 
W = A {w— a)^ (w — b)^ + B (w — a)" {w — 6)™, 
where m and n are the roots of the equation 

P® — p -f i (1 - a*) = CK 

Therefore m = \ {I + a), tz. = J (1 - a). 

A particular value of 2 ; is 

2 = (w; — a)*”-” {w — 6)”-^ = [{w — a)j{w — 6)]*, 

There is thus a notable reduction in this simple case. 

The minimal surface which corresponds to this case is the helicoid. 
With a special choice of the axis of z the equation is 

z = c tan”i (yjx) -j- b (B) 

and it is clear that the surface is a ruled surface generated by lines per- 
pendicular to the axis of z. 

To determine a minimal surface which passes through two non-inter- 
secting straight lines we take the line of shortest distance between the 
two lines as axis of 2 . The equation is then of type (B). If Ji is the distance 
between the lines and 6 a value of the angle between the lines, the constant 
c is given by the equation h = cO. 

If the angle between the lines is taken to be 0 + 2^77 instead of 6 the 
constant c is given by the equation h = c(0 + 2i7r), 

It thus appears that in this case there is more than one minimal surface 
through the given contour and the area of the surface is infinite. 

Another case of considerable interest is that in which the minimal 
surface is a surface of revolution and is bounded by two circles having 
the same axis. Assuming that z — F (p), where + y®, we obtain 

the differential equation 

pF" {p) + F' {p) + [F' (p)]«=0. 

Therefore z — b = c cosh"*^ (p/c). 

The meridian curve is' thus a catenary. It is shown in books on the 
Calculus of Variations* that it is not always possible to draw a catenary 
which will pass through two given points and have a given directrix. 
Under certain conditions, however, two catenaries can be drawn, and in ^ 
a particular case one only. The conclusion is that it is not always possible 
to find a continuous one-sheeted minimal surface which is terminated by 
the two circles. There is, however, a degenerate minimal surface consisting 
of planes through the two circles and a thin tube joining two points of 

* See, for mstanoe, Todhunter, JResear^ies in Calculus of VariatioM; G. A. BlisQ, Calculus 
oj VariatioTU, p. 92 (1925). 
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these planes. In this case the tube is not strictly a minimal surface though 
its contribution to the total area is negligible. 

An interesting inequality for the area of a minimal surface has been 
obtained recently by Carleman*. He shows that if L is the length of the 
perimeter of the closed curve limiting the surface, the area A cannot bo 
greater than The value L^I4^Tr is attained only when the boundary 

is a circle. 

The method of § 2*33 has been extended by Douglasf so that it gives 
approximate solutions of Plateau’s problem. The partial derivatives in the 
differential equation are replaced by their finite difference approximations . 
An important memoir on Plateau’s problem has been published recently 
by HaarJ who uses a direct method of the Calculus of Variations and 
establishes the existence of a solution of Plateau’s problem for a type of 
boundary curve 0 considered previously by Sernstein§ and Lcbe6gue||. 
The curve G is supposed in fact to have a convex projection F on the 
icy-plane and to be such that none of its osculating planes are perpen- 
dicular to this plane. Haar also obtains a proof of Radd’s theorem ^ that 
any extremal function which is continuous (Z), 1) is analytic. Rad6 has 
established moreover the analytical character of any minimal surface 
represented by a function z = z (a;, y) which is continuous (Z), 2). 

The existence theorem has been simplified by Rad6** with the aid of a 
tl^-point oonditien of the following type. Let d be the acute angle made 
with the a:j/-plane by any plane P which meets the boundary curve G in 
at least three points. H there is a finite positive number A which exceeds 

eve^ value of tan 0 , the curve 0 is said to satisfy a three-point condition 
With constant A. 

Radd has extended the existence theorem so that it is applicable to a 
vanation problem involving an integral 

= jj (P> 9) <^dy, 




dx’ 




Ppj, > 0 , Fgj, > 0 , 

which make the variation problem regular. 

* T. Carleman, Math. Zeita. Bd. nc, S. 164 (1921). 
t J. Dougkfl, Trana. Amer. Math. Soc. vol. xxxui. d. 203 fl93n 
t A. Haar, MatA. Ann. Bd. xovn, 8. 124 (1920). 

§ S. Bemstein, Ann. de V^cdle normaia (3), t xxvti -n /iQin\ 4 . 

Math. Ann. Bd. lov, 8. 686 (1920). ^ ^ ^ P’ 

I T diMatemaiica (3), t. vn, p. 231 (1902). 

l^T. Rad6, Math. Zetia. Bd. xuv, 8. 321 (1926). 

** T. Ead6. Szeged Acta, t. h. p. 228 (1926); Ann. Bd. oi, S. 620 (1929). 



Steady Motwn of a Fluid 509 

It is flhown that if Zr is any nnnibeT not less than A there is a funotiQn 
(®> y) whioh satisfies a Ldpsohitz condition with constant L 

I Vt) ~ (^9 t/i) \ < i [(a^ — flSi)* + (j^i — 

ior any pair of points (a^, yi), y^) in the reidm B bounded by the 
oonvex projection of O and assumes on this curve a succession of values 
equal to z-ro-ordinates of points on 0. This function Zj, satisfies, more- 
over, a lipschitz condition with constant A. 


§ 12*4. The steady tfwo’-disnensifmal of a compressible fluid. Let p 

be the density, p the pressure and u^ v the component velooitieB at a point 
(a;, y), then the equation of continuity is 

uid if the motion is irrotational with velocity potential we have 

dx’ 

When the pressure and density are oonneoted by the adiabatio law 
p = hpy, Bernoulli’s integral takes the form 

J («“ + »*) = ^ + iV\ 

vhere V is the velocity at a place where the density is /!>o. If a is the 
relooity of sound at this place we have also 


uad so 




(tt* + V® — F?) = c®/o®, say. 


This equation gives 

c* 3/> / 0tt , 0«\ c® 3p / du dv\ 

p dx \ Bx'^ ^ dx)’ p ^ \ '*’ * Sy) ’ 

lod so the equation of continuity may be written in the form 
-a /9« , 9v\ / du dv\ , / du , 9t;\ 

* (A) 

This equation may be transformed into a linear equation by the method 
if Legendre, in which u and v are taken as new independent variables 
nd the new dependent variable is a quantity x defined by the equations 

X^v^ + vy-if,, x=^, y=-A. 



610 Non-Unear Equations 

The transformed equation is* 


(B) 


and this is of elliptic type if 

(c* — «*) (c® — v®) > tt®v®, i.e. if c® > tt® + ti*. 

A change from the elliptic to the hj^rbolic type occurs when 
gf* = «s t;® = c®, M* + «® = o® — J (y — 1) (tt® + »* — F®), 
that is, when the velocity q is equal to the local velocity of sound c. The 
critical velocity is given by the equation 

, _ 2g® + (y - 1) F® 

3^0 y + 1 ’ 

and may be less than a. For example, if F = "60 and y = 1*4, we have 

2 2-144 - 

Simple solutions of the diflperential equation (B) may be obtained by 
writing u = qcos 9, v= gsin 6, x = Q (?) + €)• The equation for 

Q is then 

[«•+ }(y- 1) [^+5f «] + "“O- ?f . 

Assuming as a trial solution 

G = S a„q^, 

we find that 

[a2 + J (y — 1) F2][(n + 2)2 - m2]a„+a = [J (y - i) 7^2^ n — J (y + l)m2] 
and it is seen that r can be either w or -- m. Since 

Lt g* ^ 

n-yto Ob 2 o® + (y — 1) F®’ 
it appears that the series converge if 

(y - 1) g® < 2a® + (y - 1) F®, 

but this condition is always satisfied since c® > 0. The second critical 
velocity! (for which c® = 0) is given by the equation 

(y - 1) g® = 2a® + (y - 1) F®, 
and is evidently greater than the first. 

• Some intareBting examples of the use of this equation have been given by A. Steiohon, 
<m%ngm (1909). A good account of this work is given by J. Aokeret in his article on the dynaruioe 
of gases m Bd. vn of the Handbueh der Phyaik. 

t The emstenoe of critical velocities was noted by BarrA de Saint-Venant and O. Wnntzol 
Joum. de rScch Polyteehnigue, oah. 16, p. 88 (1839). The fact that changes of pressure cannot be' 
propagated upstream when the velocity of flow exceeds the velocity of sound has been used to 
account for i^e emtenoe of the first critical velocity. See especially. O. Reynolds, PhU. Mag. 
toL ixi, p. 186 (1886); A. Hngoniot, Ann. de OUm. t. tx, p. 383 (1886). 
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H!VAMT»T.™ 


!• Prove tha4; eqnation (A) is aatisfied by 

« Cy Bin 

irtifire O is an aibitraz 7 tonatant and •> is a oonstant oomwoted with y hy the equation 

The oomponent velooitieB detived from this wolooity potential are useful for the ol 

flow round a ooner witt straight sides. When the angle of the field of flow is greater than 
tiro right an^ them is an a n g ular region bounded by lines through the nm-nm. 

thm is a transitional flow of the present type passing oontinuously over on each side into a 
onifonn reotiliiiear flow. 

(See L. PtandU, PAys. ZtUs. Bd. vm, S. 23 (1907); Th. Meyer, Diw. Omugm (1008).] 

2. FTotb that eqnation (A) posseeaes a solution of type 

where A and £ am oonatants if / (r) satisfies the equation 

>'[y+ 1 - r(y - 1) - ^(7+ l)]g - ,[(y + 1) _ „(y _ 3J _ 

= A*, 1,0#* -.1 jB* [/' (r)P, 

and Oo is the yelooity of the stream where it attains that of sound. 

[0. 1. Taylor, Jowm, I/mdan JUath. 8oo, vol. v, p. 224 (1930),] 

3. Proro that the differential equation for ,, is satisfied by quantities « and r whloh are 
expressed in terms of a parameter, p, by the equations 


1? + V = 


y+l 

v-l 



p*n »» Gv, 

where p^ and C are arbitrary constants. 


4. Shw that when an attempt is made to solve a boundary problem for equation (A) 
by expanding ^ m powers of Ify, tho pressure in the steady stream far from aU obstaolM 
bamg assumed to be oonstant and independent of y, tho method may fail whan, in the 
oocrespoiiding problem for an inoomprassiblo fluid, there is some place where the prasure 



APPENDIX 


Noml. ThegeDenlilyaftlitoiMiiltliaabeenqiiMtioiiiedbyO. Penon, 
Gnu. Naekr. (1910), who gtres an oxamplo in wUoh the theomm fails. 
BestziotlaDa on A (f) wUoh will make the nanlt yalid hove been proposed 
by IL Fokaban a^ M. Nagimio, Aoe. Juip. Afiad. Tokyo, tqI. tx, p. 181 
(1980). The dmplest lealzidaoiis axe A' (() > 0, A (oo) — O^ao. 


Noisi n. For the leauted ’vibratiaiis of a priamatio bar Suyehiio* 
baa deiived the equation 

whieh is a ainqiile eztanaian of Beaawa's eqnationt 



€ beug a positive oonatant for the mateiial. In hia diaonaaion of 
equation Sujrahno ahowa that it tndioatea the «wiwi-ifnri^ of an upper 
Ibnit F/«f to the frequency of the ttansvene vifaratianB but flnHa values 
of thaa upjtkar Miiidt whidi aeem too low, thus throwing doubt on the 
ooaeotneaB of eaUtuiatea that have been made of the Tnn gnit»i^«» of the 
quantity €> wUnh gives a measuze of the solid viaooaity. 

. N on m. When the fanotiona 0 (/*) are propedy normalised they 
form a set of ortiu^gonalfunotiana for the interval (- 1 , 1). It ia oustomary 
now to d efin e the Jaoohi polynomial ^ (p) so 

Oi + M)-(i-p)*A.(p)^(p)dp-{J| 

m > - 1, h > - 1. 

The oanveoEgenoe of the «w pMiai«wi 

/ (p) 0,^ (p), 


- j J1 + ft)- (1 - p)* ^ (p)/ (p) gp, 

behe^ of ^(p) when n is very Iwge. 
eipwaaion was obtained by Darbouz andSe 
b^ furthtt ato^ by Stekloff, Ford and otheca. A simplified doriv" 
tim^been given leoently by Shohat} who givea zefecenoee to the 


1 1 



A'ppendix 5^3 

If ^ = cos B and - l + asymptotic expressions are 

of type 

^ti (/*) = OOB 710 + £2 gin ^ 0 (l/»), 
m+k 

A n \ _ 2 2 ra*+i , 

raqnfcrt^ + ®(^)]> 


m+fc 
2 


^■<-‘>-'-'’TTrT^[‘ + »(»]. 


where o (1) donotoa in each case some quantity which tends to zero as 
7i->cx). For the Ltigendre polynomials, which correspond to the case 
m = i = 0, there ia tho theorem of Stieltjes * that if 0 < 0 < w the product 
(71 sin 0)i Pn (eoa 0) ia leas, in absolute value, than some fixed number, 
independent of 7t and B. Clronwallt expressed this result in a concise form 


(27r7i sin 0)* |P„ (cos 0) I < 4: 


and Fej6r J, by more t^lomontary reasoning, has obtained a trimil n.T fn- 
equality with the number 8 on the right-hand side in place of 4. 

The result iiaa been further extended by Hobson§ who obtains the 
inequality 


I P„^”‘ (coa 0) I ain™ 0 < 


r(7J-i77i-i-l)/ 8 \il 

r(7i-fl) V7nrsin0j ’ 


r (71 :b 771 + 1) /_^n4 

r (7H- |r Vsin^j’ 

the first or se<!ond form being used according as m is not restricted to 
be integral, or ia ao reatricled. 'L’ho number n is not restricted to b4 integral 
but is restricted by the iiuxjualities 


77, ; > ] , 71 - 771 -I- 1 > 0, TO > 0. 

Tho convorg(ui(!(> of the expanaion (A) has been much discussed in recent 
years with t.iu! aid t7f (,he idea of aummability’ developed by Cesijo. By 
an oxtenaiun of tli(( ruethod of § MG the Cestiro sum (0, r) of order r for 
a series 

0„ -I- Oi + Oj -t- ... 

is said to e.xiat wIkmi the' (Itmro means /Sn*'* of order r tend to a definite 
finite limit aa 77. -<■ 00 . 

If A,y^ in tlie (loellieient of z”in the expansion of (1 — in as- 
cending pow(>ra of z, tho mejins are defined by the equation 

+ A-a*’’’ «i + — 


* 'r. J. Amudpjt de TaulouaB, t, iv, G. 6 (1800). 

t 'J'. II. (iroiiwall, Math. Aimalm, Bd. Lxxiv, S. 221 (1913). 
t L. Foji'*r, Math. ZdMiHft, Bd. xxiv, S. 290 (1025). 

§ K. W. II(»bHC)U, Prtic. London MaUi. Soc. (2), vol. XXX, p. 239 (1920). 
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If jit is a point of continuity of a function/ {^i), the associated expansion 
(A) converges to f([i) in the manner (C, r) with r>0if-l</t-<l. 
When jit = ± 1 and m = & > - J the expansion converges {C, r) to / (/t) 
when r>m+\. This general result, obtained by Kogbetliantz* * * § includes 
the case of the Legendre polynomials (m = k = 0) studied by A. Haarf 
and W. H, YoungJ for - 1 < /a < 1 and by T. H. Gronwall § for /t = ± 1. 
Further results relating to the summability of series of Legendre functions 
have been obtained by Chapman ||, who makes use of the idea of uniform 
summability. The conditions for the convergence of the series have been 
discussed very thoroughly by Hobson^. 

Series of functions of type Po” (ja) occur most naturally in the double 
aeries of functions of Laplace 

/ {d, ~ S „ Pn™ (cos d) 

mentioned in §§ 6*34, 6-35. 

When the function / (0, is continuous at a point (0, (f>) of the unit 
sphere, Fej6r** found that the associated series of Laplace is summable 
{C, 2) with the sum / (0, <f>). This theorem was regarded as the analogue 
of the theorem of § M7 for the Fourier series of a function. More" general 
results have been obtained by Gronwall and FejAr in the papers cited in the 
footnotes on p. 613. The series has also been discussed by MacRobert ft. 

The first of the orthogonal relations of § 6'28 has been known from the 
time of Laplace and Legendre. The second one was discovered by Heine f J ; 
unlike the first it does not seem to be a particular case of Jacobi’s ortho- 
gonal relation (§ 6‘63). 

* E. Kogbetliantz, Joum, de Math, (9), t. m, p. 107 (1924). 

t A. Haar, Math. Ann, Bd. Lxxvin, S. 121 (1917). 

t W. H. Yoimg, Comptea Residua, t, olxv, p. 696 (1917); Proc, L<md(m Maah.8oc, (2), vol. x vm. 
p. 141 (1919-20). 

§ T. H. Gronwall, Math. Ann, Bd. lixiv, S. 213 (1913), Bd. lxxv, 8. 321 (1914). Sot^ al«o 
L. Fej4r, Math. Zeita. Bd. xxrv, S. 267 (1926-6). 

II S. Chapman, QuaH, Joum. vol. xum, p. 1 (1911); Math, Ann, Bd. ijcxn, S. 211 (1912). 

If E. W. Hobson, Proc. London Math. Soc. (2), vol. vi, p. 349 (1908), vol. vii, p. 24 (1908), 

•* L. EejAr, Comptea Residua, t. oxlvi, p. 224 (1908); Math. Ann. Bd. lxvii, 8. 76 (U>09); 
Rend. PdLermo, t. xxxvm, p. 79 (1914). 

tt T. M. MaoRobert, Proc, Edin. Math. Soc. vol. xm, p. 88 (1924). 

ti B. Heine, Sandbuch dear KugelfunkHonen, Bd. i, p. 263. 
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— theorem, 366 
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Inequalities, 149 
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Integral equations, 142 
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— theorem, 97 

— transformation, 463 
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Lagrange’s equations of motion, 30 
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Laplace’s equation, 90 
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— functions (surface harmonics), 371, 614 
Legendre constants, 364 

— functions, expressions for, 354, 300, $7® 

integi^ r^ations, 362 

properties of, 364 

Legendre’s expansion, 372 
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Lens, stream function for a, 471 
Leroh’s theorem, 365 
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Nonnalisation of mapjiing problem, 281 

Obbite spheroid, 435 
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Strain, oomponents of,> 163 
Stream fanotums, 79 
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